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Editorial Introduction

This volume contains the Proceedings of the International Workshop on Operator
Theory and Applications (IWOTA) which was held at the Seoul National Uni-
versity, Seoul, Korea, July 31-August 3, 2006. This was the seventeenth IWOTA;
in fact, the workshop was held biannually since 1981, and annually in the recent
years (starting 2002) rotating among twelve countries on four continents.

Previous IWOTA meetings were held at:

Santa Monica, CA, USA (1981) J.W. Helton, Chair

Rehovot, Israel (1983) — OT 12 H. Dym and I. Gohberg, Co-chairs
Amsterdam, Netherlands (1985) — OT 19 M.A. Kaashoek, Chair

Mesa, AZ, USA (1987) — OT 35 J.W. Helton and L. Rodman, Co-chairs
Rotterdam, Netherlands (1989) — OT 50 H. Bart, Chair

Sapporo, Japan (1991) — OT 59 T. Ando, Chair

Vienna, Austria (1993) — OT 80 H. Langer, Chair

Regensburg, Germany (1995) — OT 102 and 103 R. Mennicken, Chair
Bloomington, IN, USA (1996) — OT 115 H. Bercovici and C. Foias Co-chairs
Groningen, Netherlands, (1998) — OT 124 A. Dijksma, Chair

Bordeaux, France (2000) — OT 129 N. Nikolsky, Chair

Faro, Portugal (2000) — OT 142 AF. Dos Santos and N. Manojlovic,
Co-chairs

Blacksburg, VA, USA (2002) — OT 149 J. Ball, Chair

Cagliari, Italy (2003) — OT 160 S. Seatzy and van der Mee, Co-chairs
Newcastle, UK (2004) — OT 171 M.A. Dritshel and N. Young, Co-chair
Storrs, CT, USA (2005) — OT 179 V. Olshevsky, Chair

Seoul, Korea (2006) — OT in print Woo Young Lee, Chair

Potchefstroom, South Africa (2007) — OT in preparation, K. Grobler and
G. Groenewald, Co-chairs

Williamsburg, VA, USA, (2008) — OT planned, L. Rodman, Chair

The purpose of IWOTA 2006 was to bring together mathematicians and engineers
interested in operator theory and its applications. Adhering to the tradition of



viii Editorial Introduction

the recent IWOTA meetings, IWOTA 2006 was focused on a few special themes,
without loss of the general IWOTA mission. Our special interest areas were
Hilbert/Krein space operator theory;
Complex function theory related to Hilbert space operators;
Systems theory related to Hilbert space operators.

This volume contains 16 contributions, which reflect the recent development in
operator theory and applications.

The organizers gratefully acknowledge the support of the following institutions:
KRF (Korea Research Foundation);
Department of Mathematics, Seoul National University;
Research Institute of Mathematics, Seoul National University.

Tsuyoshi Ando, Raul Curto
Il Bong Jung, Woo Young Lee
(Editors)
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A Connection between Szego and Nehari
Sequences in the Matrix-valued Case

Daniel Alpay and Israel Gohberg

Abstract. One can associate to a rational function which is moreover strictly
positive on the unit circle two sequences of numbers in the open unit disk,
called the Szego sequence and the Nehari sequence. In the scalar case, they
coincide up to multiplication by —1. We study the corresponding result in the
matrix-valued case.

Mathematics Subject Classification (2000). Primary: 34A55, 49N45, 70G30;
Secondary: 93B15, 47B35.

Keywords. Inverse problems, scattering matrix, Schur parameters, state space
method, extension problems.

1. Introduction

Let w(z) be a scalar rational function strictly positive on the unit circle. One can
associate to it an infinite sequence of numbers in the open unit disk, called in [1] a
Szegd sequence. This sequence characterizes in a unique way w(z) provided some
normalization is chosen; we will take

1 2 )
— w(e™)dt = 1.
27 Jo
Similarly, a rational function s(z) unitary on the unit circle and which admits a
spectral factorization can be characterized in a unique way (after an appropriate
normalization) by another infinite sequence of numbers in the open unit disk,
called in [1] a Nehari sequence. Szegd sequences and Nehari sequences are closely
related. More precisely, let s (z) be a rational function analytic and invertible in

Daniel Alpay wishes to thank the Earl Katz family for endowing the chair which supported his
research.



2 D. Alpay and I. Gohberg

an open neighborhood of the closed unit disk, and such that s, (0) = 1. We proved
in [4] that the Szegd sequence associated to w(z) = ¢/|s4(2)]? with

_ 2
- 2m : ’
Jo 11/s4(et)[2dt

coincides with the opposite of the Nehari sequence associated to zs(z), where

s(2) = 51.(2)/ (s4(1/2))-

The purpose of the present paper is to prove a similar result in the matrix-valued
case. Before presenting the matrix-valued case, we review the main definitions and
the main result in the scalar case. Let thus w(z) be a rational function without
poles on the unit circle and strictly positive there. Then

w(z) = Zmze, for |z|=1, (1.1)
2

where ", |r¢| < co. Since w(z) > 0 on the unit circle, the Toeplitz matrices

To T-1 —y
o To

T, = |, n=0,1,2,... (1.2)
Tn To

are strictly positive. We set T, ! = (*yé?))g,jzo

by

n. The Szego sequence is defined

.....

= 77%)(768))71 n=12....

It is also called the sequence of Verblunsky coefficients or the sequence of reflection
coefficients associated to w(z).

Let now s(z) be a rational function unitary on the unit circle, and assume
that s(z) admits a spectral factorization: s(z) = s4(2)/(s+(1/Z)), where s4(z)
and its inverse are analytic in an open neighborhood of the closed unit disk. We

set

s(z) = ", |zl =1 (1.3)
Z

Then, the Toeplitz operator with symbol s(z) is invertible (see [9, Theorem 4.1,
p. 588]), and hence the Hankel operators

Y—n Y—n—1
Y—n—-1 Y—n-2 e
Iy = : : by — 0y, n=0,1,2,... (1.4)

7



Szegd and Nehari Sequences 3

are strictly contractive. Let

1
ano 0
al™ = | @1 | = (Ip =T, I5) 7 | o | € L2
The sequence of numbers
Un = —(T—nlnt1,0 + 7—n—1Gny1,1 +---), n=0,1,...

is called the Nehari sequence associated to s(z). All the v, are in the open unit
disk. This sequence was first defined in [8].

The next theorem is given, in an equivalent form, in [4]; see Theorem 3.1 in
that paper.

Theorem 1.1. Let sy (z) be a rational function analytic and invertible in the closed
unit disk, and such that s+ (0) = 1. Define functions s(z) and w(z) by:

—_ c 2w
5(z) = 54(2)/s4(1/Z), and w(z) = —~73, with c= —5 . ,
|s+(2)]2 J2T 11 54 (eit) |2t
and let (Vn)n>0 and (an)n>1 be the Nehari sequence and the Szegd sequence asso-
ciated to zs(z) and w(z) respectively. Then,

Qp = —VUp_1, n=12....

We now present the matrix version of this theorem. We first introduce the
matrix version of the Szeg6 and Nehari sequences. Now we have sequences of pairs
of matrices, rather than sequences of numbers. To define Szegd sequences in the
matrix-valued case, consider a CP*P-valued rational function which takes strictly
positive values on the unit circle, and with representation (1.1), where now the r,
are in CP*P. The matrices T, defined by (1.2) are now block Toeplitz matrices;
as in the scalar case they are strictly positive. We set Tn_1 = ( é;))g7]‘:17m,n to

be the block decomposition into CP*P blocks of the inverse of T),. The sequence
(n,Bn), n=1,2,... defined by

an =1 and B, =AM, n=1,2,... (1.5)

is called the Szegd sequence associated to w(z). In the scalar case we have o, = f3,,.

To define Nehari sequences in the matrix-valued case we start with a CP*P-
valued rational function s(z), unitary on the unit circle, and which admits a spec-
tral factorization, and write s(z) as (1.3), where now the -; are matrices in CP*?.

The Hankel operators I';, now act from ¢5 *P into itself, and are strictly contractive.
Consider the solutions a(™, b, (™) d(™) € (5*P of the equations

I pxp - (n) I,pxp -T b(n) 0
124 n a Y 143 n _
<—FZ jegxp> <c(”)> = <0) and <—F;§ Iégx;?> <d(n)> - (e> ., (1.6)
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where
I,
0
e=19
We set
ano bnO
o™ = [an | p) = | bm1 | (1.7)
and similarly for ¢ and d(™. The sequence (an, Bn), n = 1,2,... where o, =
pn—1 and B, = vp—1 n=1,2,... and where p,, and v, are given by
Vp = —(’Vinan-s-l,o + 'Yin_lan-&-l,l + - )

Pn = *(77ndn+1,0 + 'anfldnJrl,l + - )
is called the Nehari sequence associated to s(z). In the scalar case we have v, = py,.
Such sequences were introduced in [8]. Before stating the main result of this paper

we need some more notation. We denote by W the Wiener algebra of functions of
the form
f(z):Zz”fn with Z|fn|<oo
Z Z

By W4 (resp. W_) we denote the subalgebra of W consisting of the functions f(z)
for which f,, = 0 for n < 0 (resp. n > 0). The symbol WP*P denotes the algebra
of p x p matrices with entries in W; the subalgebras WY ? and WP are defined
similarly. We already used earlier in the paper (see (1.1) and (1.3)) the fact that
a rational function with no pole on the unit circle belongs to W.

Theorem 1.2. Let w(z) be a CP*P-valued rational function strictly positive on the
unit circle, let

w(z) =Y s |zl =1,

7
and assume ro = I,. Let T, = (ro—j)ej=o,..n and T;' = ('Ve; )e,j=0,....n, where
%SZ) € CP*? | and let

an =1 (S and B =0 (v

be the Szegd sequence associated to w(z). Set
w(1/2) = 5-(2) 167 s ()" = 4. (2)05 L4 (2)"

where §1 and §y are strictly positive p X p matrices, and where s_(z) and its inverse
are in WP s, (z) and its inverse are in W™ and s_(00) = s4(0) = I,. Define

20(2) = 2v/6s_(D)s4 (VG = 3 ek
VA
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Let
Up = —(Vp@nt10 + VY p_1Gnt11+ )
pn = —(V=ndn+1,0 + Yon—1dnt11+ )
be the Nehari sequence associated to zo(z). Assume that

lim ~{") = lim 'y(gg) and a0 = dp,o- (1.8)

n—oo
Then, the Szego sequence and the Nehari sequence are related by:

/2 —1/2

1/2 —1 1/2
O = =00 Pr—1000 and Bp = —ay) Vn—10¢y’ , n=12,....

The proof is based on the theory of matrix-valued first-order systems, which
we developed in [1] and [2]; see [5] and [6] for the scalar case. In the proof, recursion
(2.13) plays a central role. We proved this recursion in the rational case in [4], and
this is why we consider rational functions.

The paper consists of three sections besides the introduction. In the second
section we review the part of the theory of matrix-valued first-order systems needed
in the proof of Theorem 1.2. The proof of Theorem 1.2 itself is in the third section.
In the last section we present an example where conditions (1.8) are in force.

2. First-order discrete systems

We recall in this section the results of the theory of first-order discrete systems
needed in the proof of Theorem 1.2. We first define admissible sequences. Consider
a sequence A = (A,), n=0,1,..., of strictly positive block-diagonal matrices:

_(6n O
An - ( 0 5271) b
where 01, and d2,, belong to CP*? and are strictly positive. Then (see [1, Definition

1.1]) the sequence of pairs (ay, 3,) of CP*P matrices (n = 1,2,...) is said to be
A-admissible if

I, « I, a,\"
"IN P ") o =JA,_1, =1,2,... 2.1
(& 7)o (2 5) Lo @1

— IP 0
(i %)

The sequence is said to be normalized if Ay = Io,.

where

In the scalar case one has necessarily «,, = 3, and one can chose Ay = I

and
1 0
0 1

An = "
[ (1= lay[?)

n=12,.... (2.2)
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See [1]. The Szego sequences and Nehari sequences defined in the previous se-
quences are admissible. More precisely, a Nehari sequence is A-admissible for the
sequence (A,,) defined by

-1

_ (I =Tul}) tese) 0 — 2.3

An_( 0 (I = T*T) e, e) , n=0,1,.... (2.3)

See [1, Theorem 1.10]. We note that a Nehari sequence is not normalized, but that
lim An = [Qp.

A Szegd sequence is admissible, with associated sequence of diagonal matrices

given by
(n)
A, = | ?n) . n=0,1,2,.... (2.4)
0 Yoo

See [7, equation (13.19) p. 127]. In particular Ay = I, when one fixes 79 = I,
and then the Szeg6 sequence is normalized.

Given a A-admissible sequence, the system of equations

Xn(z):(éi %’:) (zép I(:D>Xn_1(z), n=12,... (2.5)

is called the first-order discrete system defined by the admissible sequence. Associ-
ated to (2.5) are a number of functions of the variable z. Direct problems consist in
computing these functions from the sequence while inverse problems go the other
way around. Inverse problems were studied in [6] in the scalar case and in [2] in the
matrix-valued case. Some of the results in [1] are used in the proof of Theorem 1.2,
and we review them in the present section. We make the following assumptions:
the admissible sequence is normalized (that is, Ag = Is,) and it holds moreover
that

oo

> Ulanll +118al) < oe. (2.6)

n=0

We also assume that the limit

lim A, = As (2.7)

n—oo

exists and is strictly positive. We will write
601 O
a= (5 )
These conditions are in particular in force in the rational case.

Assuming (2.6) and (2.7) we proved in [1] that the first-order discrete system
(2.5) has a unique solution X, (z) such that

. (2", 0 (I, © 3
7}1_{20( 0 1p>X"(z)_(o 1p>’ 2l =1,
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holds. The asymptotic equivalence matrix function is the function Y (z) such that
Xn(2) = Mo (2)Y (2) 7
where M,,(z) is the solution to (2.5) subject to the initial condition My(z) = I2p.
The system (2.5) has a unique C??*P-valued solution Y,,(z) with the following

properties:

(a) (I, —Ip)Yo(z) =0, and

(b) (0 Ip)Yu(2) =1, +o(n), |z[=1.
It then holds that

(I, 0)Yn(z)=2"s(z)+o(n)
where
s(z) = (Yi1(2) + Y12(2)) (Yar () + Yaa(2)) .
By analogy with the continuous case, the function s(z) is called the scattering
function. It satisfies
s(2)*018(z) = 02, 2| = 1.

The function s4(z) = (Ya1(2) + Ya2(2)) ™! belongs to WY? and is invertible there.
The function s_(z) = (Y11(2) + Y12(2)) belongs to WP*? and is invertible there.
Moreover, s4+(0) = s_(o00) = I,,. We refer to [1, §2.5] for these facts.

The weight function (which we called in [1] and [2] the spectral function) is
defined by

w(l/2) = s_(x)7 07 s (2) 7 = s ()05 sr (), el =1 (28)

The weight function is thus strictly positive on the unit circle. Conversely we have
the following result, proved in [2].

Theorem 2.1. Let w(z) € WP*P taking strictly positive values on the unit circle
and satisfying the normalization 5= fozﬂ w(e)dt = I,. Then, w(z) is the weight
function of a uniquely defined first-order discrete system with normalized admissi-
ble sequence.

In the case of the system associated to a Nehari sequence, and when we are
in the rational case, that is, when the matrices -; admit the representation

'y,j:cajb, 7=0,1,...

for matrices a,b and c of appropriate sizes, explicit formulas are available for the
solutions X,,(z) and M,(z), see [1]. Furthermore, let

an(z) = Gpo+aniz 4 (2.9)
Bu(2) = buo+buz '+, (2.10)
T(2) = cpotcnrz+oe, (2.11)
on(2) = dpo+duz+--, (2.12)

where the coefficients ay,j, ... have been defined in (1.6)—(1.7).
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The functions (2.9)—(2.12) are defined in [9, p. 964] in the setting of the
Nehari interpolation problem. Recall that, with

mo= (2 ),

the matrix functions H,(z) satisfy the recursion

I, 0 _ I, pn I, 0
( 0 =, )Hn_,_l(z) = Hn(z)( v I, ) ( 0 a1, ) (2.13)
The matrix functions
I, 0 v (2" O
(0 zlp> Hn(1/2) ( 0 1p>
satisfy the recursion

L, pn\ (2, O
Xn+1(z):(p Z) (Zop Ip>X"(Z)’ n=0,1,.... (2.14)

Un

Xn(z)

See [2, Theorem 1.10].

3. Proof of Theorem 1.2

The starting point in the proof of Theorem 1.2 is a CP*P-valued rational function
w(z) strictly positive on the unit circle such that

1 2 )
— w(e™)dt = I,.

2 0
We build the Szegt sequence associated to w(z) and the corresponding first-order
discrete system. Both the existence of the limits

lim 7(17}1) and lim 'y(gg),
and the fact that they are strictly positive were proved in [2]. By hypothesis, these
limits are equal:
61 = lim 4 = lim 'y(gg) = 0g.
Furthermore w(z) can be written as (2.8), where now §; = d, that is:
w(z) = (Yo + Y22)(2) 7 67" (Yar + Y22)(2))
= (Y +Yi2)(1/2) 7 67 (Yin + Yi2)(1/2)) 7,

where Y(z) = (Yz;(2))e,j=1,2 is the asymptotic equivalence matrix function as-
sociated to the first-order system associated to the Szegd sequence; this follows
from [1, §2.5] and from the uniqueness of the weight function associated to a given
normalized admissible sequence; see [2] for the latter. We then proceed as fol-
lows. First we build a function (zo(z), defined by (3.2) below) which takes unitary
values on the unit circle, and consider it as a unitary solution of an underlying
Nehari extension problem. The spectral factors of w(z) and w(z) itself are then

(3.1)
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expressed in terms of the functions ag(z), Bo(2),70(z) and dp(z) associated to the
Nehari problem; see formula (3.8). We consider the normalized Nehari sequence
associated to —zo(z) and compute the associated asymptotic equivalence matrix
function Yn(z) (formula (3.11)). This allows us to compute the related weight
function wy (z); see formula (3.9). We find that wy(z) = w(z), and we conclude
by applying the uniqueness result we proved in [2].

We now explicit the strategy outlined above in a number of steps.

STEP 1. Let s(z) be the scattering function associated to w(z) and let

o(z) = Vors()V/or .
Set
zo(z) = sze. (3.2)
Z

Then

20(2) = (ao(2)z + fo(2))(270(2) + do(2)) ™ (3-3)
where the functions ag(z), Bo(z), v0(z) and do(z) are built from I" as in (2.9)—(2.12)
with n = 0.

Indeed, consider the Nehari extension problem associated to the sequence
Y0, V=1,V =25- - -

The function zo(z) is a solution of this problem. It is unitary on the unit circle.
It admits a Wiener—Hopf factorization (with indices) since s(z) admits a Wiener—
Hopf factorization. To obtain (3.3) we use an approximation argument. We con-
sider the function ezo(z) where 0 < e < 1, and consider the Nehari extension
problem associated to the sequence

€70, €Y—1,€7Y—-2,. ..

By [9, XXXV.4] there exist functions z — R(z,€) € WY™P | and taking strictly
contractive values on the unit circle such that

cz0(2) = (a0 (2 €)agy "> (€)2R(z,€) + o (2, €)don(e) /) x
X (v0(2, €)a00(€)71/22R(Z, €) + do(z, 6)d00(6)71/2)717

where the functions ag(z,¢€),... are built from (2.9)—(2.12) with €I’ in place of T'.
Let (aoj(€))j=o0.1,.. = (I — €’TT*)"te. We have:

I(aos) = (ao; ()l gpxr = (I = TT*)7H(I — €TT) (1 = )T T ]| ypxr

1 2
o

(3.4)

<(1-¢)

We conclude that

hIIl apo (6) = apo,
e—0
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and that ap(z,€) — ap(z) point-wise for every z in the open unit disk D as e — 0.
Similarly,

HH(I) doo (6) = doo,

€e—

and By(z,€),70(z,€) and dp(z, €) tend point-wise to By(2),v0(2z) and do(z) respec-
tively as e — 0 for z € D. Tt follows from (3.4) that R(z,€) tends point-wise to a
function R(z). This function is rational since the functions ag(z), ... are rational.
Its takes unitary values on T since o(z) does, and since HO(Z)UO_1 takes J-unitary
values on T, where we have set

1/2

a 0
Ug=| 2 . 3.5
0 (0 dé{f) (3.5)

It is therefore a finite matrix-valued Blaschke product, and in particular belongs
to WP and its inverse belongs to WP*?. We recall that

dpy"*65 1 (2) and  dgy”*85 (2)70(2)agh’
belong to WE*? and that
ldgo 265 (2)70(2)agy’| <1 for |2 = 1.

Similarly

agyPagt(z) and agy *agt(2)Bo(2)dgy

belong to WP*? and
lagy*agt (2)Bo(2)dgy || <1 for |z = 1.

See [9, p. 959] for the claims on the invertibility of ag(z) and do(z). The other
claims follow from the fact that the function Hy(z)Uy " is J-unitary on the unit
circle; see [1, Proof of Theorem 1.10, STEP 2].

Using these facts and the equality
o(2) = (ao(2)agy”* + Bo(2)dy /> (2R(2)) " )R(2) %
% (v0(2)agy*2R(2) + do(2)dgg /)71,

we see that o(z) has a Wiener—Hopf factorization if and only if R(z) is a unitary
constant, say . We now show that R = I,,. Indeed, by uniqueness of the spectral
factorization there exists an invertible matrix X such that

\/5713—(2) = (040( )%01/2 R+ ﬁo—(Z)daol/Q)X
se (Vo1 = X (0()aps 2Rz + do(2)dge’?) !

In particular
Vo = ozo(oo)ao_ol/QRX
-1
VoI = XTg*0(0)7!
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But ap(00) = ago and 6p(0) = doo (see (2.9) and (2.12)). By hypothesis agy = doo,
and so multiplying the above equalities side by side we obtain

I, = X"'RX,

and so R = I,,. This ends the proof of Step 1. We note that the hypothesis d; = d>
and ago = doo was used to proceed from (3.6) and obtain R = I,.

From (3.3) we see that
s(2) = \/a_1 (040(2)‘10_01/2 + 607(2)%—01/2> (VO(Z)ao_ol/Qz + 50(2)(10_01/2)71 Vor
= \/571 (040(2) + ﬁOT(Z)> (/70(2)24_60(2))_1 \/671

This last expression can be written in turn as:

(\/5711 (a0(2>+ﬁ07(2)> ao(oo)‘lx/a) (\/571(vo(z)z+5o(z))50(o)—1\/5’1)_1

(recall that ag(oco) = dp(0)) and so, in view of the normalizing conditions
5 (o) = 54 (0) = I,

we have that:

o= VA () + 22 fan(o0) VR
s(5) = (VA (0(2)z + o) 80(0) V)

Step 2. The weight function associated to the Szegd sequence is given by:
1

w(l/z) = /61  ap(oo)x
N\ ! 2\ . (38)
X <(a0(z) + ﬁo_”) (ao(z) + 507()> ) ao(oo)\/a .

z

Indeed, from formulas (2.8) and (3.7) we have:

wi1/z) = (V" (aoe) + 22 040(00)_1\/5—1>1 571

z

< (VA (ante) + 2 ao<oo>-1¢£)*

z

and hence the result.
Step 3. Assume that the pair (o, Bn), n = 1,2,... is A-admissible. Then the
sequence (—aun, —fBn), n = 1,2,... is also admissible, with the same sequence A.
In particular the pair (—pp—1, —Vn-1), n = 1,2, ... is admissible.

Indeed, from (2.1) we have

I, « I, an\"
J| P ”) JJJAnJJ( P ”) J=JJA,_1J, n=1,2,...
(ﬂn I, Bn I !
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and so

I, -« 1 —a,\"
) aa, (P ") = JA1, n=1,2,...
<_ﬁn Iy > (_571 Iy > '
Step 4. The weight function wy (z) associated to the pair

1/2 —1/2 _ 1/2 —1/2
(=agy Pn—1a9p ", —agy Vn—1agp" ")

is given by the formula
—1 —%
wy(1/2) = ag)’ (ao(z) + _ﬁoi@) (ao(z) + _ﬁoi@) agh’. (3.9)

Indeed, when one replaces o by —o the Hankel operator I' defined by (1.4)
with n = 0 and built from the Fourier coefficients of o is replaced by —I'. The
sequence

(—agy pu-1ang "%, gy vu-1ag9 %) (3.10)
is an admissible normalized pair, with associated sequence of diagonal
—-1/2 —-1/2
Ay TTARA T
with A,, given by (2.3).

We now consider the first-order discrete system associated to (3.10). The
recursion (2.14) needs to be changed as follows: the minus sign in T' implies that
the functions (yp(z) and ~y(z) are replaced by their opposite, and thus H,(z)
by JH,(z)J. Finally, X,(z) is replaced by aéézXn(z)aaol/z since we consider the
normalized pair (3.10). Hence the solution to the corresponding first-order discrete
system with value Iz, at n = 0 is equal to

1 0 s 2" 0 o I 0 _
Mo (2) = all? <5 . ) JH,(1/7)*J ( 0 1p> JHy(1/7)*J <5 z-11p> 0l

p

and the solution subject to the condition

. z "I, 0 (I, O
i ( 0 I,,) Xn(2) = (0 1p>
is equal to

_ape (I, 0 ok 2" 0 I, 0 —1/2
o =apt (49 ) rmaa (3 1) (50w
Let Yn(z) be the associated asymptotic equivalence matrix function. Since
Xn(2) = M, (2)Yn(2)7! we deduce that Yy (2) is equal to

I 0 s I 0 _
Y (2) = agh? (Op z1p> JHy(1/2)~*J (0 z11p> agy . (3.11)

By [, (2.4)],
Yn(2)JYN(2)" = agod, |z2|=1.
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Thus,

YN(Z) = aOOJY(l/E)f*J
- I, 0 L, 0\ -
= agoagy*JJ (6’ zzp> Hy(2)J (6’ z11p> age’?J

12 (I, 0 1, 0 —1/2
oé <O zlp> Ho(z) (6) Z—1Ip> aoo/
ol (ao(z) ﬁo(z)) —1/2.

900 \2n0(2) do(2)) “

Using formula (3.1) we obtain that the corresponding weight function is given
by (3.9). To that purpose note that the matrices 6; and d2 in formula (3.1) are
here equal to the diagonal block entries of

lim Uy 'U2U; " = (“00 0 ) :

n—0o0 0 ano

where U, is defined by

1/2
an'n 0
U, = , n=0,1,....
( 0 Mf)

Step 5. It holds that wy(z) = wg,(2).
Indeed, it follows from formulas (3.8) and (3.9) that

wN(Z) = QwSz(Z)Q*

with Q = aéézao 00)~1y/81. The normalization
1 2m 1 2m

Dy wy (eM)dt = —

o wg.(e)dt =1,

forces @ to be unitary. Since ag(00) = agp we have that

-1
Vao Vo1 =Q,
so that /0 /@00 Q. By uniqueness of the polar decomposition we obtain Q = I,,.

Step 6. The Szego sequence and the Nehari normalized sequence are related by

1/2 —-1/2
Qp = —Qpy Pn—1qqg
1/2 —1/2
Bn = —ap) Vn—10¢y' ", n=12,....

This follows from the uniqueness of the normalized admissible sequence associated
to a normalized weight function.
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4. An example

We now present an example where (1.8) is in force. As already mentioned, we
showed in the scalar case (that is, in the case p = 1) that a,, = B, and that the
diagonals A,, are scalar matrices; see (2.2) and [1]. Another example is when w(z)
satisfies the symmetries

w(l/z) =w(z) and w(Z)=w(z). (4.1)
Thus, the Fourier coefficients of w(z) satisfy
Th =T_p =T, = 7’;

where the superscript ¢t denotes transpose, and we can write:
o0
w(e™) =1, + 2 Z rp cos(nt).
1

We prove that the Szegd sequence and the Nehari sequence satisfy (1.8) when
the conditions in (4.1) are in force. We denote by ¢ the C(*+DPx(n+1)p hlock matrix

0 0 - 0 I,
0 0 - I, 0
0 I, - 0
L, 0 - 0

Since 7, = rl, we have that T, = (T),¢. It follows (see also [1, §1.2]) that
(n) (n)

Tn—ijn—j = YVij -
In particular we have

o) =4 and AR =45,

Equation (2.4) implies that the Szegd sequence satisfies (1.8). Equation (1.5) shows

moreover o, = O.

We now turn to the Nehari sequence. Condition (4.1) implies that w(z) can
be factorized as

w(z) = 04 ()04 (1/2)"

. . . X .
where 0 (2) and its inverse are in W4™” and moreover o (z) is real:

04(2) = 04 (2).

Indeed, we have the factorizations

w(z) = 94 ()94 (1/2)" = g5 @g (1/2)'

where g4 (z) and its inverse belong to W, ", Thus there exists a unitary matrix
U such that




Szeg6 and Nehari Sequences 15

Setting z = 1 in this equation we obtain

U=g+(1)"g+(1)
and so
9+ (2)g+ ()~ = g4 R)g (1)L
Thus the function g4 (z)g4(1)7! is real. We have
w(z) = g4(2)g+(1) " w(1)(g+(1/2)g+ (1) )"
The matrix w(1) is real and positive; it is thus symmetric positive and as such has

a real square root (write w(1) = QDQ* where @ is orthogonal and D is a diagonal
with positive entries and take as square root QD'/2Q?). The function

04(2) = g4(2)g+ (1) w(1)M/?
is then real and is a spectral factor of w(z). Since w(z) = w(1/z) we can take
o_(2) = (64(1/2))~" as spectral factor in W?*P_ Let

s(2) = (04(1/2)) oy (2). (4.2)
We claim that L

s(z) = s(2)" = 5(2).

Indeed, s(z) is real since o4 (z) is real. Moreover we have

0+ (2)(04+(1/2))" = 04 (1/2) (04 (),

and hence
5(2) = (04 (2)) (o4 (1/2))7", thatis s(z) = s(2)".

It follows that in the representation
zs(z) = Z Yzt
z

the matrices 7, are real and symmetric, and thus the associated Hankel operators
T, are self-adjoint. It follows from formula (2.3) that the Nehari sequence satisfies
(1.8).

We note that the requirements in (4.1) appear in Krein’s work in [10] in the

continuous case. We also note that functions of the form (4.2) were considered in
[3, p. 141].
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Multivariable Generalizations of the
Schur Class: Positive Kernel Characterization
and Transfer Function Realization

Joseph A. Ball, Animikh Biswas, Quanlei Fang and Sanne ter Horst

Abstract. The operator-valued Schur class is defined to be the set of holo-
morphic functions S mapping the unit disk into the space of contraction op-
erators between two Hilbert spaces. There are a number of alternate charac-
terizations: the operator of multiplication by S defines a contraction operator
between two Hardy Hilbert spaces, S satisfies a von Neumann inequality, a
certain operator-valued kernel associated with S is positive-definite, and S
can be realized as the transfer function of a dissipative (or even conservative)
discrete-time linear input/state/output linear system. Various multivariable
generalizations of this class have appeared recently, one of the most encom-
passing being that of Muhly and Solel where the unit disk is replaced by the
strict unit ball of the elements of a dual correspondence E° associated with a
W*-correspondence E over a W*-algebra A together with a x-representation
o of A. The main new point which we add here is the introduction of the
notion of reproducing kernel Hilbert correspondence and identification of the
Muhly-Solel Hardy spaces as reproducing kernel Hilbert correspondences as-
sociated with a completely positive analogue of the classical Szeg6 kernel.
In this way we are able to make the analogy between the Muhly-Solel Schur
class and the classical Schur class more complete. We also illustrate the theory
by specializing it to some well-studied special cases; in some instances there
result new kinds of realization theorems.

Mathematics Subject Classification (2000). Primary 47A58; Secondary 46L08,
47A56, 47B32, 47L65, 93B28, 93CO05.

Keywords. Contractive multiplier, von Neumann inequality, completely posi-
tive definite kernel, Hilbert C*-module, reproducing kernel Hilbert correspon-
dence.
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1. Introduction

The classical Schur class S (consisting of holomorphic functions mapping the unit
disk D into the closed unit disk D) along with its operator-valued generalization has
been an object of intensive study over the past century (see [45] for the original
paper of Schur and [26] for a survey of some of the impact and applications in
signal processing). To formulate the definition of the operator-valued version, we
let L(U,Y) denote the space of bounded linear operators acting between Hilbert
spaces Y and Y. We also let Hj (D) and H}(D) be the standard Hardy spaces of
U-valued (respectively V-valued) holomorphic functions on the unit disk D. By the
Schur class S(U,Y) we mean the set of L(U,Y)-valued functions holomorphic on
the unit disk D with values S(z) having norm at most 1 for each z € D. The class
S(U,Y) admits several remarkable characterizations. The following result is well
known and is formulated as the prototype for the multivariable generalizations to
follow.

Theorem 1.1. Let S be an L(U,Y)-valued function defined on D). The following are
equivalent:

1. SesU,Y), i.e., S is analytic on D with contractive values in LIU,Y).
(1) The multiplication operator Mgs: f(z) +— S(z) - f(z) defines a contraction
from H}(D) into H}(D).
(1”) S is analytic and satisfies the von Neumann’s inequality: if T is any strictly
contractive operator on a Hilbert space K, ie., |T|| < 1, then S(T) is a
contraction operator (||S(T)|| < 1), where S(T') is the operator defined by

S(T)=> 8, @T" e LURK,YRK) if S(z)=> Spz".
n=0 n=0

2. The function Kg: D x D — L(Y) given by

Iy —8(2)S(w)”

B 1—zw

Ks(z,w)

18 a positive kernel on D x D.
3. There exists a Hilbert space H and a coisometric (or even unitary or contrac-
tive) connecting operator (or colligation) U of the form

o=l o] ]~ ]
C D u y
so that S(z) can be realized in the form
S(z) =D+ 2C(Iy — zA)"'B. (1.1)
From the point of view of systems theory, the function (1.1) is the transfer

function of the linear system

_ [ en+1) = Az(n) + Bu(n)
> =X%(U): { y(n) = Cz(n)+ Du(n) -
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The following well-known proposition gives several equivalent definitions for
the term “positive kernel” used in condition (2) in Theorem 1.1. The scalar case
(Y = C) of this result goes back to the paper of Aronszajn [7], but is also often
attributed to E.H. Moore and Kolmogorov, while the vector-valued case has been
well exploited in the function-theoretic operator theory literature over the years
(see [47, 19]).

Proposition 1.2. Let K: Q x Q — L(Y) be a given function. Then the following
conditions are equivalent:

1. For any finite collection of points w1, ...,wn € Q and of vectors y1,...,yn €
Y (N =1,2,...) it holds that
> (K(wiwi)y;yiy = 0. (1.2)
i,j=1,...,N

2. There exists an operator-valued function H: Q — L(H,)) for some auxiliary
Hilbert space H so that

K(w' w)=H(W)H(w)*. (1.3)
3. There exists a Hilbert space H(K) of Y-valued functions f on Q so that
the function K(-,w)y is in H(K) for each w € Q and y € Y and has the
reproducing property
<f7 K(a W)y>H(K) = <f(w)7 y>y'
When any (and hence all) of these equivalent conditions hold, we say that K is a
positive kernel on € x .

We provide a sketch of the proof of Theorem 1.1 as a model for how extensions
to more general settings may proceed.

Sketch of the proof of Theorem 1.1. The easy part is (3) = (2) = (1”) = (1)
= (1):

(3) = (2): Assume that S(z) is as in (1.1) with U unitary, and hence, in
particular, coisometric. From the relations arising from the coisometric property

of U:
A B| A C*| [T O
C D||B* D*| |0 I
one can verify that

I—-8(2)S(w)* =1~[D+2C(I—2A)"'B][D +wC(I —wA) ' B]*
=C(I - 2zA)7 (1 — 2@) Iy)(I —wA*) " C*.
This implies that H(z) = C(I — zA)~" satisfies (1.3).

(2) = (1”): Due to I — S(z)S(w)* = H(2)[(1 — zw)Ix]H(w)*, we can see
that for any || T < 1

[— 8(T)S(T)* = H(T)[(1 — TT*) ® Iy]H(T)" > 0.
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(1”) = (1'): Observe that Mg = S(S) = s — li%l S(rS) where S is the shift

operator M, on H?(D). Thus the fact that ||S(rS)|| < 1 for any r < 1 implies
[Ms|| < 1.

(1) = (1): Note that since S(z)u = Mg-u for any u € U, we have || Mg||op =
[IS|loo- So ||[Ms]|| <1 implies that S € S(U, ).

The harder part is (1) = (1') = (1”) = (2) = (3):

(1) = (1): We can view H?*(D) C L*(T). Thus |[Msullz2(r) < [|S]s -
l[ullL2(T)-

(1) = (1”): According to the Sz.-Nagy dilation theorem, any contraction
operator T' has a unitary dilation U. In the strictly contractive case ||T'|| < 1,
one can show that in fact the unitary dilation is the bilateral shift with some
multiplicity N: U =S ® Iy (if N = oo, we interpret Iy as the identity operator
on £?). We then have T" = Pg (S ® In)"|x. Therefore |S(T)|| = || PyexS(S ®
IN)luex| < [|Ms]| < 1.

(1”) = (2): A direct proof of this implication can be done via a rather
long, intricate argument using a Gelfand-Naimark-Segal construction in conjunc-
tion with a Hahn-Banach separation argument—we refer to this as a GNS/HB
argument. For the polydisk setting, the argument originates in [1]; the version for
a general semigroupoid setting in [23] covers in particular the classical setting here.

Alternatively, one can avoid the GNS/HB argument via the following short-
cut:

(1”) = (') = (2): We have seen that (1) = (1’) is easy. For (1') = (2),
we assume || M| < 1. View H?(D) as the reproducing kernel Hilbert space H(ks,),
where kg, (z, w) = is the Szegd kernel. Since M§ks, (-, w)y = kg, (-, w)S(w)*y,
we see that

> (Ks(zio2)yj vy = 1D ksal2)y501> — (M) ZkSz('ij)yj||2 >0

i,j=1,...,N J

1—zw

and it follows (via criterion (1.2)) that Kg is a positive kernel on I x D.
(2) = (3): This implication can be done by the now standard lurking
isometry argument — see [8] where this coinage was introduced. [

The purpose of this paper is to study recent extensions of the Schur class and
the associated analogues of Theorem 1.1 to more general multivariable settings. In
Section 2 we describe two such extensions: the Drury-Arveson space setting and
the free-semigroup setting. We emphasize how all the ingredients of the proof of
Theorem 1.1 sketched above have direct analogues in these two settings; hence the
proof of the analogues of Theorem 1.1 for these two settings (see Theorem 2.1 and
Theorem 2.3 below) directly parallel the proof of Theorem 1.1 as sketched above.
A far more sophisticated generalized Schur class has been introduced by Muhly
and Solel (see [33, 36]). The main contribution of the present paper is to introduce
the notion of reproducing kernel Hilbert correspondence and an analogue of the
Fourier (or Z-) transform for the Muhly-Solel setting. The starting point for most
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of the constructions is a W*-correspondence E over a W*-algebra A together with
a x-representation o of A. We show that the image, denoted in our notation as
H?(E,o) which is an analogue of H?, of a Muhly-Solel Fock space, denoted as
F%(E, o) in our notation which is an analogue of £?(Z. ), under this Z-transform
is a space of &-valued functions (£ equal to a coefficient Hilbert space) on the
Muhly-Solel generalized unit disk D((E?)*)! and that an element S of the Muhly-
Solel Schur class as introduced in [36] induces a bounded multiplication operator
on H%(E, o). We also obtain analogues of the other parts of Theorem 1.1 for this
setting (see Theorem 5.1 in Section 5 below) and thus obtain a more complete
analogy between the Muhly-Solel Schur class and the classical Schur class than
that presented in [36]. Section 3 develops required preliminaries concerning general
correspondences, including the notions of reproducing kernel correspondence and
of reproducing kernel Hilbert correspondence; these are natural elaborations of the
Kolmogorov decomposition for a completely positive kernel found in [18]. Section
4 introduces the spaces H?(E, o) and H*®(FE, o) which are the analogues of the
Hardy spaces H? and H* for this setting. The final section 6 applies the general
theory to some familiar more concrete special cases. Specifically we make explicit
how the classical case discussed above as well as the Drury-Arveson setting and
the free-semigroup algebra setting discussed in Section 2 are particular cases of the
Mubhly-Solel setting. The general theory here leads to more structured versions of
these well-studied settings and corresponding new types of realization theorems.
We also discuss one of the main examples motivating the work in [31, 33, 36],
namely the setting of analytic crossed-product algebras. It is interesting to note
that the realization theorem for a particular instance of this example amounts to
the realization theorem for input-output maps of conservative time-varying linear
systems obtained in [4].

Another class of examples covered by the Muhly-Solel setting are graph al-
gebras (also known as semigroupoid algebras) [30, 32, 27]; we do not discuss these
here. There are still other types of generalized Schur classes which are not sub-
sumed under the Muhly-Solel Fock space/correspondence setup. We mention the
Schur-Agler class for the polydisk (see [1, 2, 14] and for more general domains
[5, 9]), the noncommutative Schur-Agler class (see [12, 13]), and higher-rank graph
algebras (see [28]). A differentiating feature of these variants of the Schur class is
a more implicit version of condition (2) in Theorem 1.1 where the single positive
kernel (the Szego kernel 1—1zm) is replaced by a whole family of positive kernels. An
abstract framework using this feature as the point of departure is the semigroupoid
approach of Dritschel-Marcantognini-McCullough [23] which incorporates all the
aforementioned settings in [1, 2, 14, 12, 28]. However the theory in [23] does not
appear to include the analytic crossed-product algebras included in the Muhly-
Solel scheme since it does not allow for the action of a W*-algebra A acting on

n nice cases, the general situation collapses to this statement; more correctly, the vector-valued
functions are defined on D((E?)*) x o(.A)’ where o(.A)’ is the commutant of the image o(A) of
oin L(E).
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the ambient Hilbert space. It is conceivable that some sort of synthesis of these
two disparate approaches is possible; the recent work on product decompositions
over general semigroups (see [46]) appears to be a start in this direction.

The notation is mostly standard but we mention here a few conventions for
reference. For Q any index set, £2(£2) denotes the space of complex-valued functions
on 2 which are absolutely square summable:

PO ={&2—C: ) [4w)] < oo}

wenN

Most often the choice 2 = Z (the integers) or Q@ = Z, (the nonnegative integers)
appears. For ‘H a Hilbert space, we use ¢7,(2) as shorthand for ¢%(2) ® H (the
space of H-valued function on 2 square-summable in norm). More general versions
where H may be a correspondence also come up from time to time.

2. Some multivariable Schur classes

In this section we introduce two multivariable settings (the Drury-Arveson space
setting and the free semigroup algebra setting) for the Schur class and formulate
the analogue of Theorem 1.1 for these two settings.

2.1. Drury-Arveson space

A multivariable generalization of the Szegd kernel k(z,w) = (1 — zw)~! much
studied of late is the positive kernel

kq(z,w) = on B¢ x B?,

1—(z,w)
where B¢ = {z = (21,...,24) € C?: (2, 2) < 1} is the unit ball of the d-dimensional
Euclidean space C?. By (z,w) = 2?21 zjw; we mean the standard inner product
in C?. The reproducing kernel Hilbert space (RKHS) H(kq) associated with kg
via Aronszajn’s construction [7] is a natural multivariable analogue of the Hardy
space H? of the unit disk and coincides with H? if d = 1.

For Y an auxiliary Hilbert space, we consider the tensor product Hilbert
space Hy(kq) := H(kq) ® Y whose elements can be viewed as Y-valued functions
in H(kq). Then Hy(kq) can be characterized as follows:

Hy(ka) = F(2) = Y faz™: If12= D

n!
neZt nGZil

2
Tl [ fally < o0

Here and in what follows, we use standard multivariable notations: for multi-
integers n = (nq,...,nq) € Z4 and points z = (21,...,24) € C* we set

In| =n1 +ng+ -+ + ng, n! =nilns!. .. ngl, 2" =212 2yt
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By M(U,Y) we denote the space of all L(U,))-valued analytic functions S
on B? such that the induced multiplication operator

Ms: f(z) = S(2) - f(2)
maps Hy(kq) into Hy(kq). It follows by the closed graph theorem that for every
S e MyU,Y), the operator Mg is bounded. We shall pay particular attention to
the unit ball of M4(U,Y), denoted by

SaU,Y) ={S € Ma(U,Y): [[Ms|lop < 1}.

We refer to Sy(U,Y) as a generalized (d-variable) Schur class since S1(U,Y) col-
lapses to the classical Schur class. Characterizations of Sg(i,Y) in terms of real-
izations originate in [3, 15, 25]. The following is the analogue of Theorem 1.1 for
this setting; the result with condition (1”) eliminated appeared, e.g., in [15, 11].

Theorem 2.1. Let S be an L(U,Y)-valued function defined on BE. The following

are equivalent:

(1") S belongs to Sa(U,Y), i.e., the multiplication operator Mg: f(z) — S(z)f(2)
defines a contraction from Hy(kq) into Hy(kq).

(1) |S(T)|| < 1 for any commutative row contraction T = (Ty,...,Ty) € L(K)?,
i.e., if S is given by S(z) = Znezi Snz™ and if (Ty, ..., Ty) is any commuting
d-tuple of bounded linear operators on a Hilbert space IC such that the row
matriz [Tl Td] defines a strict contraction operator from K¢ to K,
then the operator S(T) € LU @ K,Y ® K) defined via the operator-norm
limit of the series S(T') := ), Sp @ T™ has ||S(T)|| < 1.

(2) The function Ks: B x B — L(Y) given by
Iy = 5(2)S(w)"
1—(z,w)
is a positive kernel (see Proposition 1.2).

(3) There exists a Hilbert space H and a unitary (or even coisometric or contrac-
tive) connecting operator (or colligation) U of the form

Kg(z,w) =

A B
el IRV I €
C D| |4, By U Y
C D
so that S(z) can be realized in the form
S(z) = D+C(Iy—2A41— - —2g40) " (z1B1 + - + 24Ba)

= D+CI-Z(2)A)"'Z(2)B
where we set
Ay By

Ad By
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Remarks on the proof: (3) = (2) = (1) = (1’) follows in the same way as
in the sketch of the proof of Theorem 1.1 above. For (1’) => (2), one can use the
same reproducing kernel argument as the shortcut discussed in the proof Theorem
1.1 above. For (1) = (1”), one can follow the corresponding argument sketched
above for Theorem 1.1 but with the Sz.-Nagy dilation theorem replaced with the
Drury dilation theorem (see [24]). The implication (2) = (3) follows exactly as
in the classical case via the lurking isometry argument (see [15]). Note that (1)
= (2) also can be achieved directly by the GNS/HB argument in [23] specialized
to the setting here, but this is not usually done since one has the alternative easier
route (1”) = (') = (2). O

2.2. Free semigroup algebras

We now discuss the generalization of the Schur class associated with free semigroup
algebras and models for row contractions (see [39, 40, 41, 42, 17]). We follow the
formalism and notation as used in [17, 16].

Let z = (21,...,24) and w = (wy,...,wq) be two sets of noncommuting
indeterminates. We let F,; denote the free semigroup generated by the d letters
{1,...,d}. A generic element of Fy; is a word w equal to a string of letters

a=in---i3 where i€ {l,...,d} for k=1,...,N. (2.2)

The product of two words is defined by the usual concatenation. The unit element
of Fy is the empty word denoted by 0. For a a word of the form (2.2), we let
2% denote the monomial in noncommuting indeterminates 2% = z;,, - - - z;, and we
let 2% = 1. We extend this noncommutative functional calculus to a d-tuple of
operators A = (A1,...,A4) on a Hilbert space K:

Av:AiN"'Ah if 'U:iN"'ilE]:d\{w}; A@:IK.

We will also have need of the transpose operation on Fy:

a =i iy if a=iN---i.

Given a coeflicient Hilbert space ) we let Y(z) denote the set of all polynomials
in z = (21,...,2q) with coefficients in Y:

V(z) = {p(z) = Z Doz pa €Y and p, = 0 for all but finitely many a} ,
a€Fy

while Y((z)) denotes the set of all formal power series in the indeterminates z with
coefficients in ):

Y{(=)) = {f(z) = Z faz®: fa Ey}
a€Fq
Note that vectors in Y can be considered as Hilbert space operators between C
and Y. More generally, if « and ) are two Hilbert spaces, we let £L(U,Y)(z) and
L(U,Y){(z)) denote the space of polynomials (respectively, formal power series)
in the noncommuting indeterminates z = (21, ..., zq) with coefficients in L(U, V).



Multivariable Generalizations of the Schur Class 25

Given S =3z saz® € LU, V)((2)) and f =Y 4.7 f3z" € U((2)), the prod-
uct S(z)- f(z) € Y{(z)) is defined as an element of Y((z)) via the noncommutative
convolution:

S(z) - f(z) = Z safaz? = Z Z safs | 2. (2.3)

a,BEF, vEFq \o,BEFq: a-f=v

Note that the coefficient of z¥ in (2.3) is well defined since any given word v € Fy
can be decomposed as a product v = « - § in only finitely many distinct ways.

In general, given a coefficient Hilbert space C, we use the C inner product to
generate a pairing

{5 dexey) s € x C{{w)) — C{(w))

<c, Z fgw’g> = Z (e, fg>cwﬁT € C((w)).
CxC{(w))

BEFa BEF,

via

Similarly we can consider <Za6 7, Jaw®, c> or the more general pairing

<Z faw'®, Y gpu” = > (fargs)ew” w”

aEF,y BEF, >C<<w’>>><c<<w>> a,BEF,

C{{w))xC

Suppose that H is a Hilbert space whose elements are formal power series in Y{(z))
and that K(z,w) =, 5c 7, 1(0673,20%05T is a formal power series in the two sets
of d noncommuting indeterminates z = (21, ..., 24) and w = (w1, ..., wq). We say
that H is a NFRKHS (noncommutative formal reproducing kernel Hilbert space) if
for each v € Fy, the linear operator ®,: H — Y defined by f(z) = Zﬁe}‘d fs2® —
fa is continuous. In this case there must be a formal power series k. (z) € L(Y){(z))
so that kq(-)y € H for each a € Fy and y € Y and

<fa ka:‘/)H = <foca y>y'
If we set K(z,w) = Zﬁefd k:g(z)wﬂT, then we have the reproducing property

(f K () ) mxr((wyy = (FW), 1)y (w)y x -

In this case we say that K (z,w) is the reproducing kernel for the NFRKHS H. As
explained in detail in [16], we have the following equivalent characterizations for
such kernels which parallel the statements of Proposition 1.2 for the classical case.

Proposition 2.2. Let K(z,w) € L(Y){(z,w)) be a formal power series in two sets
of noncommuting indeterminates with coefficients K. g equal to bounded operators
on the Hilbert space Y. Then the following conditions are equivalent:

1. For all finitely supported YV-valued functions o+ 1y it holds that
Z <Ka,oc’yoc’7yoc> Z 07

a,a’ €Fg
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i.e., the function from Fyq x Fy to L(Y) given by (o, B) — Ko g is a positive
kernel in the classical sense of Proposition 1.2.
2. K(z,w) has a factorization

K(z,w)=H(z)H(w)*
for some H € L(H,Y)((z)) where H is some auziliary Hilbert space. Here

:ZHEwﬁT:ZHETw’B if H(z ZHZ

BEFq BEFq acFg
3. K(z,w) is the reproducing kernel for a NFRKHS H(K), i.e., for each 8 € Fq
and y € Y the formal power series kgy given by kgy(z) = >_ cr, Ka,pyz®
is in H(K) and has the reproducing property

<f, > kayw”

> = (f(w0), Y)y () xy for every f € H(K).
peFa HK)x H(K) ({w))

A natural analogue of the vector-valued Hardy space over the unit disk (see,
e.g., [39]) is the Fock space with coefficients in ) which we denote here by H3,(Fa)
and express the elements in power series form:

H3,(Fa) = { =Y far" fa €YD Il < oo}. (2.4)

a€EFy a€Fq

When Y = C we write simply H?(F,). As explained in [16], H?(F,) is a NFRKHS
with reproducing kernel equal the following noncommutative analogue of the clas-
sical Szego kernel:

ksz, ne(z, w) Z 2w . (2.5)
a€Fy

Thus we have in general H3(Fq) = H(ks, ® Iy). We abuse notation and let S;
denote the shift operator

vaz — f(z vavjforjfl ,d

vEFq vEFq

on H3(Fg) for any auxiliary space Y. The adjoint of S; on H}(Fy) is then given

by

Z fo2¥ — Z foj2¥ for j=1,...,d.

veFq veFq

We let Mc,a(U,Y) denote the set of formal power series S(2) = ) cz, Sa2®

with coefficients s, € L(U,)) such that the associated multiplication operator
Ms: f(z) — S(z) - f(2) (see (2.3)) defines a bounded operator from H7(F4) to
H ;, (Fa4). The noncommutative Schur class Spe q(U, ) is defined to consist of such
multipliers S for which Mg has operator norm at most 1:

SneaU, V) ={S € LU, Y)((2)): Ms: Hyj(Fa) — H3(Fa) with [ Ms]lop < 1}.
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The following is the noncommutative analogue of Theorem 1.1 for this setting. We
refer to [39, 40] for details.

Theorem 2.3. Let S(z) € L(U,Y){(z)) be a formal power series in z = (z1,...,24)

with coefficients in L(U,Y). Then the following are equivalent:

(1) S € Snealld,Y), ice., Mg: U(z) — Y{(z)) given by Ms: p(z) — S(2)p(z)
extends to define a contraction operator from HF(Fq) into Hy(Fa).

(1) For each strict row contraction (Th,...,Tq), i.e., a d-tuple (Th,...,Tq) of
operators on a Hilbert space K (commutative or not) such that the row matriz

[Tl e Td} defines a strict contraction operator from K¢ to KC, we have
1S <1,
where
ST =Y 50T € LURK),YOK) if S(z)= D saz°
a€Fq acFq

and where we set
T =TTy, if a=iyn-i1€ Fa
(2) The formal power series given by
Ks(z,w) :=ksz, ne(z,w) — S(2)ksz, ne(z,w)S(w)”

is a noncommutative positive kernel (see Proposition 2.2).
(3) There exists a Hilbert space H and a unitary connection operator U of the

form
A B X
A B : : X :
U: = . : N — .
[C D} Ay By [U} X
C D y

so that S(z) can be realized as a formal power series in the form

d
S(z)=D+Y_ Y CA"B;z"-z=D+C(I - Z(2)A)~"'Z(2)B

j=1lveFy

where Z(z), A and B are as in (2.1) but where now z1,...,zq are noncom-
muting indeterminates rather than commuting variables.

Sketch of the proof of Theorem 2.3: The proofof (3) = (2) = (1) = (I') =
(1) formally goes through in the same was as the classical case. Let us just note
that (1) = (1) involves viewing Mg: H}(Fq) — H3(kq) as Mg = S(S) where
S = (81,...,8q) are the left creation operators of multiplication by z; on the left
on the Fock space H?(F;). From the assumption (1”), we know that ||S(rS)| < 1
for each r < 1 and hence ||Mg|| = lim,11 [|S(rS)|| < 1 as well.

We discuss the harder direction (1') = (1”) = (2) = (3).
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(1) = (1”): One can follow the proof of (1') = (1”) for the classical case
but substitute the Popescu dilation theorem for row contractions (see [37]) for the
Sz.-Nagy dilation theorem for a single contraction operator.

(1”) = (2): This implication again can be done via an appropriate version
of the GNS/HB argument; see [12] for a slightly more general version and [23] for
an even more general version.

Alternatively, one can follow the route (1) = (1) = (2): As we have
already discussed (1”) = (1), it suffices to discuss (1’) = (2). This can be done
by an adaptation of the argument for the classical case to the present setting of for-
mal, noncommutative reproducing kernel Hilbert spaces — see [16, Theorem 3.15].

(2) = (3): The lurking isometry argument works in this context as well —
see [16, Theorem 3.16]. O

3. Reproducing kernel (A, B)-correspondences

The notion of a vector-valued reproducing kernel Hilbert space based on an opera-
tor-valued positive kernel has been a standard tool in operator theory as well as
in other applications for some time now. Recently, Barreto, Bhat, Liebscher and
Skeide [18] introduced a finer notion of positive kernel (completely positive kernel)
and gave several equivalent characterizations, but did not develop the connections
with reproducing kernel Hilbert spaces. The purpose of this section is to fill in this
gap, as it is the natural tool for the discussion to follow.

Let B be a C*-algebra and E a linear space. For some of the discussion to
follow, it will be convenient to assume that B has a unit. However, any C*-algebra
has an approzimate identity (see [20, Theorem 1.4.8]); by making use of such an
approximate identity, most arguments using a unit element 15 can be adapted to
an approximation argument yielding the desired result for the general case where
B is not assumed to possess a unit. In the sequel we usually leave the details of
this adaptation to the reader.

We say that E is a (right) pre-Hilbert C*-module over B if E is a right module
over B and is endowed with a B-valued inner product (-, -) g satisfying the following
axioms for any \,u € C, e, f,g € E and b € B:

L (e +pf,9)e = Me, 9) e + ulf, 9);
2. {e-b, f)p = (e, f)ub;

. <eaf>E' = <fae>E7

4. {(e,e)g > 0 (as an element of B);

5. {(e,e)g = 0 implies that e = 0.

We also impose that (Ae) -b=e- (A\b) for all e € E, b € B and A € C. Note that if
B has a unit, this last condition is automatic from the axioms for the identification
A +— A-1p and the axioms for E being a module over 5. (Unlike some other authors,
we take the B-valued inner product to be linear in the first variable and conjugate-
linear in the second variable as is usually done in the Hilbert-space setting (8 = C)

w
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rather than the reverse.) Note that it then follows that

<€,f : b>E = b*<€, f>E

When the inner product is clear, we drop the subscript F and write simply (e, f)
for the B-valued inner product. If F is a pre-Hilbert module over B, then FE is a
normed linear space with norm given by

Y2 s. (3.1)

Here || ||g denotes the norm associated with the C*-algebra B. One can always
complete F to a Banach space in the norm (3.1) to get what we shall call a Hilbert
C*-module over B. Moreover, E has additional structure, namely E carries the
structure of an operator space, i.e., E is the upper right corner of a subalgebra of
operators acting on a Hilbert space with a representation as 2 x 2-block operator
matrices (the linking algebra) — see [31] or [43].

Given two Hilbert C*-modules E and F' over the same C*-algebra B, it is
natural to consider the space L(E,F) of bounded linear operators T: E — F
between the Banach spaces E and F'. Unlike the Hilbert space case, for a linear
map T from E to F it may or may not happen that there is an adjoint operator
T* € L(F, E) so that

(Te, fYr={(e,T"f)g foralle € F and f € F.

lellez = (e, e)

In case there exists an operator T* € L(F, F) with this property we say that T
is adjointable and we denote the set of all adjointable linear operators between F
and F' as L%(E, F) (with the usual abbreviation £%(E) in case E = F'). When the
mapping T: E — F is adjointable in this sense, necessarily T' € L(F, F') with the
additional property that 7' is a B-module map:

T(e-b)=T(e)-bforallec E and beB. (3.2)

However, this additional property (3.2) alone is not sufficient for admission of T’
in the class L*(E, F) of adjointable maps (see [43, Example 2.19]).

Following [31, 33] (see also the books [29, 43] for more comprehensive treat-
ments), we now introduce the notion of an (A, B)-correspondence. If E is a right
Hilbert C*-module over B and A is another C*-algebra, we say that F is a (A, B)-
correspondence if E is also a left module over A which makes E an (A, B)-bimodule:

(a-e)-b=a-(e-b)forallac A, ec E and beB
with the additional compatibility condition

(a-e, fle = (e, a" f)p (3.3)

The compatibility condition in (3.3) is equivalent to requiring that each of the left
multiplication operators ¢(a): e — a - e on E is a bounded linear operator on E
for each a € A and ¢ is a C*-homomorphism from A into the C*-algebra L*(F)
of bounded adjointable operators on E: thus ¢(a) is adjointable for each a € A
with ¢(a)* = p(a*). We shall occasionally write ¢(a)e rather than a - e.
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Note the lack of symmetry in the roles of A and B: the identities (e - b, f) =
(e, )b together with (e, f - b*) = b- (e, f) preclude the validity in general of the
identity (e - b, f) = (e, f - b*) (the would-be B analogue of (3.3)) unless B is
commutative.

If both A and B have units, we also demand that the scalar multiplication on
E is compatible with both the identification A — Al 4 of C as a subalgebra of A
and the identification A — Alp of C as a subalgebra of B. This is consistent with
demanding the additional axioms

(Aa) -e=a-(Xe), (Ae)-b=re- ()

for the general case.
The classical case is the one where E is a Hilbert space £, B = C and
A = L(€) with the operations given by
a - e = ae (the operator a acting on the vector e)
e - b = be (scalar multiplication in &),
(e, f) (the &€ Hilbert-space inner product).

Another easy example is to take = A = B all equal to a C*-algebra with
a-e=ae, e-b=eb, le, g = fTe.

We encourage the reader to peruse Section 6 for a variety of additional examples
and references for more complete details.

We will have need of various constructions for making new correspondences
out of given correspondences. We give formal definitions as follows.

Definition 3.1.

1. Direct sum: Let E and F be two (A, B)-correspondences. Then the direct-
sum correspondence E' @ F' is defined to be the direct sum vector space E® F
together with the diagonal left-A action and right-B action and the direct-
sum B-valued inner product:

a-(edf)=(a-e)®(a-f), (edf)-b=(e-b)d(f-b),
<e@fael@fl>E®F:<e’el>E+<fafl>F‘

2. Tensor product: Suppose that we are given three C*-algebras A,B and C
together with an (A, B)-correspondence E and a (B,C)-correspondence F.
Then we define the tensor product correspondence F ®p F (sometimes ab-
breviated to £ ® F) to be the completion of the linear span of all tensors
e® f (with e € F and f € F) subject to the identification

(e-)@f=ex (- f), (3.4)
with left A-action given by
a-(e®f)=(a-e)®f,
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with right C-action given by
(e f) - c=ex(f-c),

and with C-valued inner product (-,-)ggr given by
(e@ f, @ feer=(e,€)e [, f)p-

It is a straightforward exercise to verify that the balanced tensor-product
construction is well defined. For example the computation

(e-b)@f, (V)@ f) =" (ee)-b-f [
=((e,e/) b f, V- f)
=(e@((®-f), @ f))
shows that the F ® F-inner product is well defined.

Remark 3.2. Bounded linear operators between direct sum correspondences admit
operator matrix decompositions in precisely the same way as in the Hilbert space
case (B = C), while adjointability of such an operator corresponds to the operators
in the decomposition being adjointable. For bounded linear operators between
tensor product correspondences the situation is slightly more complicated. We
give an example how operators can be constructed. Let E and E’ be (A, B)-
correspondences and F and F’ (B, C)-correspondences, for C*-algebras A, B and
C. Furthermore, let X € L(E,E’") and Y € L(F, F’) be B-module maps. Then we
write X ® Y for the operator in L(E ®p F, E' @3 F') which is determined by

XY f)=(Xe)® (Yf)foreache® f € E®g F. (3.5)

The B-module map properties are needed to guarantee that for each e® f € EQgF
and all b € B we have

XY f) = (X(eb)o (Yf)=(Xe)ho (Yf)=(Xe)@b(Yf)
= Xe)@Y(bf)=XY(e®bf).
Thus the balancing in the tensor product (see (3.4)) is respected by the operator
X ®Y. Moreover, X ®Y is adjointable in case X and Y are adjointable operators,

with (X @ Y)* = X* ® Y*. Indeed, this is the case since for f® g € E® F and

e ®f € B'®F we have
(XeY)(eaf) e o Xe@Vf, e® fper

<X€, €/>E/Yf, f/>F’

(
(
(Y(Xe, e)u f, [')r
(
(

= (e, X"e)pf, Y f)r
e® f, XY f)per

= <€®f, (X*®Y*)e'®f’)E®F.
In particular, the left action on £ ® F can now be written as a — ¢(a) ® I €
LY(FE® F,E® F), where Ir € L%(F,F) is the identity operator on F. We will
have occasions to use operators constructed in this way in the sequel.
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We now introduce the notion of reproducing kernel (A, B)-correspondence.

Definition 3.3. Let A4 and B be C*-algebras. By an (A, B)-reproducing kernel cor-
respondence on a set 2, we mean an (A, B)-correspondence E whose elements are
B-valued functions f: (w,a) — f(w,a) € B on Q x A, which is a vector space
with respect to the usual pointwise vector space operations and such that for each
w € Q there is a kernel element k,, € E with

flw,a) =(a-f, ko)p. (3.6)
When this is the case we say that the function K: Q x Q — L(A, B) given by
K(w,w")[a] = ky (w,a) (3.7)

is the reproducing kernel for the reproducing kernel correspondence E.

From the inner product characterization in (3.6) of the point evaluation for
elements in an (A, B)-reproducing kernel correspondence F on 2 one easily deduces
that the left A-action and the right B-action are given by

(a- f)(W,ad)=f(W,aa) and (f-b)(w' a’)= f(w' a’)b. (3.8)

It is implicit in Definition 3.3 that the map a — k. (w,a) € B is linear in
a € A for each w,w’ € Q. In fact the mapping from A to B given by a — f(w,a)
is A-linear for each fixed f € FE and w € Q. If A has a unit 14, this follows from
the general identity f(w,a) = (a- f)(w,1.4) (a consequence of (3.8) together with
the linearity of the point-evaluation map f — f(w,14) from E to B for each fixed
w € Q which in turn is an easy consequence of (3.6)). The general case follows by
adapting this argument to the setting where one has only an approximate identity.
Note also that we recover the element k,, from K by using formula (3.7) to define
k. as a function of (w,a) for each w’ € Q.

The next proposition gives some elementary observations concerning the
structure of reproducing kernel correspondences.

Proposition 3.4. If E is a reproducing kernel (A, B)-correspondence with kernel
elements k., for w € Q, then the bounded evaluation map e, o from E to B given
by ewa: [ — f(w,a) is adjointable for each fired (w,a) € Q x A and we have

a*kub= e, ,b for eachw € Q, a € A, and b € B. (3.9)

Conversely, suppose that E is an (A, B)-correspondence of B-valued functions on
the set Q x A satisfying (3.8) and such that the evaluation map

€wa: [ — flw,a)
is a bounded and adjointable map from E to B for each w € Q and a € A. Then
E is a reproducing kernel (A, B)-correspondence with reproducing kernel elements
determined by (3.9).
Moreover, in either case, for each fized pair (w,a) the point-evaluation map
€w,a: B — B is a B-module map:

(f - b)(w,a) = f(w,a)b for all b € B.



Multivariable Generalizations of the Schur Class 33

Proof. Suppose E is a reproducing kernel (A, B)-correspondence with kernel el-
ements k., for w € Q. If e, , denotes the evaluation map from E to B given by
€w.a: [ — f(w,a), we have

<ew,af; b>B = b*f(waa) = b*<a : fa kw>E = <f; a*kw : b>

So ey,q is adjointable with e}, ,b = a*k,b for any b € B.
On the other hand, if the evaluation map

ewat [ flw,a)
is a bounded and adjointable map from E to B for each w € Q and a € A, then
there exists an e, , so that

b*(ew,af) = <ew,afa bs = (f, €Z7ab>E.
If A and B have identities 14 and 15 respectively, we set k., = e}, ;,(15). Using
the first identity in (3.8) it follows from a computation similar to that above, that
a*k, = e, ,(15). We readily see that

f(w, a) = ew,af = <f7 a*kw>E = <a - f kw>E
If A and/or B does not have a unit, one can do an approximate version of
the above argument using an approximate identity for A and/or B. In any case,
it follows that E' is a reproducing kernel (A, B)-correspondence with reproducing
kernel elements determined by (3.9).

The last part follows from the definition of the right B-action given by (3.8).
(]

Given a reproducing kernel (A, B)-correspondence as in Definition 3.3, one
can show that the associated reproducing kernel function K: Q x Q — L(A, B)
defined by (3.7) is a completely positive kernel in the sense of [18], i.e., the function

(w,a), (W', a) = K(w,w')[a"a']

is a positive kernel in the classical sense of Aronszajn [7] (extended to the C*-
algebra-valued case), that is, Zi\,[jzl biK(w;, wj)ara;]b; is a positive element of B
for each choice of finitely many (w1,a1), ..., (wn,an) QXA andby, ..., by in B.
In fact, by the axioms of an (A, B)-correspondence combined with the reproducing
property of the kernel elements k,,, we have

N N
D biK(wi,wi)laiaslby = D bilaitajke,, ko) 2b;
i,j=1 1,5=1
N
= Z <ajkwj bj, alkwle>E

1,j=1

N N
= <Z ajkwjbj, Z alkwlbz>
j=1 i=1 E

> 0.
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Actually, we have the following equivalent statements.

Theorem 3.5. Given a function K: Q x Q — L(A, B), the following are equivalent:
1. K is a completely positive kernel in the sense that the function from (Q x

A) x (@ x A) — L(A,B) given by

(w,a), (w',a")) = K(w',w)[a"a]

is a positive kernel in the sense of Aronszajn: for all (wi,a1),...,(wN,an)
in Qx A andby,..., by in B we have
N
Z be(wi,wj)[ai*aj]bj Z 0 in B.
ij=1

2. K has a Kolmogorov decomposition in the sense of [18], i.e., there exists an
(A, B)-correspondence E and a mapping w +— ky, from Q into E such that
K(w',w)la] = (a - ke, ko) g for all a € A.

3. K is the reproducing kernel for an (A, B)-reproducing kernel correspondence
E = E(K), i.e., there is an (A, B)-correspondence E = E(K) whose ele-
ments are B-valued functions on Q x A such that the function k,: (w',a") —
K(w',w)[a’] is in E(K) for each w € Q and has the reproducing property

(a- fko)pm) = (fa" ko)pw) = f(w,a) forallw e Q and ac A
where a* - k,, is given by
(a* k) (W' a) =KW, w)ld'a*]. (3.10)
Proof. For the equivalence of (1) and (2), we refer to Theorem 3.2.3 in [18]. The
argument in the paragraph preceding the statement of the theorem shows that (3)
= (1). To see that (2) = (3), assume that E is an (A, B)-correspondence as in
(2). Without loss of generality we may assume that
E =span{a-k,b: a € A,we Q,be B} (3.11)
We view elements f of F as B-valued functions on 2 x A by defining
flw,a)={a- f, k,)E for each w € Q and a € A.
The nondegeneracy assumption (3.11) says that
flw,a)pb=0forallac A, beB,weQ = f=0in E.
Hence the map f — f(-,-) is injective. Finally (3.10) holds by definition. |
We now tailor this general theorem to the case where B = L(&) for a Hilbert
space £. Note that £ is a (L(£),C)-correspondence, i.e., a Hilbert space with a
x-representation b — ¢(b) € L(&) of L(E) (namely, the identity representation).
Hence, given that E is an (A, £L(€))-correspondence, we may form the tensor prod-
uct E ®,(g) £ to obtain an (A, C)-correspondence, i.e., a Hilbert space which we

will denote by H equipped with an £(H)-valued *-representation 7: A — L(H) of
A. Similarly, if we view B = L(€) as a (L(E), L(£))-correspondence, we may form
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the tensor product L(£)®E to arrive at the Hilbert space £, via the balancing (3.4),
viewed as a (L(€), C)-correspondence. Let us suppose also that F is a reproducing
kernel correspondence. Then via the formula f®e € EQE — f(w,a)®e € LIE)RE
for each w € Q and a € A extended via linearity and continuity to the whole space
E®E, we may view each f € H = E®E as a E-valued function on €2 x A such that
point-evaluation f — f(w, a) is continuous, i.e., H is a reproducing kernel Hilbert
space of vector-valued functions on 2 x A, but with the additional wrinkle that
there is also a representation a — 7(a) of A on H with 7(a)(f ®@e) = (a- f)®e
such that

(m(a)(f @ e)) (W', a) = f(w',d'a)® e
with reproducing kernel (in the sense of a vector-valued reproducing kernel Hilbert
space) K (-, -) of the special form
K((wlv al)v (w, CL)) = K(wl’ w)[a*al]
for a completely positive kernel K: Q x Q — L(A, L(£)): for f € H(K), e € £ and
(w,a) € QA x A,
<f7 K(a w)[a]6>7‘l = <f(wv a)7 6>5
where K is completely positive. This leads us to an alternative reproducing-kernel

interpretation of a completely positive kernel K: Q x Q — L(A,B) for the case
where B = L(&) for a Hilbert space £.

Theorem 3.6. Suppose that A is a C*-algebra, £ is a Hilbert space and that a
function K: QxQ — L(A, L(E)) is given. The following conditions are equivalent.

1. The function K is a completely positive kernel in the sense that

N
> (K(wi,wj)laaglej, ei) >0
i,j=1
for all finite collections w1, ...,wn € Q, a1,...,any € A and e1,...,eny € E

for N=1,2,....

2. The kernel K has a Kolmogorov decomposition: there is a Hilbert space H
together with a *-representation m: A — L(H) of A and a mapping H: Q —
L(H,E) so that

K(w',w)[a] = H(w")m(a)H(w)*.

3. There is a (A,C)-correspondence, i.e., a Hilbert space H = H(K) together
with a *-representation a — w(a) € L(H) of A whose elements are €-valued
functions on Q0 x A such that:

(a) The *-representation w is given by

(r(a)f) (W', a') = f(w',d a).
(b) The function ky,: Q x A — L(E) given by

k(W' a'): e — KW, w)ld]e
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is such that kye € H(K) for each w € Q and e € € and has the repro-
ducing kernel property:

<f7 7T(a’)*kwe>H(K) = <f(wv a)7 6>$'

Let us say that the object described in part (3) of Theorem 3.6 a reproducing
kernel Hilbert correspondence (over the C*-algebra A with values in the coefficient
space &).

Remark 3.7. If H(K) is a reproducing kernel Hilbert correspondence space as in
part (3) of Theorem 3.6, a special situation occurs if the coefficient space £ is also
equipped with a s-representation 7g: A — L£(£). In this case it may or may not
happen that point evaluation is an A-module map, i.e., that

(a-f)(W',ad") = a- f(w',a") or equivalently (m(a)f)(w’,a") = me(a)f(w',a). (3.12)

When (3.12) does occur and if also A has a unit 14, one can show that the
associated completely positive kernel K(w,w’)[a] has the special property

K(w,w")[a*a’] = mg(a) K(w,w')[14]me(a’) (3.13)

and hence complete positivity of K reduces to standard (Aronszajn) positivity for
the kernel Ky: Q x Q — L(€) given by

KO(W7 w/) = K(w7 w/)[lA]'
Indeed, the computation

(K(w,)a'd e’ €)e = (a"a’ - kure's kue) g
(@ e, I
= (a*d" - (kwe')(w), €)¢ (by assumption (3.12))
= (a'(kwre’)(w), ae)e
= ((a’ - kwe')(w), ae)e (by (3.12) again)
<a/' € ko (ae))p)
= (K(w,w')[a']e’, ae)e
= (a"K(w,w)[a']e’,e)e
shows that
K(w,w")[a*a'] = a*K(w,w")[a']. (3.14)

On the other hand, the positive-kernel property of the kernel

(w,a), (W d)) = K((w,a), (&, a)) = K(w,w)]a"a]
implies that K is Hermitian, i.e., K((w,a), (w',a")) = K((W',d'), (w,a))*, i.e.,

K(w,w')[a*a’] = (K(w',w)[a'*a])*.
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In particular,
K(w,w)a'] = (K(w',w)[a”])"
= (a"K(w',w)[14])" (by (3.14))
= K(w,w)[14]d

and hence also
K(w,w")[d] = K(w,w')[1a]a’. (3.15)
Combining (3.14) and (3.15) gives (3.13) as claimed.

4. Function-theoretic operator theory associated with a
correspondence F

In this section we obtain the analogues of Hardy spaces, Toeplitz operators, Z-
transform and Schur class attached to a A-W*-correspondence E together with a
x-representation o of A. These results flesh out more fully the function-theoretic
aspects of the work of Muhly-Solel [31, 33, 36].

4.1. Hardy Hilbert spaces associated with a correspondence F

In this section we shall consider the situation where A = B; we abbreviate the
term (A, A)-correspondence to simply A-correspondence. We also now restrict our
attention to the case where A is a von Neumann algebra and let £ be a A-W*-
correspondence. This means that F is a A-correspondence which is also self-dual
in the sense that any right A-module map p: E — A is given by taking the inner
product against some element e, of E: p(e) = (e,e,)r € A. Moreover, the space
L*(E) of adjointable operators on the W*-correspondence F is in fact a W*-
algebra, i.e., is the abstract version of a von Neumann algebra with an ultra-weak
topology (see [33]).

Since F is a A-correspondence, we may use Definition 3.1 to define the self-
tensor product E®¥? = E ® 4 E which is again an A-correspondence, and, induc-
tively, an A-correspondence E®" = E @4 (E®™~1) for each n = 1,2,.... If we
use a — ©(a) to denote the left A-action p(a)e = a - e on E, we denote the left
A-action on E®" by ¢(™):

WM(a): & @En 1@ @& (0()6n) @En1® - D&

Note that, using the notation in (3.5), we may write (™ (a) = ¢(a) ® Igen—1. We
formally set E®° = A. Then the Fock space F2(FE) is defined to be

F2(B) = @52, B (1.1)
and is also an A-correspondence. We denote the left A-action on F(E) by ¢oo:

foo(a): B3y €™ = @22 (0™ (@)™) for &2, €™ € P BT, (4.2)

n=0
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or, more succinctly,

Poo (a) = diag(av 90(1)(0‘)7 90(2) (a’)v .- )

In addition to the von Neumann algebra A and the A-correspondence F,
suppose that we are also given an auxiliary Hilbert space £ and a nondegenerate
*-homomorphism o: A — L(£); as this will be the setting for much of the analysis
to follow, we refer to such a pair (E, o) as a correspondence-representation pair.
Then the Hilbert space £ equipped with o becomes an (A, C)-correspondence with
left A-action given by o:

a-y=o(a)yforallae A and ye¢.

We let E ®, £ be the associated tensor product (A, C)-correspondence E ® 4 £ as
in Definition 3.1. As F2(FE) is also an A-correspondence, we may also form the
(A, C)-correspondence

FE,0) = F(E) @, £ = P(E®" ®, &),
n=0
with left A-action given by the x-representation
(poo,o’(a) = ono(a/) ® Ie.
It turns out that F2(E, o) is also a (6(A)’, C)-correspondence, where o(A) C
L(€) denotes the commutant of o(A):

a(A) ={be L(E): bo(a) = a(a)b for all a € A}, (4.3)
and where the left o(A) -action is given by the x-representation ts » 0f o(A) on
L(FX(E,0)):

too,o (D) = Ir2(py @ b for each b € o(A)', (4.4)
using the notation in (3.5). Note that b € £(£) is in o(A)’ precisely when b is an

A-module map, so that Iz ) @b is a well-defined operator on F%(E, o). Moreover,
Yoo,o (@) commutes with ¢ »(b) for each a € A and b € o(A)’ since

‘poo,o(a)boo,a(b) = (Poo(a) Qb= LOOJ(b)‘poo,o(a)'

Thus teo,s(b) is a A-module map for each b € o(A)" and @+ (a) is a 0(A)’-module
map for each a € A.

We denote by E? the set of all bounded linear operators p: &€ — E ®4 €
which are also .A-module maps:

B = {4: € — B @, & pola) = (pla) ® Ie)u}, (45)
and (E7)* for the set of adjoints (which are also .A-module maps):
(B ={n:E®,E—&E:n" € E°}. (4.6)

More generally, for a given n € (E?)*, we may define operators n": E®" ®,
& — & (generalized powers) by

n" =nlg®@n)- (Igen—1 @n)
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where we use the identification
E®"®, & =E*""1@4(FE®,¢&)

in these definitions. We also set n° = Iz € L(£). Again the fact that n is an
A-module map ensures that Izer ® 1 is a well-defined operator in L(E®*+! @,
E,E® @, ). The defining A-module property of 7 in (4.6) then extends to the
generalized powers 1™ in the form

1" (" (a) ® Ie) = o(a)n™, (4.7)

i.e., n™ is also an A-module map.
Denote by D((E?)*) the set of strictly contractive elements of (E7)*:

D((E?)*) = {n € (B7)": [Inll <1}

Then, for n € D((E7)*) and b € o(A)’, we may define a bounded operator f —
fN(n,b) from F?(E, o) into € by

f/\(na b) = Z nn(Loo,U(b)f)n = Z nn([E@’” & b)fn if f = @?:ofn- (48)
n=0

n=0
Note that the fact that ||n|] < 1 guarantees that the series in (4.8) converges.
The A-module properties of (s (b) and each generalized power 1™ (see (4.7)) for
given b € o(A) and n € D((E?)*) imply that the point-evaluation f +— f*(n,b) is
also an A-module map:

(Woo,a(a)f)/\(na b) = U(a)f/\(nv b)

However, the point-evaluation f +— f"(n,b) is not a o(A)-module map, i.e.,
there is no guarantee for the general validity of the identity (too,+(b)f)" (1, V) =
bf"(n',v"), but rather we have the property

(to0.o (D))" (0, ') = £ (', b'D).

We denote the space of all E-valued functions on D((E?)*) x o(A)" of the
form (1, b) — f"(n,b) for some f € F*(E,o) by H*(E, o) with norm || f|| g2(g,0)
chosen so as to make the map f — f” a coisometry from F2?(E, o) to H*(E,0):

H*(E,o) = {f": f € F*(B,0)} with | " s2(2.0) = | Pxer )+ fll 72(2.0)

where we denote by ® (the generalized Fourier or Z-transform for this setting)
the transformation from F?(e, o) into H2(E, o) given by

O: fis N (4.9)
Then we have the following result.

Theorem 4.1. The space H?(E, o) is a reproducing kernel Hilbert correspondence
H(K) (as in part (3) of Theorem 3.6) over o(A)" consisting of E-valued functions
on D((E?)*) x o(A)" with the x-representation of a(A)" given by

B )0 V) = (too,s (0) )" (0, V) for b € a(A)". (4.10)
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The completely positive kernel K associated with H*(E, o) as in Theorem 3.6
Kpo: D((E7)") x D((E?)") — L(a(A)', L(£))

is the Szego kernel for our setting given by

Kg.o (1, OBl =Y n"(Igen @ b)(C")* for b € o(A)'. (4.11)

n=0

Proof. Define ®: F?(E,0) — H?(FE,0) as in (4.9). By the definition of the norm
on H2(E,0), ® is a coisometry. For each b € o(A)" and n € D((E°)*), define an
associated controllability operator® Cy,,: F*(E,0) — & by

Cb,n: f = f/\(na b) lf f S ‘7:2(Ea J)'
By definition,

Ker® = ﬂ KerCy .

bEa(A) neED((E7)*)
The initial space of the coisometry @ is the orthogonal complement of its kernel,
namely
(Ker ®)* = span{RanC;, : b€ a(A)', n € D((E7)")},
where the observability operator le,n is given by
Chpi e @ploIgen @b")(n")e € FA(E)®, €.

We compute

(f"(C,b), ede = (Cucf.e)e

=({f, C§,<€>f2(E,a)

= (f", @(Cy c0)) m2(E.0)

= (0" ®(C], c€)) 2 (5,0
where we use the fact seen above that Cj .e is in the initial space of ® and that
D((Ir2(E)@b)f) = b(®f) for each b € o(A) and f € F?(e, o). Hence the operator

kg, c:=9Cl, 1€ — H*(E,0)

has the reproducing property for H?(E,o); see part (3.b) in Theorem 3.6. Since
® is a coisometry and Ig € o(A)’, we obtain that the reproducing kernel Kg , is
necessarily given by

Kg.o(m,¢)[b] =b-kgoc(n)
= Cb,n®*®C;£,<

=D "(Ipen ®0)(¢")"
n=0
in agreement with (4.11). O

2The terminology is motivated by connections with system theory; for a systematic account for
the Drury-Arveson and free-semigroup algebra settings, we refer to [10].
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From the proof of Theorem 4.1 we see that we have the identification
b* kg ome = C{;me =P o(Igen @b )" e

and the initial space for the coisometry ®: F(E)®,& — H?*(E, o) can be identified
as

[F(E) Q¢ Elinitial = Span{b - kg sme: b€ o(A)', n e D(E?)"),e € £}.  (4.12)

4.2. Analytic Toeplitz algebras associated with a correspondence F

Given an A — W*-correspondence E, we let F2(E) be the associated Fock space
as in (4.1). We have already defined the x-representation of A to £2(F?(E)) given
by a — ¢oo(a) as in (4.2). If we view operators on F2(E) as matrices induced by
the decomposition F2(E) = @, , E®" of F?(E), we see that each ¢ (a) has a
©(™(a). In addition to the operators
Voola) € LY(F?(E)), we introduce the so-called creation operators on F2(E) given,
for each ¢ € E, by the subdiagonal (or shift) block matrix

diagonal representation ¢ (a) = diag,,_g ;

0 0 0
¥ 0 0

where the block entry Tg("): E®" — E®ntl g given by

T 6 ® Q6 - ERE® @

The operator T¢ is also in £*(F?(E)). In summary, both T¢ and ¢ (a) are A-
module maps with respect to the right A-action on F2(E) for each £ € E and
a € A. Moreover, one easily checks that

Voo(@)Te = Tag = Typ(a)e and  Tepoo(a) = Teq for each a € A and € € E.

We let F>°(FE) denote the weak-* closed algebra generated by the collection
of operators

{¢pc(a), Te:a€ A and €€ E}

in the W*-algebra L%(F(F)) — we prefer this notation over the notation H>(F)
used for this object in [31, 33].

Suppose now that we are also given a x-representation o of A on a Hilbert
space £. Rather than the algebra F°°(FE) of adjointable operators on the A-
correspondence F2(E), our main focus of interest will be on the algebra F>°(E)®1¢
of all operators on the Hilbert space F2(E,o) of the form R = T ® I¢ with T €
F>(E) acting on the Hilbert space F2(FE, o). Note that the operator R =T ® I¢
is properly defined since 7' is an .A-module map with respect to the right A-action
on F?(E). For convenience we shall use the abbreviated notation

F(E,0) = F®(F)® I¢,
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and
Voo,0(0) = poo(a) @Ic and Tro=Te®Iz forallae Aand { € E.

The algebra F*°(E, o) can also be described as the weak-x closed algebra generated
by the collection of operators

{Poo,o(a), Teo:a € A, € € E}. (4.13)

The following alternative characterization of F*°(E, o) will be useful. Here
we define E° and o(A)" as in (4.5) and (4.3). Note that each element p of E°
induces a dual creation operator T% _ in L(F%(E, o)) given by

o
0 0 0
T T+ 0 o

we = | 0o T o0

where Tﬁl,’o(,n): E®" @, & — E®¥"tl @, £ is given by
T @ @6 Re—E® @& ® pe
where as usual we make the identification
E®" @ (E®,E)=E®" T @, &.

Using the notation in (3.5) we can write Tl‘f’g = Ir2(g) ® p, where we identify
F%(E)®4 E with F2(E), which makes sense because  is an .A-module map. Also
recall that 1, in (4.4) defines a x-representation of o(A)" on F%(E, o).

Proposition 4.2. An operator R € L(F?(E,0)) is in F*(E,0) if and only if
R commutes with each of the operators Irp) ® b and Tl‘ia for b € o(A) and
w € E°. Consequently, the operator R € L(F?(E,o)) with infinite block-matriz
representation

R= [Ri,j]i,j:O,l,Q,... where Riyj: E®J Ry & — E®? Ry €

is in F>®(E,0) if and only if R is lower triangular (R; ; = 0 for i < j) and for
i > j R;; satisfies the following compatibility ( Toeplitz-like) conditions:

R;j(Ige; @b) = (Ipe: @ b)R;; for all b € o(A), (4.14)
Rip1j+1(Igei @ p) = (Igei @ p) R j for all p € E°. (4.15)
and hence, inductively,
R’ = (Igei-s @ p?)Ri_j0, (4.16)
where p? = ((p*)?)*, with (u*)? the generalized power of u* € (E%)*.
Proof. The first part follows from Theorem 3.9 of [33]. The second part is then

a straightforward translation of these commutativity conditions to expressions
involving the block entries. O
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Taking the cue from Proposition 4.2, we view elements R of F*°(E, o) as the
analytic Toeplitz operators for this Fock-space/correspondence setting.

While it is in general not the case that R(Tia)* = (T;io)*R for R € F>(E,0)
and pu € E7, this is almost the case as is made precise in the following proposition.

Proposition 4.3. For R € F*°(E,0) and u € E°, we have

R(T ) es , ponse = (T o) Rlog , ponse, (4.17)

or, in terms of matriz entries, we have inductively
Riyj(IE@j ® 77) = (IE@”’ & T])Ri+17j+1 fOT all i,j = 0, 1, e (418)
forn=up* € (E7)*.

Proof. To prove that (4.17) holds for all R € F*°(FE, o), it suffices to show that it
holds for each R in the generating set (4.13). We are thus reduced to showing that
(4.18) holds for all R of the special form ¢ (a) for an a € A and T¢ for a { € E.
This in turn is a routine calculation which we leave to the reader. (]

Suppose that we are given R € F>°(F,0). We regard £ as a subspace of
F2(E, o) via the identification y =2 y ® 0@ 0@ - --. Then the restriction of R to
& defines an operator from € into F2(E, o) where we have a point evaluation in
D((E7)*)x0o(A)" defined in (4.8). We may then define an operator R"(n) € L(£) by

R (n)e = (Re)"(n, I¢).
Explicitly, we have

RNn) = Zﬁan,o € L(E).
n=0

Note that, as a consequence of Proposition 4.2, the full function f(n,b) = (Re)"(n,b)
is then determined from R”(n) and e € £ according to

(Re)™(0,0) = (too,0 (D) Re) (1, Le) = (Rioo,q (b)e)(n, Ie) = (Rbe)(n) = R"(n)(be)
for n € D((E?)*) and b € o(A)’. This implies that if we would extend the point
evaluation to D((E?)*) x o(A) by R"(n,b)e = (Re)"(n,b), the result would just
give R"(n,b) = R"(n)b.

It is of interest that this transform R — R”(-) is multiplicative.
Proposition 4.4.
1. Suppose that R and S are two elements of F*(E, o). Then

(RS)"(n) = R"(n)S"(n)
for allp € D((E7)*).
2. Suppose that R is an operator in F°(E,o) and that f is an element of
F2(E,0). Then
(Rf)"(n,b) = R"(n)f"(n,b) (4.19)
for alln € D((E7)*) and b € o(A)".
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Proof. Suppose that R = [R; j]i j=0,1,... is an operator in F>°(E,0) and that f =
32 fj is an element of F?(E, 7). We first note that a special case of (4.18) is

Reon = (Igoe @ n)Reg11.
Iteration of (4.18) in turn leads to
Ry’ = Igee @ P Ryyjj: B¥ @, € — E®* @, €. (4.20)

Then we compute for n € D((E?)*) and b € o(A)’ that

R"(n) f"(n,b (Zn Ry 0) > W (Igei @b)f;
§=0

= Z n*Reon’ (Ipes @ b)f;
£,=0

= Z 77€+jR€+j,j(IE®j ®0b)f; (by (4.20))
£,j=0

= Z Nt (Igses ® b)Rerj;f; (by (4.14))
£,j=0

= Znn(IE®n ®b) ZRn’jfj
n=0 7=0

= Zn"(IE®n @b)[Rf]n = (Rf)"(n,b)

n=0

and part (2) of the Proposition follows. Part (1) follows as the special case where
b= 1Ig and f = Se for arbitrary e € £. O

Remark 4.5. We note that a consequence of the formula (4.19) is that the operator
Mg~ of multiplication by R on H?(E, o)

Mgz f"(n,0) = R*(n) " (n,b)
commutes with the o(A)’-left action on H?(E,0):
Mpn(b- f") =b- Mpaf" where (b~ f)"(n,b') = f"(1/,0'b)

for all b,b’ € o(A)" and o’ € D((E?)*). This can also be seen as a consequence of
applying the Z-transform to the identity

Rico o (b) = too o (b)R for all b € o(A)’

given in Proposition 4.2.
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Proposition 4.4 leads immediately to the following corollary.
Corollary 4.6.
1. The kernel of the Fourier transform ®: f — f in F*(E, o)
Ker® = {f € F2(E,0): f"(n,b) =0 for alln € D(E?)*) and bec o(A)}
s invariant under the analytic Toeplitz operators:
f(n,b) =0 for alln € D((E°)*) and b€ o(A), Re F>*(E, o)
= (Rf)"(n,b) =0 for allmn € D(E”)*) and be o(A).
2. The initial space [F2(E,0)]iitial of the Fourier transform ® is invariant un-
der the adjoints of the analytic Toeplitz operators:

f € [F*E,0)lnitiat, R € FX(E,0) = R*f € [F*(E, 0)]initial.
Ezxplicitly, the action of R* on a generic vector in the spanning set (4.12) for
[F2(E) ®¢ Elinitial s given by

R*(b* - kp.gim)e) = b* - kg omR" () e.
Proof. It f(n,b) = 0 for all n and b, then, by (4.19) we see immediately that
(Rf)"(n,b) = R"(n)f"(n,b) =0
for all n and b as well as for any R € F*(E, o). The first part of the second
statement then follows by simply taking adjoints.
To verify the second part of the second statement, it suffices to verify on

the generators R = Ty and R = ¢(a) for £ € E and a € A; this in turn is
straightforward. O

Remark 4.7. We note that the definition of R”(n) involves only the first column
of R. From the relations (4.16) and (4.14) one can see that the first column of R
already uniquely determines the action of R on all of [F2(E, )]initial-

Remark 4.8. Let p € E? and n € (E?)* and b € (0(A))’. Then an easy verification
using the relations po(a) = (¢(a) ® Ig)p and o(a)n = n(p(a) @ Ig) shows that
n(Ig ®b)u € o(A). (4.21)
This observation has several consequences.
1. Given € E° and n € (E°)* we may define a mapping 0, , on o(A)’ by
On.u(b) =11 @ b)p.
Iteration of this map gives
054(0) = nle @ n(lp @ by = 1 (Igez @ b)®
and more generally
Oy . (0) = 0" (Ipen @ b)u"

where we make use of the generalized power n™ for an element n of (E?)*
(and set p™ = ((p*)")*: &€ - E®" ®, &). For n,( € D((E?)*), we may take
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p = ¢* and then we have [|0, ¢«|| < 1. Then we may use the geometric series
to compute the inverse of I — @, ¢~ to get

(I = O ) 7 0) = D (On,c-)"(0) = D _ 0" (Igen @b)(C")"
n=0 n=0

We conclude that the Szegd kernel (4.11) can also be written as

Ko (1,)1b] = (I = Oy,c-) " (b).
This is the form of the Szegd kernel used in [33, 36].
2. Suppose that we are given two elements 7, ( € E?. The special case of (4.21)

with b = I and n = p/* for a y/ € E° enables us to define a o(A)-valued
inner product on E7:

(i, 1Y pe = p"p € a(A)' for p,p’ € E°.

Moreover one can check that E? has a well-defined right o(.A)’-action

(k- 0)(e) = p(be)
and a well-defined left o(A) -action

(b 1)(e) = (Tn ® ble).
It is then straightforward to check that E“ is a o(A)'-correspondence. This

observation plays a key role in the duality theory in [33] (see also Proposition
4.2 above).

Next we introduce the space
H>®(E,0) ={R": R€ F>*(E,o0)},

where we interpret R" as a function mapping D((E°)*) into £(£). Then H*(FE, o)
is closed under addition ((R; + R2)" = R} + R%), scalar multiplication ((AR)" =
AR") and pointwise multiplication (Proposition 4.4 (1)). Moreover, part (2) of
Proposition 4.4 implies that a function S € H*(FE,o) defines a multiplication
operator Mg on H?(E, o) by

(Ms f*)(n,b) = S(n)f"(n,0) for each n € D((E”)*),b € o(A)', f" € H*(E, ).
(4.22)
In fact, we have the following result.

Proposition 4.9. A function S : D((E?)*) — L(E) is in H>®(E,0) if and only
if S defines a multiplication operator Mg on H?*(E,o) by (4.22). In case S €
H>(E,o), we have ||Mg|| < ||R| for each R € F*(E,o) with S = R" and
there exists a R € F>*(E,0) with S = R" such that |Mg|| = ||R||. Moreover, if
S € H®(E,o), then Mg is a o(A)-module map that in addition commutes with
the operators

Q(Irp) @ u)®* for each p € E°.

Here ® is the coisometry from F2(E, o) into H*(E, o) given by ® : f — f".
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Proof. We already observed that S € H>(E, ) guarantees that Mg in (4.22)
defines a multiplication operator on H?(E, o). Moreover, for R € F*(FE, ¢) with
S = R" we have

(Ms®f)(n,b) = (Msf")(n,b) = Sn)f"(n,b) = R"(n)f(n,b)
= (Rf)"(n,b) = (2Rf)(n,b)
for each f € F?(E,0), n € D((E°)*) and b € o(A)".
Mg® — ®R.
In particular we have Mg = ®R®* and thus ||Mg]|| < ||R|| since ® is a coisometry.
Now assume that S defines a multiplication operator Ms on H?(E, o) by
(4.22). The definition of Mg and of the left action on H?(E, o) in (4.10) shows
that, for b0’ € o(A) and n € D((E°)*), we have
(Msb' f™)(n,b) = S(n) f"(n,bb") = (V' Mg f")(n,b) for each f* € H*(E,0).
Hence Mg is a 0(A)’-module map.

We now show that there exists R € F*°(FE, o) with R" = S. We first note
that

Hence

M8

((Ir2my @ W) (n,0) = n"(Igen @ b)(Igen—1 ® ) fn1

3
Il
—

“HUpen- @n(Ip @b)u) faor  (4.23)

I
M8
:)3

= Pon(Is © b)) (4.24)

where we use the observation from Remark 4.8 that n(Ig ® b)u is in o(A)’.

From (4.24), it readily follows that Ir2gy ® p on F?(E,0) leaves Ker ®
invariant. The same holds for the operator Ir2g)y ® b. Consequently, denoting by
P(= ®*®) the projection on G = (ker ®)*, we note that

PX =PXP fOI‘XZI_7.-2(E) ®M,I_7_-2(E) ® b.

We show that the operator ®*Mg® commutes with Irp) ® b’ for all b €
(o(A)). To see this, let f € F?(E,0) and ®*Mg®(Irg) @ b')f = g. Due to
(4.24), we have ¢g”(n,b) = S(n,bb’). Now if we let ®*Mg®f = h, it follows that
h™(n,b) = S(n)f*(n,b) and consequently,

((Lr(py @ 02" Ms®f)"(n,b) = S(n)f(n, b')
and the claim follows. A similar computation using (4.24) shows that P(Irg) ®
A = AP(Irg) @ u)|G for all u € E?, where A = &*Mg®|G.

We recall now that the maps p € E?,b € 0(A)" form an isometric covariant
representation of the o(A)’-correspondence E? (see pages 369-370 in [33] — the
precise definition is covariant representation is given in the text surrounding for-
mulas (4.26)—(4.28) below). We may now apply the commutant lifting theorem for
covariant representations of a correspondence due to Muhly-Solel (see Theorem

4, [31]) to obtain an operator that commutes with the operators Ir2(p) ® p and
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Ir2(py®b (which implies R € F°°(E) by Proposition 4.2) which moreover satisfies
PR = AP. This immediately implies that R* = S. Furthermore, we can choose R
such that ||R| = ||Ms]|- O

We note that any R € F>°(E, o) is of the form R®I¢ for a R € F>°(E). More-
over, the map R — R = R® I¢ is an L(F2(E, 0))-valued representation of F°°(E)
which actually extends to a *-representation T +— T ® I¢ of all of L(F?(E)) —
the restriction of T'— T ® I¢ to T € F>°(FE) is called the induced representation
of F*(E) in the terminology of [31, 33]. The content of Proposition 4.4 is that,
for each n € D((E9)*), the map R — R”"(n) is an £(£)-valued representation of
F>*(E,0). It follows that the composition

m(R) = (R Ie)" (1) (4.25)

is an (even completely contractive) representation of F>°(E) (see [33]). For some

€ (E?)* of norm equal to 1, 7, still defines a representation of F(E). It is
the case that every 7 in the closed unit ball of (E7)* gives rise to a completely
contractive representation of 7, (F) (the norm-closure of the span of left multipliers
¢oo(a) (a € A) and creation operators T (£ € E) in L*(F?(E))), while it is not
clear for which such 7 the representation can be extended to F°°(E) — this is one
of the open problems in the theory (see [33]). It is the case that each completely
contractive representation 7 of F°°(FE) comes from an 7 € D((E?)*) for some weak-
* continuous x-representation o: A — L(£). Indeed, given a completely contractive
representation m: F*°(E) — L(£), one can construct o and n as follows. Define

o: A— L(E) by

o(a) = m(peo(a)). (4.26)
Then define n: E — L(£) by
n(e) = n(Ie). (4.27)
We wish to verify that
n(p(a)s - a) = a(a)n(§)o(a’), (4.28)

i.e., that the pair (n,0) is a covariant representation of E in the terminology of
Mubhly-Solel [31, 33]. As a first step for the verification of (4.28), one can easily
check that
Tp(a)e-ar = Pool(@)Tepoo(a’) for a € A, £ € E.
We then compute
77(90(“)5 . al) = 7T( w(a)€- a’)
= T (oo (a)Tepoo(a’))
(0oo (@) (Te )7 (os (a))
= o(a)n(§)o(a)
and (4.28) follows. As in [31], a covariant representation (n, o) of E determines an
element n: E®, & — & of (E7)* according to the formula

n(€ @e) =mn(&)e. (4.29)

™
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Here note that the property n(§ - a') = n(§)o(a’) is what is needed to verify that
(4.29) is well defined while the property n(p(a)f) = o(a)n(§) is what is needed to
verify that n is in (E?)*, i.e., that n has the .A-module-map property

n(e(a) ® Ie) = a(a)n.

There is a converse: given an element n € D((E?)*), we may use (4.29) to
define n so that (n, o) is a completely contractive covariant representation of E.
The mapping 7 given in (4.26)—(4.27) then extends to a representation of F>°(E)
(see [31]). For our situation here where (n, o) is given in terms of a representation
7 via (4.26)—(4.27), we see that a representation 7 of F°°(E) determines a rep-
resentation o = o, of A according to (4.26) along with an element 7, of (E”)*
according to the formula

N ®e) =m(T¢)e.
It is then straightforward to check that the formula
7(R) = (R@ Ig) (1) (4.30)
holds for the cases where
Ez(poo(a) for some a € A, ﬁzTg for some € € E.

Under the assumption that 7 is continuous with respect to the weak-* topologies
on F*(E) and L(£), it then follows that (4.30) holds for all R € F>(E), i.c., we
recover T as ™ = m,_Wwhere in general 7, is given by (4.25).

It is of interest to apply this construction to the induced representation

Tind : R E@Ig (4.31)
of F°(E) into L(F?(E,c)). We collect this result in the following proposition.

Proposition 4.10. Suppose that we are given an A-correspondence E together with a
representation o: A — L(E) for a Hilbert space E. Let mina: F®(E)— L(F*(E,0))
be the induced representation as in (4.31). Define ny,q: E — L(F?(E,0)) and
Oina: A — L(F3(E,0)) by

Mina(§) = Teo, Oind (@) = Poc,0(a).

Then (Minq,Oind) 8 an (isometric) covariant representation of E with element
Nind: EQF2(E,0) — F2(E,0) of (E%n4)* associated with (Miyq, Oind) as in (4.29)
given by

Mina: £ ® |52¢™ & en} — 06 [@3":15 RV e en_l} :
Moreover, we recover R = R® I¢ € F°°(FE, o) via the point evaluation
R®Ig = (R® Ir2(p.0)" (Mina)-

Proof. The proof is a simple specialization of the general construction sketched in
the paragraph preceding the statement of the proposition. O
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It will be convenient to work also with the analytic Toeplitz operators acting
between H?2(E,o)-spaces of different multiplicity. For this purpose, we suppose
that U and Y are two additional auxiliary Hilbert spaces (to be thought of as an
input space and output space respectively). We consider higher multiplicity versions
of H%(E, o) by tensoring with an auxiliary Hilbert space (which is to be thought
of as adding multiplicity):

H{(E,0) := H*(E,0) ®cU,  H}(E,0):=H*E,0)®c ).

Here we view U and Y as (C, C)-correspondences and apply the tensor product
construction of Definition 3.1 (2). The space H?(E, o) then is a reproducing kernel
(e(A), L(E ® U))-correspondence on D((E?)*) where the point evaluation at a
point (n,b) € D((E”)*) x o(A)" of a function f* ® u € HZ(E,0) (with f" €
H?(E,o) and u € U) is given by (f* @ u)(n,b) = f*(n,b) ® u € £ @ U. Moreover,
note that the left o(A)’-action is given by b — b ® ;. The completely positive
kernel K(g 5@y associated with it as in Theorem 3.6 is given by

K(E,G)®U (77; C)[b] = KE,O’(TI) C)[b] ® IZ,{,

where Kg , denotes the kernel for H2(E, o) defined in Theorem 4.1. Similar state-
ments hold for H%, (E,0), where the analogous kernel is denoted by K(g »gy-

We now define a higher-multiplicity version of the algebra of analytic Toeplitz
operators H*®(FE, o) to be the linear space

This space consists of L(E @ U, E ® YV)-valued functions on D((E?)*), with point
evaluation of an element S ® N € Hzy, \(E,0) = H*(E,0) ® L(U,Y) at n €
D((E“)*) given by (S®N)(n) = S(n)®N. Moreover, the functions in Hz y(E,0)
define multiplication operators in L(HF(E,0), H}(E,0)), in the same way as
H*(E,0). For S® N € Hpy, y)(E,0), S € H¥(E,0) and N € L(U,)), the
multiplication operator Mggn becomes Mggny = Mg ® N.
In addition there are Fock space versions of all these spaces, namely

Fy(E,0):=F*(E,0) U,  F3(E,0):=F*(E,0)®),

Fluy) (B, 0) =F*(E,0) @ LU,Y).
Point evaluation for elements in F7(F, o) and points in D((E?)*) x o(A)" (and
similarly for elements in 3 (E, 0)) is determined by attaching to f@u € Fj(E, o),
feFE,o) and u € U, and (n,b) € D((E?)*) x o(A)’ the value (f @ u)"(n,b) =
f™(n,b) ® u, so that the map

Dy : fu f;\ for fy, € ‘7:1/2{(E70)

defines a coisometry from F7(FE, o) onto HZ(E, o). The analogous coisometry for
}")2,(E ,0) is denoted by ®y. Similarly we determine point evaluation for elements
in fz‘z%y)(E, o) and points in D((E?)*) by attaching to R® X € fg?u,y)(Ea o),
Re F>®(E,o)and X € L(U,)), and nn € D((E?)*) the value

(RX)"n):==R"n) @ X € LEQU,ERY). (4.32)
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Then H7j, 1 (E,0) is recovered as
{R": R € Fyy)(E,0)},
where R” should be interpreted as a function mapping D((E)*) into L(EQU,E®
V), while the space of multiplication operators in L(Hj(E,0), H}(E,0)) defined
by Hz?u,y)(Ev o) is given by
{@y ROy R € Fry y)(E,0)}.
In fact, it is easy to check that Proposition 4.9 implies that for S € Hzo(uyy)(E7 o)
we have Mg = ®yR®;, whenever R € F7y, ) (E,0) satisfies 5 = R”, so that
[Ms|| < ||R[|, and that there exists a R € Fzy, ) (E,0) with S = R" and
[Ms]| = [[R]|.
Alternatively, fzo(u’y)(E ,0) can be characterized as bounded operators from

F4(E,0) to F5(E, o) with block-matrix representation

R=[Ri;lij=01,. with R; j: E® @, QU - E¥ @, ERY
subject to

R j(Ipe; @b® Iy) = (Ipe: @ b® Iy)R; j for b € a(A),

Riy1jp1(Ipes @0 @ Iy) = (Ipe: @ " @ Iy) R, ; for n* € E°.
For such R € F2, 5, (E, o) point evaluation in 1 € D((E7)*) can be written as

R"(n) = Z(U” ® Iy)Rn.o.
n=0

In addition it is routine to see that part (1) of Proposition 4.4 can be extended
to the following statement: if S € fz‘z%y)(E,a) and R € }—z?y,z)(Evg); then
RS ¢ fZ?u,z)(Ev o) and

(RS)"(n) = R"(n)S"(n). (4.33)
Remark 4.11. Suppose that R € fg?u,y)(Ev o) has the form
R=R®,Is®X (4.34)

where R € F°(E) and X € L(U,Y). In particular the point evaluation (4.32)
defines R"(n) € L(E@U,ERY) for each n € D((E?)*). Suppose now that o’: A —
L(&') is another *-representation of A and 7’ € D((E )*). Then we may define a
related function ' — R (n') € L(E' @U,E' @ Y) by

RM(') = (R@, I @ X)"(n).
While not all elements R of F7, ) (E, o) are of the special form (4.34), finite

linear combinations of elements of the special form (4.34) are weak-* dense in
Frw,y)(E,0). By using linearity and a limiting process, one can then make sense

of RV(1)) € LIE' @U,E @) for any 1’ € D((E” )*). This fact will be useful for
the formulation of condition (1”) in Theorem 5.1 below.
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5. The Schur class associated with (F, o)

Given a correspondence-representation pair (F,o) (where o: A — L(£)) along
with two auxiliary Hilbert spaces & and ), we define the associated Schur class
SEJT(LL y) by

SeoU,Y)={S: D((E?)") = LERU,E2Y): S(n) =R (n), for all
n € D((E?)"),for some R € F7y ) (E,0) with ||R|| < 1}
(5.1)

We have the following characterization of the Schur class Sg »(U,Y) analo-
gous to the characterization of the classical Schur class given in Theorem 1.1 and
to the multivariable extensions in Theorems 2.1 and 2.3. When specialized to the
classical case (see Section 6.1 below), (5.1) gives the classical Schur class as de-
fined in the Introduction, but from a different point of view. Rather than simply
holomorphic, contractive, L(U,Y)-valued function on the unit disk, (5.1) asks us
to think of such functions as analytic functions F(z) ~ > F,z" on D whose
Taylor coefficients {F), }nez, induce a Toeplitz matrix

F, 0 0
F, Fy, 0
Tr=|FR KB F

which defines a contraction operator from ¢7(Z.) to £3,(Z.). Thus the label (1)
in Theorem 5.1, when specialized to the classical case, corresponds to a somewhat
different statement than (1) in Theorem 1.1. The other labels (1), (1”), (2) and (3)
in Theorem 5.1 correspond exactly to the corresponding statements in Theorems
1.1, 2.1 and 2.3.

Theorem 5.1. Suppose that we are given a correspondence-representation pair
(E,0) (where o: A — L(E)) along with auziliary Hilbert spaces U and Y and
an operator-valued function S: D((E)*) — LIEQU,E ® Y). Then the following
conditions are equivalent:
(1) S € Sg,sU,Y), i.ec., there exists an R € .7:20(
that S(n) = R™(n) for all n € D((E7)*).
(1) The multiplication operator

maps H(E, o) contractively into H3,(E,0).

(1) S s such that S(n) = R™(n) for alln € D((E°)*) for an R € fz?u,y)(Evg)

with the additional property: for each representation o': A — L(E') and ' €
D((E°")*) it happens that

uy)(Es0) with |R|| < 1 such

1B @ < 1,
where R™ (1) is defined as in Remark 4.11.
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(2) The function Kg : D((E?)*) x D((E?)*) — L(o(A), L(E®Y)) defined by
KS(na C)[b] = K(E,a)®y(77) C)[b] - S(W)K(E,a)®u (77) C)[b]S(C)*

is completely positive, or more explicitly, there exists an auxiliary Hilbert
space H, an operator-valued function H: D((E?)*) — L(H,E ® Y) and a
s-representation m of o(A)" on H so that

(Z " (Ipen @ b)(<">*> ® Iy — S(n) KZ 1" (Ipen @ b)(<”>*> ® Iy | S(C)
n=0 n=0
= H(n)m(b)H(C)*
(5.2)

for all n,¢ € D((E°)*) and b € o(A)".
(3) There exists an auziliary Hilbert space H, a x-representation m: o(A) —
L(H), and a coisometric colligation

U= {é g} : {5 gu} - {E;@?Jﬂ (5:3)

which is a o(A)' -module map, i.e.,

1 7 R S RN [ 1 S

forheH andue EQU, so that S can be realized as
S(n)=D+C(I—-L;.A)~'L;.B. (5.5)
Here Ly«: ' H — E° ® H is given by
Ly-h=n"®h for each h € H.

Proof. Both (1) = (1') and (1') = (1) follow immediately after extending
Proposition 4.9 to the case with the added multiplicity as mentioned at the end
of Section 4.

(1) = (1”): Given ¥ € D((E”)*) (so ||/]| < 1), by the dilation result
in [33, Theorem 2.13] (see also [32]) we know that n’ has a dilation to an in-
duced representation nina: F>°(E) — L(F?(E,0ina)) associated with a represen-
tation oing: A — L(Einda). As R is contractive by assumption, it then follows that
RN (n.4) is also contractive. Since 7,q is a dilation of 7, we then also have

IR ()| = || Pesy R (1ina) e cull
< IR (ma) || = R <1
and (1”) follows.
(1”) = (2): This implication requires an adaptation of the GNS/HB con-

struction to the setting of completely positive (rather than classical positive) ker-
nels. If K(w’,w)[a] is a completely positive kernel, then

K(W',d), (w,a)) = K(w,w)[a*d']



54 J.A. Ball, A. Biswas, Q. Fang and S. ter Horst

is a positive kernel in the classical sense on 2 x A. In this way one can reduce to
the classical setting and adapt the GNS/HB construction in [23] to the situation
here. We leave complete details for another occasion.

(17) = (V'): Assume that R € F7{, y(E,0) and that S = R”. From
Proposition 4.10 extended to the higher multiplicity setting, we see that we recover
R via the point-evaluation calculus as

R = R/\(nind)-
Hence we also recover R as the strong limit
R= 11{111 R™(rnina)-
The assumption (1”) tells us that
IR (rima)l] < 1
for each r < 1. Hence ||R|| < 1.
(1) = (2) Assume that Mg is as in (1’). From the definitions we see that
(b Ms ), b0') = S (', b'0) = (Ms(b- f)) (0, b)
and hence any multiplication operator Mg is a o(A)’-module map. The computa-
tion
(Msf,b- (kp.oic @ Iy)(e @) 2 (8,0) = (0" - Msf, (kp,oic ® Iy)(e @ Y)) 12 (15,0
= (Ms(b™ - f), (kp.oic © Iy)(e © Y)) 32, (5,0)
=(S(QO" - )(C),e®@y)eay
=" f, (kg @ Iu)S() (e @y))u

Z(an')
= (f,0 (kB,o;c ® Iu)S(O)" (e ®Y)) 1, (E.0)
shows that
Mgr: b- (I{/’E,g;g & Iy)(e ® y) —b- (I{/’E,g;g ® Iu)S(C)*(e & y) (56)
Since ||[Ms|| < 1 by assumption, for any finite collection of b; € o(A’), ¢; €

D((E)*) and e; ®y; €E®Y (j=1,...,N), we have
2 2

> b (kg @Iy)(e;@y)|| — M5 b (kpog @ Iy)(e; ®y;)|| > 0.

Expanding out inner products and using (5.6) and the basic general ident(ii-iZZ
(V' (keoic ® Iy)(e' @y'), b (kpom ® Iy)(e @ Y)) 2 (5.0)
= K(,0)2y(0, QP V(' ®Y), e @y)eay,
(V' (ko @ Lu)S(Q)" (€ ®y'), b (kp,om ® Lu)SM)" (e @ ) 12 ()
= (SMK(E,0)eun, OB ]SO (' @y), e @y)exy
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we see that the left-hand side of (5.7) is equal to

N
Z (Ks(Gi, G)b7bs](e; @ y;), €i @ yi)ewy

ij=1
and we conclude that Kg is a completely positive kernel as wanted. The charac-
terization given in (5.2) follows from part (2) of Theorem 3.6.

(2) = (3): The argument here is an adaptation of the proof of Theorem 3.5
in [36] to our setting. Assume that (2) holds. By Remark 4.8, the equality (5.2)
can be rewritten as

(I = Opc) 7 (0) @ Iy = S()[(1 = Oyc+) ™ (b) @ ] S(C)" = H (n)m(b) H(C)".
Replace b by [I — 0, ¢+](b) = b— 0, ¢- (b) to rewrite this last expression as an Agler
decomposition (see [1])
b Iy =S © Iy)S(()" = Hmm (b—n(Ip @b0)C") H(O)™.  (5.8)

Rearranging and conjugating by two generic vectors y and y’ in £ ® ) then gives
us

y H(m)m(b)H ()Y +y*Sn)(b® L))"y
=y H(m)r(n(le @ b)) H()"y +y* (b Iy)y".
From Remark 4.8 we know that E? is a o(A)’-correspondence. We may also view
the Hilbert space H as a (o(A)’,C)-correspondence with the left o(A)'-action
given by the representation 7. We may then form the tensor-product (o(A)’, C)-
correspondence 7 ® H as in Definition 3.1. Explicitly, the C-valued inner product
on F7 ® H is given by
(p@h, )W @N)pagr = (m(u" p)h, ' )0 = W (u'™ ) h.
It follows that the first term on the right-hand side of (5.9) can be written as
Yy H(m)r(n(Ip®b)¢)H(Q)"Y = (Ie@b)C"@H )"y, 1" ®H(n)"y) Bo@r- (5.10)

If we replace b with b*b’ (where b,0’ are two elements of o(A)’), use (5.10) and
do some rearranging, we see that the equality (5.9) can be expressed in terms of
inner products

(m@®)VH Q)Y . 7(0)H (1) y)w + (V' @ L) S(Q)"y', (b ® ) S(n)"Y)esu
= (Ip@V)C" @ H(Q)Y,(IE®b)n" ®@ Hn)"y)E-an (5.11)
(' @ Iy)y', (b® Iy)y)esy-
Introduce subspaces Dy C (B2 @ H)$ (€ ®Y) and Ry CH& (EQU) by
(e ®b)n* ® H(n)"y
(b®Iy)y

_ (O H()'y | . o\ s ,
Rv Span{{(b@Iu)S(n)*y} yeERY,neD((ET)),be a(A) }

(5.9)

Dy = { | | yeeoymen(@yypeoay)
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Note that both Dy and Ry are invariant under the left action of o(A)" on (E7 ®
H)®(E®Y) and on Hd (£ QU) respectively, i.e., Dy and Ry are o(A)'-submodules
of (E°@H)® (E®Y) and H & (€ @U) respectively. The import of (5.11) is that

the formula
C|Ue®bn* @ H(n)'y m(b)H(¢)*y
Vi e ny } - {(b ® fu)S(U)*Y} (5.12)

extends by linearity and continuity to a well-defined unitary operator from Dy
onto Ry . One easily checks that

Vb-d)=b-Vd

for b € o(A) and d € Dy.
By restricting in (5.12) to b = I¢ € o(A) and n =0 € D((E7)*) we see that
{0}® (£ ® Y) C Dy. In particular

X:=(E°@H)&(E®Y))eDy C (E°@H)a {0}

Moreover, because Dy is invariant under the left o(A)'-action we can see X as
a (o(A)’,C)-correspondence, where the left action is obtained by restricting the
left action on E° ® H to X. Hence we can form the (o(A)’, C)-correspondence
K=H®a& (F*(E°) ® X). Note that

EC@K=E @ (H®(FUE)®X))=(E°QH)® (E°® F(E°)® X).

So we can define an operator U from K& (€ @U) to (B @K) & (ER D) via

VPp, 0 0 -] [(BEPoH) @ (E@Y)] HO(ERU)
— 0 Igegx 0 iy (EU)®2®X . EO’%X
0 0 Ipreesy : (B)* ® X

(5.13)
Here Pp, and Py stand for the projections onto Dy and X respectively. One
easily checks that U* is an isometric o(.A)’-module map. In other words, U is a
coisometry, and a o(A)’-module map. The construction in (5.13) is closely related
to the dilation result in [31]; see also Section 3 in [34] for more details.
Next we decompose U as follows:
U— A B| | H L |ET®H
T |C D|T|EU ERY |
The definition of V' and the construction of U imply that

5 5] 2]

By specifying this for b = I¢ and observing that
n"®@H(n)y = Ly-H(n)"y,
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we get

A*L,-H(n)* +C*=H(n)* and B*L,-H(n)*+ D* = S(n)*. (5.14)
Moreover, for h € H we have

[Ly-Rl* = |ln* @h|* = (n* @ h,n* @ h) = (x(m*) @ h, h) = |7 (") 2 h]?
*\ 1 *\ L
< (™) 2 IPIRIZ < o) = 121002 = (0] (|A].
This proves that || Ly|| < ||n]| < 1. Hence I — A*L, is invertible and (5.14) shows
that
H(n)* = (Ix — A*Ly)~'C",
and thus,
S(n)* = D* + B*L,(Ix — A*L,)~'C*.

By taking adjoints we arrive at (5.5).

(3) = (2): Assume that (3) holds. We prove that Kg admits an Agler
decomposition as in (5.8) with H(n) := C(I — L;.A)~". That this is equivalent
to the complete positivity of the kernel Kg can be seen via the change of variable

used in the derivation of (5.8). The fact that U is a coisometric o(A)’-module map
can also be written as

D(b®Iy)D* + Cr(b)C* =b® Iy,  B(b® Iy)D* = —An(b)C*,
An(b)A* + B(b@ Iy)B* = (Ig @b) @ Ix,  D(b® Iy)B* = —Cm(b)A*.
Note that
Hn)=CI—-L;,A)'=C+CI—-L;.A)'L;.A=C+ H(n)L;. A,

and
S(n)=D+ H(n)L;*B.
Hence
HmrBHQ)' = (C+Hm)Ly Ar(b)(C* + A" L H(Q)")

= Cn(b)C" + Cn(b)A" Lo« H(C)™ + H(n) Ly An(b)C™
+H (n)Ly. An(b) A" L¢- H(C)"

= Iy —-Db®Iy)D*—DOb® Iy)B*Le+»H(Q)™
—H(n)Ly;-B(b® Iy)D* — H(n)L,.B(b® Iy ) B* L« H(C)™
+H(n) Ly ((Ig ®b) @ ) Le- H(C)*

= b®ly — DO Iy)S(Q)* — H(n)L,-B(b® f)S(¢)"
+H(n)m(n(Ip @ b)¢*)H(C)"

= b@ Iy = S(b® Iy)S(Q)" + H(nm(n(le @ b)¢*)H(C)".

In this way we have proved that (5.8) holds.
(2) = (1’): Assume that (2) holds. Consider the formula

(Ms)": 0" - (kp.oic © Iy)y = 0" - (kp.oic @ Iu)S(C)"y (5.15)
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for b € o(A), ¢ € D((E?)*) and y € £ ® Y. Then the complete positivity of the
kernel Kg is exactly what is needed to see that the formula (5.15) can be extended
by linearity and continuity to define a contraction operator (Mg)* from H ?, (E,0)
into H7(E, o) which is also a 0(A)’-module map:
b* - (MEf) = M5(b* - f) for allb € o(A) and f € Hy(E,o0).
Here we are using that the span of the collection of kernel functions
{6 (ko © Iy)y: b€ a(A), ¢ € D(E)),y € € ® Y}
is dense in H3(E,¢). Then the computation
(Msf)(¢,0),¥)ewy = (Msf,b" - (kB0 © Iy)y) uz (5,0)
= (f, M5(kp.oic ® Iy)Y) iz (B.0)
= <f7 b* - (kE,U§C ® Iy)S(C)*Y>H5{(E,U)
= (f(,0),5(C)"y)eau

= <S(C)f(C; b)7 Y>5®y
shows that Mg is indeed the operator of multiplication by S. (I

6. Examples

In this section we illustrate the general theory for some more concrete special
cases. For simplicity we consider here only examples of the theory developed in
Sections 3, 4 and 5 with &/ = Y = C. Unlike what one might expect, this does not
lead to scalar versions of the results discussed in Sections 1 and 2, but rather to
square versions, that is, we regain Theorems 1.1, 2.1 and 2.3 for the case U = ),
but not necessarily equal to C.

6.1. The classical case

In this example, we take A = L£(G) for a given Hilbert space G. Let E = L(G)
viewed a correspondence over itself in the standard way:

a-&=a€f, &-a=~E&a (the operator multiplication in £(G)) fora € A, £ € E,
(¢, 6)=¢ ¢ for ¢ cE.

Note that the inner product is the £(G)-inner product when considered as a cor-
respondence over itself. Since

R 10 06§=1010 - ®1®&, &,
we can identify E®" with E = £(G) and then the Fock space F2(E) has the form
FXE) = @2 oE®" = L(G,03(Z4)).

The abstract analytic Toeplitz algebra F°°(F) is the collection of all lower trian-
gular Toeplitz matrices with £(G)-block entries acting as bounded operators on
L(G, 4% (Zy)) (and thus bounded on (g(Z,)).
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Now suppose we are given a Hilbert space &, let £ = G ® & and o be the
representation of A = £(G) on L(£) given by o(a) = a ® Ig,.Then

o(A) ={be L(E): bo(a) = o(a)b for all a € A}
={bec L(&):ba® @ Ig,) = (a®° @ I¢,)b for all a® € L(G)}
={Igab": 0 e L(&)}

and hence o(A)" can be identified with £(&p).
We next note that

FA(B,0) = FAE) 0, € = £G,B(Z.)) @0 (G & &) = B(Z4) © & = (L),
The representations poo ,: A = L(G) — L(I2(Z4)) and oo 0 0(A) = L(E) —
L((%(Zy)) are given by

Poo,o(@) = Ippz+y ® a® Ig,, Loo,o (b°) = Ip2(z+) ® Ig @ b°.
We next compute
(B ={n: E®, & —E:nla® ) =0c(a)n,a € L(G)}
={n: LG) ®, G E =GR E:n(a®le) = (a®lg)n,a € L(G)}
={n:G®& —G®&:nadls)=(a®ls)nac L(G)}
={Ig@n" 1’ € L(&)}.

We conclude that (E?)* can be identified with £(&).
The creation operators and dual creation operators then have the form

Teo =S®ER Ig, for £ € A= L(G),
T, =S®Ig®u’ for u° € L(E%) = E°
where S is the standard shift operator on ¢*(Z):
S: {cntnez, — {c tnez, where ¢ =0, ¢, =cp_q forn>1.

Note that the commutativity properties laid out in Proposition 4.2 are now trans-
parent for this example.

Then, for f = &%, f, € F2(E, o), the Fourier transform ® f = f is given by

A% = (Ig @ (°)"0) fn € €
n=0

for n € B(L(&)) (the open unit ball of £(&)) and »° € L(&y). One can check
that @ is injective. It follows that ® is a unitary transformation from ¢2(Z) onto
a Hilbert space H?(E,o) of E-valued functions on B(L(&p)) x L(&) carrying a
L(&p)-representation:

T2 (o) (00): F (00, 0°) > f (00, b°0).

In fact f*(n°, Ig,) = 0 for all n° € B(L(&y)) already forces f to be zero in £%(Z4.) so
the function f” is determined completely by its single-variable restriction f/! :=



60 J.A. Ball, A. Biswas, Q. Fang and S. ter Horst

fA(-, Ig,) and one can work with the space H2(E,0) = {f: f € (2} instead.
One can identify H?(FE, o) with functions of the form
g(n°) = (Ig ® 1°)")gn
n=0
where ©5% gn € (3 (Z1) with |lgll 2 ) = 950 9nlle2 (2, ) and with the o (A)’
L(Ep)-left action given by

(a3

O 9)m) =Y (g ® (1)) T @°)ga it g(n°) = > (Ig @ (1°)")gn-
n=0 n=0

An element S of F*°(E, o) is an operator on ¢%(Z ) having a lower-triangular
Toeplitz matrix representation

R =[Ri_jlij=o,1,..

where each R, is an operator on £ of the form R,, = R% ® Ig, for an operator
RY € £(G) with R0 = 0 for n < 0. Given such an R, the associated £(€)-valued
function R": L(Ey) — L(E) is then given by

RMNn®) =Y Ry @ (n°)".
n=0

The Schur class S(E, o) for this case can be identified with the set of functions
S:B(L(E)) — L(E) with a presentation of the form

SO = Sue ()" (6.1)
n=0
for which the associated Toeplitz matrix
[S)j)ij=0.1,...

defines a contraction operator on Eé(ZJr). If we use the single-variable version

I;VQ(E, o) of the Hardy space, the condition in part (2) of Theorem 5.1 means not
only that

Ms: f2 (") = S@°) ()
maps H?(E,o) contractively into H?(E, o), but also that Mg is a £(&p)-module
map:
Mg(b- f") =b- Mg f.
The realization formula (5.4) and (5.5) from part (3) of Theorem 5.1 tells us
that such functions S are characterized by having a realization of the form

S°) =D+ C(I —x(n°)A)"'x(n°)B (6.2)

o[ o ]

where
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is a unitary operator and 7 is a #-representation of £(&y) to £(H) which is also a
L(&p)-module map:

A B] [#(%) 0 m(b°) 0 A B
{c DH 0 Ig®b0:|:|: 0 Ig®b0} [C D] (6:3)
Here we use that E° ®, H can be identified with H since (Ig ® (n°)*) @ h =
Ie @ w((1°)")h.
We note that is easy to see that a realization as in (6.2) implies that S has a
presentation of the form (6.1). Indeed, if U is unitary and satisfies (6.3), since A

commutes with 7(n°) we see that (w(n°)A)" = A"x(n°)". Hence expansion of the
inverse in (6.2) as a geometric series and repeated usage of (6.3) gives

S°) =Y SuI e (n°)™)
n=0

where
So =D, S, =CA" B for n > 1.
Additional usage of (6.3) gives us

S,(I@n°) =T ®n°)S, for all n° € L(&)

from which we conclude that S,, has the form S,, = SY ® I¢, for operators SQ
acting on G, and hence S(n°) has the form as in (6.1).

Conversely, if S: B(L(Ey)) — L(E) is of the form (6.1), it follows that S°(\) =
S SYA™ is in the classical Schur class S(G,G). By the classical realization

n=0"%n
theorem we can write

S%(\) = D + \C°(I — AAY~'B°

UO _ A0 RBO ' HO . HO
c® D" G g
is coisometric (or even unitary). Then

U= & Ipo = |:A0®Igo B@Igo} : [H} . [H}

where

C’O@Igo DO®IgO & &
(where we set H = H" ® &) with
7(b) = o @b € L(H) for b € L(EY)

provides a realization for S as in (6.2). Thus the general theory provides a new
kind of realization result, but one can easily derive this result directly from the
classical realization theorem.

Two special cases of the above analysis are of interest.

1. If we take G = £,& = C in the example, we have F*(E) = L(&,(%(Z+))
with F>°(FE) equal to the collection of all lower triangular Toeplitz matrices
with £(£)-block entries acting on ¢%(Z.). In this case o(A) = Clg. and
(E7)* = I ®C is isomorphic to C; thus D((E?)*) may be identified with the
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open unit disk D of C. Moreover F(E) ®, £ = (%(Z) and for a given A € D,
we have the bounded point-evaluation:

f=800fn € F(B) ®, € = (3(Z4) — (A }jmvem®>
n=0
Then
H*(E,0) = HZ(D)
and
H*(E,o) = Hz‘zg)(]D)) ®Ig = Hz‘zg)(]D)).
Hence S € H*™(E,0) means, for A € D, that S(\) = Y 0° /S, \" with
Sp € L(E). The operators in H>*(FE, o) with norm at most equal to 1 form
the classical Schur class. If we apply the general theorem 5.1 for this case, we
simply recover Theorem 1.1 (where U =) = G).

. Ifwe take G = C, &y = &€, then F2(E) = (*(Zy.), F*°(E) is the collection of all

lower triangular Toeplitz matrices acting on £2(Z. ). In this case o(A)’ = L(€)
and

(B ={n:C®, E = E:nla® Ig) = an,a € C}.
Since C ®, € can be identified with £ in the obvious way, (E?)* amounts
to L(£). We also have F2(E) ®, & = (2(Z4). For a given n € D((E)*) =
B(L(E)) and b € o(A)' = L(E) we have the bounded point evaluation:

f=0p20fn € F(BE) ® € = C2(Z1) — [ (n,b Zn"bfn

We may view this H?(E, o) simply as functions of the form n— > >° n"f,
with @5 f,, € ¢2 which also carries an £(€)-action:

OB ZWMMf an

or o
b-f=> S"bP:S™f

where Pg¢ is the projection onto the constant functions and S is the operator-
argument shift operator (Sf)(n) = n - f(n). If we identify S = S°® I¢ €
H*(E,0) = H*® ® I¢ with the scalar-valued function S° € H>°(D), then the
associated function with operator argument

n— S°n Z?] (SY®Ie) € L(E) (6.4)
n=0
corresponds to the functional calculus for scalar holomorphic functions with
operator argument usually defined via the holomorphic functional calculus
(see, e.g., [48]). The positivity of the kernel

Ks(n,¢) = (I—n¢*) 1 = SO —n¢*) =" S(n)*
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guarantees that the multiplication operator

Ms: f(n) = S(n)f(n)

is contractive on H?(E, o) while complete positivity of the enlarged kernel

Ks(n,Q)[b] = > n"b¢™" — S(n) <Z n”bC*”> S(Q)”
n=0 n=0

guarantees in addition that S has the form (6.4) and that the associated
multiplication operator Mg commutes with the £(€)-action:

b-(Msf) = Ms(b- f) for b e L(E), f € H*(e,0).

The realization result (the equivalence of (1) and (3) in Theorem 5.1) follows
from the classical realization result for scalar-valued Schur-class functions in
the same way as was explained above for the general case of this example.

6.2. Free semigroup algebras

In this example, we take A = L(G) for a given Hilbert space G and E to be the
d-fold column space col;l:1 L(G) over L(G) viewed as a correspondence over L£(G)
in the standard way (see [31, 43]):

& agy | & &ia & &1 d

&a a& | &d £qa & &4 =1
&1 3

foré=|:1,=|:|€FE and acL(G). (6.5)
1 €a

One can then identify E®" with the column space L£(G,®,. la|=nG) Where a =
in -+ +11 is in the free semigroup Fy with notation as in Subsection 2.2. Then the
associated Fock space is

FHE) = @0 E®" = L(G, D720 @a: jaj=n §)
can equally well be viewed as
FAE) = L(G, (5(Fa)).
Then the analytic Toeplitz algebra F>°(E) can be identified as
FX(E) =Ly ® L(G),

where L is the free semigroup algebra discussed by Davidson and Pitts in [21] and
is also the ultraweak closure of Popescu’s noncommutative disk algebra (see [38]).

Just as done in the discussion of the classical case above, we now let & be
another Hilbert space and take £ to be £ = GREy. We consider the x-representation
o of A= L(G) to L(E) given by

ola) =a® Ig, for a € L(G).
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We compute o(A)" as follows:
o(A)Y ={be L(E): bo(a) = c(a)e for all a € A}
={beL(&):bla®Is) =(a®Ig,)b for all a € L(G)}
={Ig2b°:0° € L(&)}.

Hence o(A)" can be identified with £(&y).
We next note that

E®n ®o’ 6 = Cola: |a‘:n E(g) ®o- 5 = COla: |a‘:n 5
and hence we identify F2(E,0) = F2(E) ®, £ as
FE,0) = ®acr,& = l3(Fa).

The representations oo, »: L(G) = A — L((2(Fq)) and too0: L(&) = o(A) —
L({%(F4)) can be seen to be given by

Pooo(a) = Ipp(ry) ®a® Ig, for a € L(G) = A,
Loo,s () = Ippry ®@Ig @ b0 for b¥ € L(&) = o(A).

We now observe that E ®, € can be identified with £ (the d-fold direct sum
of £ with itself) under the identification

&1 (&1 ® Igy)e
| ®e= : for &,...,60€ L(G) and e€é.
€a (€a® Ig,)e
Then 1 € (E7)* means that 7 is a block row-matrix n = [g1 -+ 74| mapping

E®, &= &% into £ with the additional property that
[m - na| diag(a®Ig,) = (a®1Ig,) [m -+ na] forall a € L(G).

It follows that n;(a ® Ig,) = (a ® Ig,)n; and hence that 7; = Ig ® 79 for some
77;-) € L(&) for 5 =1,...,d and we have an identification

(E7)* = L(EF, &).

One can check that the creation and dual creation operators are given by

d &1
Teo=)» S;@&®Ig for = | 1| € LG =E,
= &a
d e
Ty o= Zsj ® Ig ®u? for uo =|:|¢€ 5(507561) ~ Fo
j=1 0
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Forn®=[n} - ng] € B(L(EF, &)) =D((E7)*) and b° € L(E) = o(A),
we have the bounded point-evaluation operator on F2(E, o) = (%(Fq):
f=@acrifar— 0% =Y (Ig® (1°)°1°) fa (6.6)
a€clFy

where (n°)* =) .9} for a =iy---iy € Fq. To continue a detailed analysis,
we now consider in turn two divergent special cases.

Case 1. & = C so & = G: In this case we identify D((E?)*) = B(L(EE, &)) with
the unit ball in C¢
d

B — {/\ (M, da) €CT DTN < 1}-

j=1
The point-evaluation map
RS S D SR VAN (6.7
neZi a€Fq: |al=n

where we use the standard (£(€), C)-correspondence structure on €. Here also we
use the standard commutative multivariable notation

AT =AM i = (g, ng) € Z

From (6.7) we see that we are in the situation of Remark 3.7 and completely
positivity of the kernel

KO N[0 = > (A" Ie) (00 (V)" I )
nGZi

associated with H2(E, o) for this case reduces to classical Aronszajn positivity for
the Drury-Arveson kernel

EON) = 3 () = ﬁ

d
nEZ+

In this case the Fourier transform map ®: f — f” has a kernel with the cokernel
given by the symmetric Fock space spanned by symmetric tensors

{ > {aataereice 5}
a€Fy: |a|=n
where d,, is the standard Kronecker delta
P 1 ifa=d,
“Y 10 otherwise.

Then it is known (see [22, 6, 10]) that the image of ® in this case, i.e., the space
H?(E, 0) of all functions on the ball of the form f” for an f € (Z(Fy), is exactly the
Arveson-Drury space and the associated space H*(FE, o) is exactly the multiplier
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space M(E) of the Arveson space. When we specialize the general Theorem 5.1 to
this case we simply recover Theorem 2.1 for the case i =Y = £.

Case 2. G = C and € = & is a separable, infinite-dimensional Hilbert space: In this
case the generalized unit disk D((E?)*) = B(L(£4,€)) consists of row contractions

n=1[m - na:E"—E.

The Fock correspondence F2(E) = ¢%(F,) has scalar coefficients while the Hilbert
Fock space F2(E, o) = (%(F,) has E-valued coefficients. The point-evaluation map
(6.6) has the form

- {fOl}OlE]:d = f Z nabfa
a€EFy
The completely positive kernel associated with H2(E, o) for this case is
Kp.o(n, Q)b = > n*[blc™.
acFy
where b € o(A) = L(£).
The analytic Toeplitz algebra F*°(FE) is the free semigroup algebra £, acting
on F%(E) = (?(F4) having noncommutative Toeplitz matrix representation
R = [Raﬁ]a,gefd where Ra’g = Raﬂ—l 0
where the matrix entries R, g are scalars. Here () refers to the empty word in Fy
(the unit element for the semigroup F,4) and we use the convention
aﬁfl:{ o if a=ap,
undefined otherwise,
Rundeﬁned =0.
Then it is easily seen that R ®, I¢ € L(¢%(F4)) is simply the infinite-multiplicity
inflation of R:
R® I = [R X Ig]a,ﬁ where [R ® Ig]aﬂ = Ra,@ ® Ig.
The point-evaluation n — (R ®, Ig)"(n) for R ®, I[¢ € F>*(E,o) and n =
[m -+ na] €B(L(EY,E)) is given by
(R@o 1) () = Y n*(Ra @ I¢).
a€EFy

Viewing the operator R, ®, I¢ as simply multiplication by the scalar R, we can
rewrite this as

(R®o 1) () = Y Ran™. (6.8)

acF,
As a consequence of the fact that there are no polynomial identities valid for
matrices of all sizes (see [44, pp. 22-23]), it follows that the point-evaluation map

ReF®(E)=Lq— (n€B(LELE) — (R, 1) (n) € L(E))

is injective.
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For 7 a #-representation of L£(£) into L(H) for a Hilbert space H, one can
check that
5 m(p1)h
Sl ®h= : (6.9)
e m(pa)h
gives an identification of £F? ® H with H%. For a colligation U to be of the form
(5.3) and to satisfy (5.4) means that there is a Hilbert space H together with a

s-representation 7: L£(E) — L(H) such that, after the identification of E? ®, H
with H? via (6.9),

A B H
U= : [H} — (6.10)
A Bg| L€ H
C D &
subject to
7(b) A By A1 By
: N I : {”(b) 0}
7 (b) Ay Bg| |4y Byl L O 0]
bl |C D C D
or, equivalently,
A;m(b) =m(b)A;, Bjb=mn(b)B; for j =1,...,d,
Cr(b) =bC,  Db=bD, (6.11)
for all b € L(£). For n = [m -+ na] € D((E7)*) = B(L(£%,£)), one can

check that the operator L,«: H — E? @, H given by Ly«: h — 1n* ® h, after the
identification (6.9), is simply the column contraction

*

m
Ly:hw— | |h
M
with adjoint equal to
Ly.=[m - nd tHE— M.

Suppose that S € H*®(FE, o) for this example of (F, ). Then the realization
formula for S € F*°(E, o) given by (5.5) for this case becomes

S)=D+C(I—nA)"'nBforn=[m - n4 €BLELE)) (6.12)

where the coisometric U is as in (6.10). Using the relations (6.11) and using the

expansion
o0

(I=nA)~"=> (A",

n=0
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we see that (6.12) can be rewritten as

d
Sm) =D+ Y Y CA*Byy;.

acFq j=1
Moreover, again from the relations (6.11) we see that
(CA®B;)b=b(CA*B;j) and Db=>0bD forallbe L(E),
ie, CA*B;j =: sqoj foralla € Fg and j = 1,...,d as well as D =: 58 are all
scalar operators:
So = s°0I¢  where 50 €C.
From the complete positive kernel condition in Theorem 5.1, it is easily seen that
S(n) = Y qer, San™ is contractive for each row contraction n = [m -~ na] €
B(L(£%,€)). Thus the formal power series

S0(z) = Z 892
acF,
is in the formal noncommutative Schur class with scalar coefficients Sy q(C, C)
introduced in Section 2.2.
Conversely, if 5%(2) = 3 ¢z, sa2® is in the formal noncommutative Schur
class Spe,d(C, C), then part (3) of Theorem 2.3 assures us that S(z) has a realiza-

tion of the form

5%z) = D%+ C%(I — Z(2)A%) "' Z(2)B" (6.13)
for a coisometric (even unitary) colligation
Ay BY [HO
. . 0 .
v = :0 :0 : ré} - :0
AY B H
c’ D° | C
Let us form a new tensored colligation U of the form
Al B1 _H
oo ) B
A Bg| L€ H
cC D &

where we set
H=H'®E, A=A, Bj = B)®I, C=C"®I¢, D=D"®I
where j = 1,...,d. We may define a *-representation 7: £(£) — L(H) by

7(b) = I ®b.

Then it is easily seen that this U satisfies (6.10) and (6.11). Moreover, from these
relations and the realization (6.13) for the formal noncommutative Schur-class
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function S°(z), we see that we have a realization for the associated function 7
S%(n) of the form (6.12):

Sm)=Y_ sn*=D+C(I-L;.A)'L;.B.
a€Fy

We conclude: there is a one-to-one correspondence between formal power series

S0(z) = Z 89 2

a€EFy

in the noncommutative scalar-coefficient Schur class Spe,a(C,C) and functions
1 +— S(n) in the Muhly-Solel class H>®(E, o) for the particular choice of (E, o)
(described in (6.5) with G = C and & = £ infinite-dimensional), given by

Sz)= > sha" (n = S) =Y na(8315)> :

aceFy acFq

Here we have made explicit the correspondence between condition (3) in
Theorem 2.3 for S°(z) versus condition (3) in Theorem 5.1 for S(n). An amusing
exercise would be to understand directly the equivalence between any of the other
conditions in Theorem 2.3 for SY(z) and the corresponding condition for S(n) in
Theorem 5.1.

6.3. Analytic crossed-product algebras

We discuss here a particular case of analytic crossed-product algebras (see Ex-
ample 2.6 in [31] as well as the references there). This particular case has strong
connections with time-varying system theory and was discussed in connection with
point-evaluation and generalized Nevanlinna-Pick interpolation in [35] (see Exam-
ples 2.5, 2.6 and 2.25 there). Here we wish to draw out the connections between the
realization theorem (the equivalence of (1) and (3) in Theorem 5.1 for this case)
and a result from [4] that any lower-triangular contractive operator on £2(Z) can be
realized as the input-output map of a linear time-varying input/state/output sys-
tem. For simplicity we discuss in detail only the multiplicity-free case ( =Y = C).

We take the algebra A to be the algebra £°°(Z) with coordinate-wise mul-
tiplication with correspondence F equal to A = ¢*°(Z) as a set. Let « be the
automorphisms a(a)(k) = a(k — 1) (k € Z) for a: Z — C in A. We consider E as
a correspondence over A with left and right action given by

(a-&) = (a(a))(k) = alk = 1)¢(k), (- a)(k) = (Sa)(k) = E(k)a(k)
and with the A-valued inner product
(€. &) p(k) = ER)E () (6.14)

ford € Z, a € A =1(>°(Z) and &', € E = (>°(Z). Then it is easily seen that
E®™ is the correspondence over A identified again with E = ¢>°(Z) as a set with
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A-valued inner product as in (6.14) but with left and right A-action given by
(a-€M)(k) = (a™(@)€™)(k) = a(k — n)&(k),
(™) - a)(k) = (€™a) (k) = €™ (k)a(k)
for k € Z, €™ € E®" = ¢>(Z) and a € A = ¢>°(Z). The Fock space F2(E) is
then the correspondence @22 (¢>°(Z) with left and right A-action given by
a- (@72o6™) = BiZoa” (@)™, (@7ZeE™) - a = BiLeE™a.

More generally, when A is a general von Neumann algebra and « is an auto-
morphism of A, this construction gives rise to analytic crossed-product algebras
which have been studied by a number of authors over the past several decades (see
[31, 33, 35] and the references therein).

An appealing alternative representation of the correspondence, as explained
in Example 2.6 in [35], is as follows. View A as the algebra D of all diagonal
operators acting on ¢2(Z), let U be the bilateral shift operator Uey, = ep+1 (where
er (k') is the Kronecker delta function) and let E = UD C L(¢*(Z)). Then define
the left and right actions of A =D on E = UD simply by left and right operator
multiplications with the inner product given by

(UD1,UDs)e = D;D; € D.
One can check that this A-correspondence E is unitarily equivalent to the A’-
correspondence E’ given in the previous paragraph with the obvious identifications:
{d(k)}rez € A" = (>(Z) — diagezd(k) € D = A,
{§(k)}brez € E' = £2(Z) — U - (diagy,cz¢(k)) € UD = E.
One can easily check that the identification map
UDy®UD; € UD®UD +— UDyUD; = U*(U*DyU) Dy € U?D.

is unitary from E® E to U?D. After this identification, the left and right D-action
on E®? = 2D is again given by left and right operator multiplication. More
generally, we view E®" as UMD with left and right D-action given by operator
multiplication and with inner product inherited from L(¢?(Z)):
(U"D1,U"Ds)gen = D3U™U™Dy = Dy D, € D.

The Fock space F2(FE) can then be identified with lower triangular matrices T
with diagonal expansion T'= """ U"D,, (D,, € D) such that

N

> D;,D,, is bounded above in D. (6.15)

n=0
The Toeplitz algebra F°°(FE) consists of all lower triangular matrices R which give
rise to bounded operators on ¢*(Z). As elements of F>°(E), they act on F?(E)
(lower triangular matrices satisfying (6.15)) via multiplication on the left. We
can view this algebra as generated by a single creation operator T (the creation
operator associated with the identity matrix I € D, namely the bilateral shift
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operator U), together with the diagonal operators D. Note that U is really a
unilateral shift operator since it is restricted to the space F2(E) of lower triangular
matrices (with action equal to a shifting of the subdiagonals).

We now set & = (?(Z) and let o be the identity representation of D on
& =(?(Z). Then E®" ®, £ can be identified with £ = ¢*(Z) in the natural way

t:U"D ® e — De.
When this is done the left action of A = D becomes
d-e=U"dU"e
since
(d-(U"D®e)) =1(dU"D®e) = (UM (U™dU")D ® e)

=U™dU"De = U™ dU™(U"D ® e).
Hence we identify F?(E,0) = F2(E) ®, £ with

FAE,0) = lp5)(Z4)
with left action by A = D given by

b-{entnez, ={U"bU"en}nez, -

One can see that the image of the generating creation operator Ty = U ® I¢ after
these identifications is the unilateral shift operator S ® Ij2(z) acting on F 2(B,0) =

Eig (Z) (Z+)Z

Ipg fi=j+1,
1= ltuglijez, where i {0 otherwise.
The elements R of F*°(E,0) C £(£§2(Z)(Z+)) can then be identified as the fol-

lowing algebra of sparse matrices: there is a sequence {d,}nez C D of diagonal
operators on ¢%(Z) so that R has the form

U*jdi_jUj for i > j,

; (6.16)
0 otherwise,

R = [Riyj]iijZJr where Riyj = {

or, in block-matrix form,

do 0 0
di  U*doU 0
R=|q, U*d,U U*2dyU>

We identify (E?)* for this example as follows. The space (E?)* consists of
operators : E®,& — & such that n(¢(a)®1Ig) = o(a)n. For the present situation,
both E ®, € and € are identified with ¢?(Z) but the left action by an element d €
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A = D is given by multiplication by U*dU in the first case and by multiplication
by d in the second. Thus the operator n € L(¢?(Z)) is required to satisfy

nU*DU = Dn

which means that nU* is diagonal, so (E?)* is identified with weighted shift op-
erators

(E°)* = {n=D,U=UU*D,U) € L({*(Z)): D, € D} =UD. (6.17)

Recall that there is a representation of F°°(E?) on F?(E, o) (where E° is viewed
as a o(A)-correspondence). For our situation here, o(A) = A = D considered
as acting on & = (?(Z) and the representation of o(A)" on F(E,0) = 652(2)(Z+)
turns out to be the diagonal action:

b . (EBZOZOen) = Oben fOI' b S D EB Oen S €£2(Z (Z+) (618)

For purposes of getting a generating set for F°°(E?), it suffices to consider the
single creation operator associated with n* = U*: the associated action on F?(E, o)
turns out to be

T;Ji'*,o = [tg,j

U* ifj=i+1
] where t;;= 0 Z.Jr ’ (6.19)
’ 0 otherwise.

According to the duality result from [33], an operator R on E?Z(Z)(Z+) is of the
form (6.16) if and only if R commutes with the scalar-diagonal operators (6.18)
and the E7-creation operator (6.19); an amusing exercise for the reader is to verify
this fact directly for this example.

We now identify the Z-transform and compute the function spaces H?(E, o)
and H*(FE, o) as follows. By (6.17) we have an identification of (E?)* with the
space of weighted shift operators UD in L(¢?(Z)). After carrying out the identifica-
tions E®"®,E = (*(Z), one can check that the generalized power n": E®"®,& —
E of an n € (E7)* = UD coincides with the usual power n™ as an element of
the operator algebra L(¢?(Z)). Therefore, for f = {fn}nez, € E?Z(Z)(ZJF) and
n=D,U € D((E?)*) (with D, € D), we have

Zn”bfn = Z DyU)"bfn-

n=0

If we restrict the second variable b € 0(A)’ = D to be b = Ij2(z), we have the
restricted Fourier transform

O f ={futnez, — (0 I2z)) = ZTI fn= Z U)" fu-
n=0

We assert that the restricted Z-transform ®1: f — f = fA(., Iy2(zy) is injective.
Indeed, if f*(n) = 0 for all 7, evaluating at n = 0 gives that fo = 0 and hence
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FM(n) =n-3 0" fas1n™ = 0. Choosing 7 invertible and premultiplying by n~*

then gives that
Z fogn™ =0 (6.20)
n=0

for all invertible n. By approximating a noninvertible n by invertible n’s, we see
that (6.20) actually holds for all n € D((E?)*). Iteration of the same argument
now gives that f, = 0 for all n € Zy, i.e., f = {fu}nez, is the zero element of
632(2)(Z+), and the assertion follows. Note that the o(A) = D-action on F?(E, o)
is given by
d-{futnez, = {dfn}tnez, for d € D.

The completely positive kernel K associated with the reproducing kernel

Hilbert correspondence H?(E,0) = ®((7: 4 (Z+)) is

K(n, Qo) = Y_ 1"b¢*™ for n,¢ € D((E?)*) =B(UD) and b€ D.

n=0
Note that ®*K(-, ¢)[ble = bkce where
bkne = {0 e}nez.. € lia(z)(L+)-
We conclude that the subcollection
{bkce: be D, ( € B{UD), e € *(Z)}

has dense span in €3, ;, (Z4.).

An element R of F>°(F) is identified with a lower triangular matrix repre-
senting a bounded operator on ¢?(Z); it is convenient to represent such a matrix
via a generalized Fourier series along subdiagonals:

R~> U"d, where dy,€D. (6.21)
n=0

(The Caesaro averages of the partial sums of the series converges to R in the weak-
* topology but we shall not need this.) Then R ® Ij2(z), after the identification of
F2E)®,(?(Z) with 632(2)(Z+), is identified with the operator acting on 632(2) (Z+)
with the sparse matrix representation (6.16). For n € D((E?)*) = B(UD), the
associated point evaluation of R ® I¢ is then given by

(R®Ippz)"(n) = Z n" Rn.o
n=0

= i 0" dy (6.22)
n=0

if R is given by (6.21). In particular, formally we recover R from (R ® Ip2(z))" as
R=(R®Ip2z)"(U). (6.23)
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More precisely, we interpret the right-hand side of (6.23) as
(R® I2(z))"(U) = lrigl(R ® Ip2(z))" (rU).

The realization theorem (the equivalence of (1) and (3) in Theorem 5.1)
assures us that any function of the form (R ® Ij2(z))" with [|R|| < 1 can be
realized as follows. Suppose first that H is a (c(A)’ = D, C)-correspondence, i.e.,
H is a Hilbert space and there is a x-representation 7 of o(A)’ = D with values in
L(H). Noting that

U*d @y h = U* @ w(d)h = 7(d)h
for y=U*d € E° =U*D (sod € D =0(A)") and h € H, we see that E? @, H
can be identified with H, but at the price that the left (o(A)" = D)-action on H
is given by 7 : b+ 7(UbU*) rather than by . With this identification, we see
that the unitary colligation U in (5.3) and (5.4) for this case has the form

U= {g g} : [627({2)} - [627({2)}
subject to

[é g} {”gb) 2} = [ﬂ(l())(b) 2} [é g} for all b € o(A) =D,

or, equivalently,
An(b) = n(UbU*)A, Bb==(UU*)B, C=(b)=0bC, Db=0bD (6.24)

for all b € D. The realization theorem then tells us that any (R ® I2(z))" (where
R € L(¢*(Z)) is lower-triangular and contractive) can be realized as

(R® Iy2(z))"(n) = D+ C(I — w(nU*)A) " x(nU*)B. (6.25)

Let us now consider a time-varying input/state/output linear system of the
form

. :{ z(n+1) = A(n)z(n)+ B(n)u(n) (6.26)

y(n) = Cn)x(n) + D(n)u(n).
determined by the time-varying system matrix

v = (a6 2] €] - [ ")

We say that the system is conservative (respectively, dissipative) if each U(n)
is unitary (respectively, contractive). Let us assume that we have a dissipative

A(n) B(n)}
C(n) D(n) |-

Then it can be shown that, given an input string {u(n)}nez in £2(Z), there is a
unique system trajectory (u(n),z(n),y(n)), i.e., solution of the system equations
(6.26), such that lim,_, . (n) = 0 with the resulting output string {y(n)}ncz €
(2(Z). In this way there is defined an input-output map 7% on ¢2(Z) such that
Ts: {u(n)bnez — {y(n) e,

time-varying linear system with time-varying system matrix U(n) = [
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Let us introduce an aggregate state space

H = GnezH(n) (6.27)
and an aggregate system matrix
U= [ét g} {427(12)} - [627({2)} (6.28)
with A, B, C and D specified by block-matrix entries
[Alij = A()dij+1,  [Bliyj = B(j)dij+1,
[Clij =C()dij,  [Dliy =D(>)di;- (6.29)

If the operator A has spectral radius strictly less than 1 as an operator on H, then
one can compute that Ty is given by

Ts =D+C(I - A)'Bec L(*(Z)). (6.30)

Even if \A does not have spectral radius strictly less than 1, there are various ways
whereby one can still make sense of the formula (6.30); one such is via a limit

Ts = li%ID +C(I -rA)(rB).

From the representation (6.30) for Tx one can compute that 7% has the diagonal
decomposition
Ty =) U"d, where dy=D and d,=U"CA" 'Bforn>1.
n=0

Hence an application of (6.22) gives us

(Ts @ Ipz)) () =D+ Y _n"U"CA"'B. (6.31)

n=1
Given H in the form (6.27), we may define a representation m of D by
(b): Bnez h(n) — @nezb(n)h(n) for b = diag, .,{b(n)} € D.

Note that if LA, B,C, D are as in (6.29), then U as in (6.28) satisfies the D-module
property (6.24) (with A, B,C, D in place of A, B,C, D). By a careful induction
argument making using of these relations, one can show that

C(n(nU" A r(qUu*) = n*U*C A for k=1,2,....
One can then show that

D+C(I—nm(nU"A) " r(nU*)B=D + Z C(r(nU*) A" tr(nU*)B

n=1

=D+ Z nnU*nCAn—lB
n=1

= (Ts ® Ip(z))" (n),
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i.e., the aggregate colligation U = ['é I’S,] arising from the realization of Ts as
the input-output map for the time-varying linear system (6.26) gives rise to a
realization of the form (6.25) for the function (Ts ® Ip2(z))" in the Muhly-Solel
Schur class for this special setting.

This suggests a different approach to the realization theorem (the equiva-
lence of (1) and (3) in Theorem 5.1) for this particular case. Given a contractive
lower-triangular operator R on ¢%(Z), it is known (see [4, Theorem 6.2]) that one
can realize R as the input-output map R = Ty of a conservative time-varying
input/state/output linear system as in (6.26); the solution in [4] is given via a
time-varying analogue of the Pavlov functional model, or, alternatively, via a time-
varying analogue of the Sz.-Nagy-Foias or de Branges-Rovnyak functional model.
Once we have realized R as R = Ty with ¥ as in (6.26), we get (R ® Ip2(z))"
realized in the form (6.25) and hence we have recovered the implication (1) =
(3) of Theorem 5.1. We conclude that the Muhly-Solel realization theorem for this
case, after some translation, has essentially the same content as the conservative
realization theorem for linear time-varying systems in [4].
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Some Problems Concerning the Test Functions
in the Szego and Avram-Parter Theorems

Albrecht Bottcher, Sergei Grudsky and Moshe Schwartz

Abstract. The Szegd and Avram-Parter theorems give the limit of the arith-
metic mean of the values of certain test functions at the eigenvalues and
singular values of Toeplitz matrices as the matrix dimension increases to in-
finity. This paper is concerned with some questions that arise when the test
functions do not satisfy the known growth restrictions at infinity or when the
test function has a logarithmic singularity within the range of the symbol.
Several open problems are listed and accompanied by a few new results that
illustrate the delicacy of the matter.
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Keywords. Toeplitz matrix, Toeplitz determinant, test function, singular value,
eigenvalue.

1. Introduction

Given an n X n matrix A, we denote by s1(A) < .-+ < s,(A) the singular values
of A, and if A is Hermitian, A = A*, we let A\(A4) < --- < A\, (A) stand for the
eigenvalues of A. The n x n Toeplitz matrix generated by a function a € L*(—n, )
is the matrix T, (a) := (aj—)7 y—; where a; is the jth Fourier coefficient of a,

T 0 df
= 0)e~ 0 —  (j € 7).
o= [ a0 g Gen)
If a is real-valued, then T, (a) is Hermitian and the (first) Szegé limit theorem
states that
I i df

T S FG(Taa) = [ Flal6) 5 1)

j=1

—T

The second author was partially supported by CONACYT project U46936-F, Mexico.
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for appropriate functions F' : R — R. Theorems of the Avram-Parter type concern
complex-valued functions a and say that
Ll T do
i 23 P (Tue) = | Flaon g )

for certain functions F : [0,00) — R. The functions F' in (1) and (2) are referred
to as test functions, and the problem consists in proving whether (1) and (2) or
a modification of (1) and (2) is true for a given test function F. This paper is
devoted to a few open questions pertaining to this problem, and it also contains
some new results.

Here are two concrete problems we have been unable to solve. They provide
the reader with an idea of the kind of questions considered in this paper.

Problem 1.1. Let a be a real-valued trigonometric polynomial that assumes both
positive and negative values and let F(A\) = log|\| for A # 0 and F(0) = 0. Is
there a sequence ni < ng < --- such that

' 1 n L df
Jim eSS FO T = [P g ¢

Problem 1.2. Let F(s) =0 for s € [0,1] and F(s) = slogs for s € [1,00). Is (2)
true for all a € L*(—m,m) for which the right-hand side of (2) is finite?

2. Extensions of the Avram-Parter theorem

We abbreviate LP(—m, ) to LP and denote the function 8 — F(|a(f)|) by F(|a|).
For simplicity, we assume in this section that F' > 0. The question we are interested
in is whether if @ € L* and F : [0,00) — [0, 00) is continuous, does it follow that
1 T F(la®)]) £ if F(la|) € L
1 _ F(s:(T, — -7 2m ’
6o 11 2} (55(Tn(a))) { 0 if F(jal) ¢ L.
j=

Clearly, this amounts to asking whether
S
T = S F(s,(To(@) = [ (Jal) 1, (3)
j=1

where || - [|,, is the norm in LP, that is, || f||b = ST 1FO)P 48 ‘1t is known that (3)
holds if
(a) a € L* and F is continuous (Parter [8], Avram [1]),
(b) a € L' and F is bounded and uniformly continuous (Zamarashkin and Tyr-
tyshnikov [13], Tilli [12]),
(¢) a€ L? (1 < p < oo) and F is continuous with F(s) = O(sP) as s — oo (Serra
Capizzano [10]).
Result (c) implies in particular that (3) is true for all a € L' and all contin-
uous F' : [0,00) — [0,00) satisfying F(s) = O(s). Thus, (b) is contained in (c).
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Note also that in all these case ||F(|a|)||1 < oo. The following result shows that
(3) is always true if || F(|a])||1 = oo.
Proposition 2.1. Let F : [0,00) — [0,00) be a continuous function and let a € L'.
If
1 n
C:=liminf = S F(s;(T,(a))) < oo, 4
it 32 (s (T4 @) < o 0

then F(|a]) € L* and || F(la])|l, < C.
Proof. Fix € > 0 and choose n; < ny < --- so that

— F( n C
nkz (sj(Th,(a)) < C+e.

j=1

For a natural number M, define Fy; : [0,00) — [0, 00) by

F(s) for s e [0, M],
Fy(s)=<¢ (M4+1—-5)F(s) for se[M,M+1],
0 for se€[M+1,00).

The function Fj; is continuous and has compact support. From (b) we therefore
deduce that

/7r Fu(a@®))do = lim —ZFM 55(Tn, (a)))

—T

IN

hmsupi ZFM $j(Th,(a))) < C +e. (5)

k—oo TNk
j=1

Furthermore,

Fi(la(0)]) < Fa(la(0)]) <--- (6)

By the Beppo Levi theorem, (5) and (6) imply that
F(la(®)]) =  lim _Far(la(0)])
is a function in L' and that ||F(|a])|1 < C +e. O

Corollary 2.2. If a € L', then (3) is true whenever F : [0,00) — [0, 00) is contin-
uous and F(|a|) ¢ L*.

Proof. This is immediate from Proposition 2.1. (Il

Thus, if (3) would be valid whenever F : [0,00) — [0, 00) is continuous and
F(la|) € L', we could say that the Avram-Parter theorem is true whenever it
makes sense. Unfortunately, this is not the case.

Proposition 2.3. There exist continuous functions F : [0,00) — [0,00) and func-
tions a € L' such that F(|a|) € L' but (3) is false.
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Proof. Let a(§) = 6= for § € (=7, 7). If 0 < o < 1, then a € L'. The maximal
singular value of the positive definite Hermitian matrix T, (a) is A\, = ||T(a)]
Since ||}, (a)| increases monotonically to ||allcc = 00, there are ny < ng < ---
such that 0 < A\,, < Ay, < --- and A,, — oco. Choose &,, > 0 small enough
and let F' : [0,00) — [0,00) be the function which increases linearly from 0 to
n2 on [An, — Enys Ang ), decreases linearly from nf to 0 on [An,, Any + €ny ], and is
identically zero outside Ug>1[An, — €nys Any + €ny]- We then have

=3 Pl (T @) 2 Pl (T (@) = 2-F () =

and hence

lim sup 1 ZF(sj(Tn(a))) = 0.

n—oo N =
Jj=1

On the other hand,

[F(laDlls = 2/{: F(Gfo‘)do = g /Oo F(s)sfl/o‘*lds

21 a Ji-a
2 “1/a—
= a Zn%()‘nk — €ny) He 1(25nk) <0

if only €y, is chosen small enough. Consequently, the right-hand side of (3) is finite,
but the limit on the left of (3) does not exist or is infinite. O

The function F' constructed in the proof of Proposition 2.3 is not monotonous.
This leads to the following question.

Problem 2.4. Is (3) true for every monotonically increasing and continuous func-
tion F : [0,00) — [0,00) 7

Corollary 2.2 in conjunction with (c) shows that the answer is in the affirma-
tive if Fi(s) ~ s (1 < p < o) as s — 0o, which means that there are constants
0 < C1 < Cy < oo such that C1sP < F(s) < CasP for all sufficiently large s. Here
are some more test functions for which the answer is positive.

Proposition 2.5. Let p be a nonnegative Borel measure on [1,00) such that

F(s):= /100 s dp(x) < oo

forall s > 0. Then F : [0,00) — [0,00) is a continuous, convex, and monotonically
increasing function and (3) is true for this F and all a € L*.

Proof. 1t is clear that F' is nonnegative, monotonically increasing, and convex.
This implies that F' is continuous. By virtue of Corollary 2.2, it remains to prove
(3) under the assumption that

1Dl = [ [ la@)F duto) 57 < o g
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Since the iterated integral in (7) is finite, we deduce from Tonelli’s theorem that
ST la(8)|* df < oo for p-almost all x in the support of the measure y and that

1F el = [ [ la@)F 57 duta). ®

It follows in particular that a € L* for all € supp u. Avram [1] proved that
—ZS] * < lall 9)

for all x > 1. (This nice inequality was rediscovered and proved by different meth-
ods in [11].) Using (8) and (9) we get

[ sy e < [l auto

_ / / [ £2 dfa) = | F(lal)

n

3" Fls(Ta(a)

j=1

and hence
lim sup — ZF si(Tn(a))) < [|F(Ja))]1-
Combining this estimate with Proposition 2.1 we arrive at (3). O

Corollary 2.6. Let I be a finite subset of [0,1] and J be a countable subset of (1,00).
Forpe IUJ, let F, be a positive real number. Suppose the series

F(s):= Z F,sP

converges for every s € [0,00). Then F : [0,00) — [0,00) is a continuous and
monotonically increasing function and (3) holds for this F and all a € L.

Proof. Let du(z) = 3_ ¢ ; Fpo(z — p) dz. Then

ZF sP 4+ / s dp(x) =: F1(s) + Fa(s).

pel

It is obvious that Fj is nonnegative, continuous, and monotonically increasing. For
F5, these properties can be deduced from Proposition 2.5. Since Fy(s) = O(s) as
s — oo, result (c) implies that (3) is true for Fy and all @ € L'. Proposition 2.5
yields (3) for Fy and all a € L'. O

Corollary 2.6 shows in particular that (3) is valid for all a € L' if

F(s) = exp(as®) = Z a—pspﬁ
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with a and 3 in (0, 00). Using Proposition 2.5 with du(z) = X(1,a)(z) dz (a > 1)
we get (3) for all @ € L and

F(s):/ sdr =22
1

log s

Because s/logs = O(s) as s — oo, it follows from (¢) that (3) holds for all
a € L' and F(s) ~ {2 a‘ (s — o0) provided « € (1,00). Analogously (we omit the
computational detalls) the choice du(z) = x(1,0)(®)(a — 2)° "1 dz (@ > 1,3 > 0)
delivers (3) for all @ € L' and

s

P> fogayp

with a € (1,00) and 8 € (0, 00). Taking du(z) = x(1,0)(z)(a — 2)? 7! log(a — z)|7
with @ > 1, 8> 0, v € (—o0, 00), we obtain

(e

(s = 0) (10)

[

F(s) ~ ] (loglogs)” (s — o0), (11)

5
(log s)8
and the measure du(z) = x(1,2) exp(—1/(2 — x)) dz yields
2
s
F(s) ~ Tlog )/ exp(—24/logs) (s — o0). (12)

Note that these two asymptotic estimates are not trivial but require results from [4].

Thus, if F satisfies (11) or (12) then (3) is true for all a € L'. Clearly, the restric-

tion to a > 1 in (10) and (11) can be dropped since F(s) = O(s) for o < 1.
Finally, if u((«, 8)) > 0 for some interval (a, 8) C (1,00), then, for s > 1,

B
F(s) > / 5 dp(z) > su((or B)),

which is impossible if F(s) = O(s(logs)”) with v € R as s — oo. Consequently,
Proposition 2.5 does not give an answer to Problem 1.2.

Remark 2.7. To prove Corollary 2.6 we used that fl s%6(x —p)dx = sP for p > 1.
The formula [ s°6'(z —p)dz = —sPlogs (p > 1) is perhaps a reasonable starting
point for an analysis that yields (3) for F(s) = sPlogs (p > 1) and all @ € L'.
Note that again F'(s) = slog s would remain unattained.

3. Determinants of banded Hermitian Toeplitz matrices

While Section 2 was concerned with test functions that do not satisfy the usual
growth restrictions at infinity, we now turn to Szegd’s formula (1) for a € L* and
F(X\) = log |A]. In that case the behavior of F'(\) as |A\| — oo is not of importance.
The delicacy comes rather from the singularity of the function at the origin.

For F(A\) = log |\, formula (1) can be written in the form

1o Dafa)] = [ Togla(0)] 52 +o(0), (13)
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where D, (a) = detTy,(a). If |a(8)] > ¢ > 0 for almost all § € (—m,7), then
|A;j(Th(a))] > & >0 for all j and n and (13) is known to be true (see, e.g., [5]). We
are interested in the question on what happens to (13) if |a| is not bounded away
from zero.

Things are fairly transparent for tridiagonal Toeplitz matrices. If a(f) =
e 4 e =2 cos 6, straightforward computation gives

0 if n=1,3(mod4) - a0
Dp(a)=< -1 if n=2(mod4) and / log |a(0)| o = 0.
1 if n=0(mod4) - T
Thus, (13) is true if (and only if) we agree to define log0 := 0. Without that

agreement, (13) would still hold with the restriction to even n’s. The general form
of a real-valued trigonometric polynomial of degree 1 is

a() = c+ be® + e~ (14)

where ¢ € R and b € C\ {0}. This function can also be written in the form
a(0) = ¢+ 2|b| cos(6 — ). The eigenvalues of T;,(a) are

Aj =X (Th(a)) = ¢+ 2[b| cos (G=1,...,n) (15)
(see [2] or [5]). They densely fill the segment [c — 2|b|, ¢ + 2|b|] as n — oo. This
segment contains the origin, or equivalently, the function a has a real zero, if and
only if |¢| < 2|b|, in which case there is a unique z € [0, 1] such that

n+1

¢+ 2|b|cosmz = 0. (16)

The degree of approximation of x by rational fractions with n in the denominator
is measured by

Throughout what follows we define log0 := 0.

Proposition 3.1. Let a be given by (14), suppose |c| < 2|b|, and define x € [0,1] by
(16). Then

1 m o 1
" log | D (0) :/0 loga(6)] 5 + + loghu(n + 1) + o(1). (17)

_ w From (15) and (16) we

Proof. Let j, € {1,...,n} satisfy ’g: _ In_ L

n+1

infer that, as n — oo,
Tjn
n

A 21b|

cos — cos x| ~ 27|b| sin(wx)

Yy(n+1)
n+1

o
n+1

= 2m|b|sin(mzx)

7
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where a;, ~ (3, means that o, /3, — 1. Hence,
Yy(n+1)
n+1

Since |A\; — x| > m for j # jn, it follows from [9, No. 29 on p. 53] that

1 1 /"
= Z log |\, —/ log |¢ + 2|b| cos 8]d0 + o(1)
" i ™o

1 2
= —/ log |¢ + 2|b| cos 0|df + o(1),
2 0

1 1 1
“log |\, | = —1 +0(1) = =log ¥z (n + 1) + o(1).
~log|);,| = ~log o(1) = —~logtu(n +1) + o(1)

which completes the proof. [l
Thus, (13) holds if and only if < log,(n+1) — 0 as n — occ.

Proposition 3.2. The set X of all x € [0,1] for which %log Yy(n + 1) does not
converge to zero as n — oo is uncountable, dense, and of measure zero. Rational
numbers do not belong to X.

Proof. We use results that can all be found in [6] and [7]. Clearly, < log ¢, (n + 1)
goes to 0 if and only if L log 1)y (n) — 0.1f x = p/q is rational, then ¢, (n) = 0if n is
divisible by ¢ and ¥, (n) > 1/(gn) if n is not divisible by ¢. Thus, %log Yz(n) — 0
and x ¢ X. So assume z is irrational.

A function ¢ : N — (0, 1] is called an approximation function for an irrational
number y if there exists a sequence nj — oo such that ¢, (nr) < ¢(ni). Let A(yp)
denote the set of all irrational y € (0, 1) for which ¢ is an approximation function.

Let the irrational number z be in X. Then there exist an ¢ > 0 and a
sequence ng — oo such that nl—k |log v, (ng)| > 2 for all ng. Thus, letting X
denote the set of all irrational y € X for which there is a sequence ny — oo
such that n—lk |log ¥y, (ng)| > 2/N for all ng, we have X C U¥_, Xn. If z € Xy,
then |log,(nk)| > 2ni /N for some sequence ny — oo and hence we obtain that
VYe(ng) < e”2/N < e~ /N This implies that z € A(py) for py(n) = e /N,
Since >">7 , on(n) < oo, the set A(pn) has measure zero (Khinchin’s theorem).
Consequently, Xy C A(pn) is of measure zero and thus X" also has measure zero.

Finally, take p(n) = e Ifx € A(p), then ¢, (ng) < e~ for some sequence
ny — oo. For this sequence, n—lk |log 1, (nk)| — oo. Thus, x € X. We have proved
that A(¢) C X. Since A(p) is known to be uncountable and dense for every
function ¢ : N — (0, 1], it follows that X" is uncountable and dense as well. O

We remark that irrational numbers that are algebraic over Q do also not
belong to X since, by a theorem of Liouville, 4, (n) > cn! = with some ¢ > 0 if =
is algebraic of degree a > 2.

The example a(f) = 2 cosf considered in the beginning motivates the re-
striction to matrix dimensions n that belong to arithmetic progressions. Here is a
result in this direction.
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Proposition 3.3. Let a be given by (14), suppose |c| < 2|b|, and define x € [0,1] by
(16). For each natural number € > 1, there exists a subsequence {ni,na,ns,...} of
{¢,2¢,3¢,...} such that % log . (ng + 1) — 0 and hence

T

1 de
108 1Dy (@] = | loglal0)] 57 +0(1) (k= oc).
Proof. Since % log 1, (n+1) — 0 for rational numbers z, we may assume that x is
irrational. Let jpmet1 € {1,...,ml} be the number for which [(ml+ 1)z — jmet1| =
Py (ml + 1). We have ¢,(mf + 1) < 1 and hence logy,(mf + 1) < 0 for all m.
Assume there is no sequence my — oo such that m%ce log ¢, (mpf + 1) — 0. Then

there is an € > 0 such that - log 1, (mf + 1) < —¢ and thus 1, (mf + 1) < e~

for all m. We write z in thembease l+1:
T £2 z3
S R R SR T VT R
Then
4Dz =a(C+ D) 4 by + Z’j:i + (;ff)Q 4o
and hence

Jesrr =21+ DM o or gy =2 (04+ 1) 4 a4+ 1
If1 <xpqe1 <€-—1, then
1
k k .
V(£ 1) = (€ + D" = o] 2 7

Consequently, HLl < e_[(“‘l)k_l]f, which is impossible for & > k. It follows that
Ti4+1 = 0 or 1 = £ for all k£ > k1. Suppose we have zp+1 = 0 and o = ¢. In
that case j1yr = 21(£ + 1) + - + 2 and

Yo(C+ 1P = €+ 1)z — jupiy
14 TE43 Lh44 ¢
12 W1 xS U

As (l+l1)2 < 6_[(€+1)k_1]5 is not true whenever k > ky, we conclude that the
combination z;+1 = 0 and zi4+2 = £ is not possible for k > ky. Thus, either i =0
for all k > k3 or x;, = £ for all £ > k3. But this is a contradiction to our hypothesis
that x be irrational. O

The previous three propositions dealt with trigonometric polynomials of the
degree 1. We don’t know a useful result on general trigonometric polynomials, but
we can say at least the following. For convenience we assume that a is nonconstant
and ||al|e := max|a(f)] = 1; the general case can be reduced to this case by
multiplying a by an appropriate constant. Our assumption guarantees that all
eigenvalues of T, (a) lie in (—1,1). We denote by ||T,F (a)|| the spectral norm of the
Moore-Penrose inverse of T, (a). Clearly, ||7.5(a)| is nothing but the maximum
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of the inverses of the absolute values of the nonzero eigenvalues of T, (a). Thus,
ITF(a)|| > 1 for all n > 1.

Proposition 3.4. Let a be a real-valued trigonometric polynomial with at least one
real zero and with ||a|lcc = 1. If @ > 1 is the mazximal order of the real zeros of a,

then
4 og | T (a
%log|Dn(a)| = / log |a(9)|d—9 +0 (M> +o(1).

o o7 ni/e

Proof. We omit the technical details and confine ourselves to an outline of the
basic steps. Let r > 1 be the degree of the trigonometric polynomial a. We denote
by Cp+r(a) the circulant matrix of order n + R that can be associated with the
banded Toeplitz matrix T),(a) (see, e.g., [2, p. 33]). Let A < --- < Anyr be the
eigenvalues of C, 4 r(a) and denote by A\ < --- < A, the eigenvalues of T),(a). By
Cauchy’s interlacing theorem, 5\j <A < 5\j+R for j = 1,...,n. The eigenvalues

of Cpyr(a) are
2rk
k=0,... —1).
a(n+R> (k=0,...,n+ R—1)

Since |a’(#)| is bounded, we have
27 M
<

. 2n(k+1) . 2k
n+ R n+ R n+ R~ n+R

with some constant M < oo for all k. We can show that
M
* {j Al < R} =0(n'~1"), (18)

n+
where #F denotes the number of elements of a finite set E. Let F(\) = log|\|.

Using (18) we get
o ((sltito

nl/a

= |a’(0)]

3 F(\)

3M
IAJI<73+R

Furthermore, we can prove that

3 |F()\j);F()\j)|+ 3 |F()\j)—nF()\j+R)|:O(1)_

«_ 3M > _3M
Y RSy AiZntE

Making use of [9, No. 29 on p. 53] we finally obtain that

> Fy) ) M:[ log|a(9)|§+0(1)~

g n - n
/\jg_va]rMR /\JEVSJ];JR
Putting the things together we arrive at the asserted formula. O

Proposition 3.4 tells us that (13) is certainly true if |7, (a)|| increases at
most polynomially. If, in particular, a(6) > 0 for all § or a(f) < 0 for all 6, then
T (a)|| = 1T (a)|| = O(n®) (see [2, Corollary 4.34]) and hence (13) is valid.
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The following problem (which is Problem 1.1 in the case £ = 1) is perhaps
the simplest one should tackle to gain more insight into the matter.

Problem 3.5. Let a be a real-valued trigonometric polynomial that assumes both
positive and negative values and let £ > 1 be a natural number. Is there a subse-
quence {ni,na,ng,...} of {£,2¢,3¢,...} such that

™

tog 1D (@) = [ togla0)] 57 +0(1) (k= o0) 2

4. Higher dimensions and block case

The problems considered so far are of even greater interest for higher-dimensional
block Toeplitz operators. Let a : (—m,7)% — CV*¥ be in L' on (-7, 7)? and put
1

= 0. ... 0)e tbt+iaba) g0 4o
a; (27T)d /(bﬂ—ﬂ-r)d a( 1 ) d)e 1 d

for j = (j1,...,j4) € Z*. We denote by T, (a) the operator acting on the ¢ space
of all functions ¢ : {1,...,n}% — CV by the rule

(Tn(a)p); = Z a;—rer, jeEAL,... ,n}d,
ke{l,...,n}d

After preliminary work by many authors, Tilli [12] found textbook proofs of the
following formulas: if a = a* then

Tim S RO (T(@) = /( 2 2 Fu(a®)) <chf>d
= —T,)% —q
and for general a we have
Nn® N
Tim 3 F(sy () = /( 2 Flsw(a@) <chf>d

provided that F': R — R is bounded and uniformly continuous.

It follows in particular that if a : (—m, )% — CN*V is a matrix-valued
trigonometric polynomial in d variables such that a(6) is a positive definite Her-
mitian matrix for every 6 € (—m,7)%, then

do

1
—a log |Dp(a)| = /(mr)d log |det a(6)] ) +o(1). (19)
Now suppose
a(01,62) = w + ue® +ureT 0 4 peif2 4 yre2 (20)

where v € CV*V is Hermitian and u,v are arbitrary matrices in CV*¥ . Then
a = a*. From Section 3 we know that we cannot expect (19) to be true for indefinite
matrix functions. Here is a precise result in this direction.
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Proposition 4.1. Let £ > 1 be a natural number. There exist scalar-valued functions
of the form (20) and a subsequence {ni,n2,ns,...} of {£,2¢,3¢,...} such that
log |a| is in L' but

!
Jim 2 log | Dy, (a)| = o0

Proof. Let
0,(01, 92) = 0,1(91)0,2(92) = (Cl + blewl + 51671‘61)(62 —+ b26i02 +l_)267i02)

with ¢; € R and b; € C. Clearly, log|a| € L. Suppose |c;| < 2|b;| and define
€ [0,1] by ¢; + 2]bj| cosmx; = 0. We have T, (a) = T,,(a1) ® Ty (az) and hence
Dn(a’) = Dn(al)nDn(aQ)n' Thus,

1 1
ﬁlongn(a)l = ;long (a1)] + = logID (az)|-

Taking into account Proposition 2.1 and the 1dent1ty

do df,do
/ 10g|a1(91)|—+/ log |az (62 |—2 / / log |a (61, 62)] (1 )2

we therefore see that - log | Dy, (a)| equals

d6,do 1 1
[ toslat6n,00)) G + o+ 1) + 3 log s n+ 1)+ o(1),

We are so left with showing that there are x € [0,1] and m; < ma < --- such
that mik log 1, (émy, + 1) — oo. But if z is a number whose representation in the
base ¢ 4+ 1 is of the form z = 0.10...010...010...010... with sufficiently long
chains of zeros, then mik log ¥, (¢my, + 1) — oo if the numbers ¢my + 1 are chosen
as appropriate powers of £ + 1. (Il

We conclude with two open questions. The first of them can perhaps be
tackled as in the proof of Proposition 3.4 by comparing Toeplitz matrices with
appropriate circulants. The second of these questions seems to be harder and is in
fact the thing one really wants to know.

Problem 4.2. Let a : (—m, 7| — CNXN be a trigonometric matriz polynomial
such that a(f) is a Hermitian matriz with all eigenvalues in (—1,1) for every
0 € (—m,w|%. Suppose also that deta has at least one zero in (—m,w]e. Is there a
number B € (0,00) such that

1 1 do log || T, (a)|]
Elog|Dn(a)| =— /(mr)dlog|det a(0)] @) +0 < oy +o(l) ?

2 )

Problem 4.3. Let a be of the form (20) and let £ > 1 be a natural number. Is there
a subsequence {ny,na,ms,...} of {£,2¢,3¢,...} such that Dy, (a) # 0 for all k and

1 T d61d0
n—zlog|an(a)| = [w [W10g|det a(61,63)] on)? +o(1)
as k — o0 ?
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Added in proof. Problems 1.2 and 2.4 were recently solved in [3]. The answer to
Problem 1.2 is in the affirmative, while that to Problem 2.4 is negative.
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On the Numerical Solution of a
Hypersingular Integral Equation
with Fixed Singularities

M.R. Capobianco, G. Criscuolo and P. Junghanns

Abstract. For the numerical solution of the hypersingular integral equation
of a notched half-plane problem we propose collocation methods which look
for an approximation of the derivative of the solution of the original equation.
This derivative is the solution of a Cauchy singular integral equation with
additional fixed singularities. We also give a solvability analysis of the original
equation which motivates the suggested numerical methods.
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1. Introduction
Consider the hypersingular integral equation

L )| Wy = ), 1<t L

™)1 [ (y—x)?

where the finite part integral has to be understood in the sense of Hadamard as
the derivative of a Cauchy principal value integral,

l/_l Mdyil/l ww) 4. (1.2)

™)1 (y—x)? Cdem )y y—x

Moreover,

. 120+2)  12(1+2)?
h(z,y) = (2+y+m)2+(2+y+$)3 2+y+a)
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i

\

This equation is obtained by A.C. Kaya and F. Erdo-
gan [11, (57), (72)] considering a notched elastic half-
plane: A straight crack of normalized length 2 ends at
the boundary of an elastic half-plane at right angle,
the faces of the cut and the edge of the half-plane are
free from external forces and the medium is subjected
at infinity to tensile forces p perpendicular to the line
of the cut. The region occupied by the elastic medium
is placed in the half-plane {(z,y) € R? : 2 > —1} (see
the figure). The right-hand side in (1.1) then equals
f(z) = —1;_—& p(z) , where the elastic constants p and
K are the sh%aring modulus and Muskhelishvili’s con-
stant, respectively. The unknown function u(z) is the
crack opening displacement. Hence, we are interested
in bounded solutions u(z) of equation (1.1) vanishing

at the point 1,
u(l) =0. (1.3)

The function h(x,y) can be written in the form

Mey) = -G53 y1+ e (211(21?)3 B (;i(lyiy;; = %hO(x’y)
with
2
hol@:y) = 33 ; tr (26+(1y++y;)2 (24§r1 ;f)x)iﬂ
1 ~ 2(1+a) 4(1+ )2
24+y+x (2+y+z)?2 2+y+a)3
1 2y —x)(1 +x)

Consequently, using (1.2)

2+y+ax (2+y+a)’

Zo
and applying the integration operator / dz to equa-
0

tion (1.1), this equation can be written in the form

(gu) (x) := %/1 [y% + ho(z,y) — hi(y)| uly)dy = Flz), —-1l<z<1,
B (1.4)
where F(z) = /0 f(y) dy and
_1 _o
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The operator A defined by

~ 10
(Au) (x) := —/ [ + ho(x,y)} u(y)dy, —-l<ax<l, (1.5)
TJo1 Y-
(cf. (1.4)) is the integral operator of the equation
I
L )] i =g, c1<a<i e
T) 1 |ly—=z

of a notched half-plane considered in [10, (37a.10), (37a.10")], where the right-hand
side is of the form

9(x) = g1(1+2) + go (1.7)
with a given constant g;, but an unknown constant go. If we assume that the

solution u(zx) of (1.1) has a p-summable derivative u’(x) for some p > 1, then, due
to (1.3) and due to [14, Chapter II, Lemma 6.1],

1 1 /
u(y) u(=1) / u'(y)
—_— = — —>d -1 1.
/ 5 dy 1+I+ Y, <z <

71(21*15) -1Yy—x

Furthermore, integration by part, again using (1.3), gives

' u(y) Cou(=1) 1t ()
/,1 (2 4y + z)k+1 dy = k(14 z)k +E/,1 24y + x)* 4y

x>—-1, k=1,2,.... Consequently, v(xz) = u/(z) is a solution of the equation
(Bv) (z) = f(x) (1.8)
where
171 1 6(1+ ) 4(1+4z)? }
B B — + — dy .
o =1 [ | g T )

This equation can also be written in the form

1/1 [l 41 +y)° oty = 50

) ily—z 24y+z (2+y+2x)? (2+y+a)
or as
I | 1 2(1+vy) 4(1+m)(1+y)}
7r/_1 {ya:+2+y+zz: 2+y+a)? 2+y+uz)3 vly) dy = f()

(cf. [2, equ. (14.3)]). For practical purposes the so called stress intensity factor at
point z = 1 defined by

2
(1) = 2 i )
K+ 12-1-0,/2(1 — )
is of main interest in fracture mechanics (cf. [11, (75)]). In terms of the solution
v(x) = u/(z) of equation (1.8) we get, taking into account (1.3),

_;-;2411:1 im [u'(x) 2(1— a:)} . (1.9)

k(1) =
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The remaining part of the paper is organized as follows. In Section 2 we discuss
some solvability properties of the operator equations presented here in weighted
spaces of summable functions. Basing on these results, in Section 3 we propose
collocation methods for the approximate solution of equation (1.8). Section 4 is
devoted to the effective realization of the collocation methods utilizing special
structural properties of the matrices of the respective discretized equations. Fi-
nally, in Section 5 we present numerical results paying attention not only to the
computation of the stress intensity factor but also to the condition of the dis-
crete systems, since these condition numbers are important for the application of
a Krylov subspace iteration method, the CGNR-algorithm, to solve the systems.

2. Solvability properties

Let v*#(z) = (1 — 2)*(1 + z)® be a Jacobi weight, a,3 € (—1,p—1). For 1 <
p<oo,byL? ;= L?(v*#) we denote the Banach space of all (w.r.t. the weight
v®8(x)) p-summable functions u : (—1,1) — C equipped with the norm

lulls , = (th|ua>anﬂ<x>dx)% .

Moreover, let LP = LP(v*%) and LY = U LP. We also use the notations
1<p<oo

L? = LP(w) and

w

1 1—=x 1+x
— 1— 2 — = .
o(z) z?, o(z) Nk “\Vira Vs

In case p = 2, the space L2 is equipped with the inner product

woly = [ u@iiEels) ds

-1

and the associated norm |jul|, = /(u,u)_,. In [2, Theorem 14.1] we find the
following solvability properties of equations (1.6) and (1.8).

Proposition 2.1. Let A be the operator defined in (1.5). Then

(a) A:L9 — L9 is a Fredholm operator with index 1, where ker(A) = span {uo}
with v3: %0 € C®(—=1,1)N H, (—1,1], and uo(t) is bounded in (—1,0).

H, there are denoted Hélder classes, i.e., for example,
H,(a,b] =1 f:(a,b] — C with  sup {M}<oo .
a<z<y<b |z —ylP

C>(a,b) denotes the set of all continuous functions f : (a,b) — C for which
all derivatives f*¥) : (a,b) — C, k=1,2,..., exist.
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(b) Let 2 < p < oo. For each f € LP(v*P) | equation (1.6) has a unique solution
u € LP(v08). If g(z) is of the form (1.7) then u(l) = 0, u € C>®(-1,1),
and u : (=1,1] — C is bounded.

(¢) In case f(x) =1 the solution v(x) of equation (1.8) is bounded at the point
z=—1 and v?% € C®(—=1,1) N H,(-1,1].

We are also interested in solvability properties of equations (1.4), (1.6), and

1 1+
(1.8) in L2(v™?) spaces with o # 0. For this define y = ta and 0 = 1+5 ,

[\]

a'Y(g):7COth7T(i’Y+£)a 7OO<£<007

and

b (€) = coth (i + €) + n0,5(§) — 6n1,5(8) +4n2,5(8), —oo<E< o0,
and

b5 (€) = cothm(id + &) +no,5(8) + 2n1,5(6) — 4n2,5(€), —00 <& < o0,
where

mal®) = 0 (" T

Consider the oriented (closed) curves

I‘ﬁ(g ={ay(§): —00 <€ < oo} U {b?({) oo <E€< oo}

and
IDs={ay(§) 1 —00 < £ < oo} U{bF (&) : —o0 <€ < o0} .

If0o¢T, by windI' we denote the winding number of the closed curve I' w.r.t. to
the origin.

Proposition 2.2 ([2], Theorem 9.1). The operator A : L2(v*#) — L2(v™P) is
Fredholm if and only if 0 & 1"’;175, where ind A = —wind 1"?)5. Moreover, if the
operator A : L2(v™P) — L2(v™P) is Fredholm then it is at least one-sided in-

vertible. The same holds true for the operator B : L?(v®8) — L2(v®P) if Il is

' A
used instead of I'2 5.

1
From the investigations of [2, Section 14] we get, for v # 3

sgn(y71—-2)—1

1+sgn(y~!-2)
: .

. A
wind I'J 5 = 5

. B _
and windI'J 5 =

The following figures show Fﬁié in case a =3 =—1 and I‘fié incasea=0=3.
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Corollary 2.3. The operator B : L?@ — L?@ is invertible, i.e., equation (1.8) has
for each right-hand side f € Li a unique solution v € L?p. The same is true for
the operator A: L2 — L2 of the equation (1.6).

1
Remark 2.4. For each solution v € L2 of (1.8) the function u(x) = —/ v(y) dy

is a solution of (1.4) as well as of (1.1). This follows from the fact, that v € Li

implies v € LP for 1 <p < % , and from the considerations in Section 1.

By L2 we denote the space {f € L2 : f’ € L2} equipped with the norm

1fllgzs = IFIG + 1F715 -

Since [’ € pr is equivalent to f’? € L2 the Sobolev like space L2! belongs to a
scale of Hilbert spaces introduced, for example, in [1] (cf. [1, pp. 196, 197]). For
€ [-1,1], let L2 be the subspace of such functions u € L2 satisfying u(t) = 0.

Proposition 2.5. The operator A Li% — Li”lo defined in (1.4) is bounded and
invertible.

Proof. By the considerations in Section 1 and by Remark 2.4 we have, for u € L>!

(o) = [ "(Bu)(y) dy

such that, due to B € L(L?), |(Au) ()| < const ”u/”Li . Consequently,

| Aulyzs = IAul + [Bw < constullyzs  Vu e LAL.
It remains to show that A : Liﬁ — Li:é is bijective. If u € Liﬁ and Au = 0
then Bu' = 0 and, in view of Corollary 2.3, v’ = 0. This implies u = 0. Now, let
fe Li’}) . Then, again due to Corollary 2.3, there exists a v € L?p with Bv = f/,

T 1

which implies f(x) = / (Bu)(y)dy, z € [-1,1], and u(z) = 7/ v(y)dy is a
~ 0 T

solution of Au = f. O
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In view of Proposition 2.1,(c) we expect that the solution of (1.8) is of the
form

vo(x)
v(x) = N (2.2)
with a bounded function vg : [-1,1] — R. The operator J : L — L2, f
002 f is an isometrical isomorphism. Consequently, equation (1.8) considered in
L? is equivalent to the equation JBJ 'u = Jf =: f considered in L7, where
u = Jv. If we write the kernel function of the integral operator B in the form
1 1+z\ 1 _ 1 6x 4a?
p—- +hp (ler) 5y with hp(z) = 172 + (+2?2 (127

then the kernel function of the integral operator A := JBJ ™! is equal to

142 1 1+ 1
N thp () ——
1+y |ly—= 14y /) 1+y
1 1 1 1 1 1
- — (1—,/ﬂ)+,/ H‘"hB( HC) (2.3)
y—r y—x 14y 14y 1+y/) 1+y

1 T+2\ 1 1
- hal—/2) — with h —Vzh -
- A(lﬂ/)lﬂ/ s A(@) = Vaha(@) 14z

y—x
As a consequence of these considerations, in the remaining part of this paper
we propose and investigate collocation methods for the numerical solution of the
operator equation

e =1 [ [ (B e Juwa=fw. s

TJaly—=z I+y) 1+y

—1 < z < 1, in the Hilbert space LZ. Moreover, since equation (1.8) is also
uniquely solvable in Li (cf. Prop. 2.2 and the following figure) we will try to apply
the same methods and compared to it two further collocation methods directly to
(1.8), too.

B . 1
I'Jsincase a =3, 8
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Remark 2.6. Kalandiya [10, Sect. 37a] considers the notched half-plane problem
in the form (1.6), (1.7) with the unknown constant go and proposes a collocation-
quadrature method for the numerical solution of (1.6) respectively for the equation
transformed with the help of the operator J . But, the linear functional

go(u) = = / ha (y)u(y) dy

™J-1

is not bounded in appropriate weighted L2 spaces. Moreover, Kalandiya took not
into account that the integral operator with the kernel function ho(x,y) is not
compact in such spaces. Indeed, due to Prop. 2.2 the integral equation (1.6) is
uniquely solvable in L? p Jor each right-hand side g € L2 and -1 < a < 0,
—1<f<l.For0<a<l1,-1<pg<1, equation (1.6) is solvable for each mght—
hand side g € L2 g and the respectwe homogeneous equation has a one-dimensional
solution space in L? - Hence, there is no free condition for the determination of
the unknown constant go in (1.7) (cf. also Prop. 2.1, (a), (b)).

3. Collocation methods

We look for an approximate solution of an integral equation of the form
b(x) /1 uly) 1 /1 (1 + a:> dy
A = + — dy + — h
(Au)(z) = ale)u(e) + =7 [ 00 () s = 1.

-1 < z < 1, with piecewise continuous functions a,b : [-1,1] — C and a
continuous function h : (0,00) — C as

1) = 6ulinla), (3.1)
k=1

where
N 1 NN (0

Here, for 7 = o or 7 = ¢, p}(z) and ], denote the nth Chebyshev polynomial
of first or second kind and the respective Chebyshev nodes of first or second kind

~ 2k —1m

T, (coss) =cos(ns), n=0,1,2,..., zzk:coszi,kzl,...,n.
n
and
~ i 1 k
Un(coss):w, n=0,1,2,..., x‘pk:cos—ﬂ,kzl,...,n.
sin s " n+1

The respective normalized (w.r.t. the inner product (.,.)_) Chebyshev polynomials
pl(z) of first and second kind are

1 2
To(z) = 7 T, (coss) = \/; cos(ns), n=12 ...
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and

2 si 1
Un(coss):\/jw, n=0,1,2,...
T

sin s
Having in mind the representation (2.2) for a solution v(x) of equation (1.8) and
u = Jo for a solution u(z) of equation (2.4), for ¥(z) we choose

Px) =v(x) =4/ 1—1—2 v 53(z) or O(x)= \/117_11 =0 702).

With these notations the collocation methods under consideration can be written

as
1 /| b(ar, 1+ a7, 1
a(a:;j)§nj+—/ ( ]T) +h< ]>
T 1|y, l+y J1+y

j=1,...,n, or shortly as

(3.2)

im L, °

where

n
Mf =) flang)ly = VL9~ f
k=1
and L] denotes the usual Lagrange interpolation operator w.r.t. the nodes 27, ,

k = 1,...,n. Moreover, im L,, is the image space of the orthoprojection L, :
n—1

L — L, uw— Z (u, ), U With the complete orthonormal system {uy},~,
k=0

in L2, szlere Un(z) = v(z)p%(z) in case ¥ = v and @, (z) = v~ 20(z)p% () in case

9 =v"2".

Remark 3.1. In [5, 6, 7, 8] the stability of collocation methods analogous to (3.2)
is studied in spaces Liﬂ, where weighted interpolation operators YLT 9~ with
more general 9 = v* P are used. The parameters og and By have to satisfy the
conditions

aO:i_%#07 ﬁozi_g#oa aaﬁe(_171)’ (33)

which imply ,i < ag, fo < % . Since in the present situation cg = f% , the results

in [5, 6, 7, 8] do not cover the collocation methods (3.2) of interest in the present

situation. Note also, that in case 9(x) = one has By =0.
( ) m 50
In the present paper we only pay attention to the computational aspects of
the proposed collocation methods and the presentation of numerical results. The
theoretical investigation of stability and convergence, which are rather technical
(cf., for example, [5, 6, 7, 8]), keeps reserved to a forthcoming paper.
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4. Computational aspects

Let us discuss computational aspects of the collocation methods (3.2) applied
o (1.8) and (2.4). We are especially interested in an efficient assembling of the
matrix entries of the collocation equations or, more precisely, in a fast matrix
vector multiplication to be able to realize iterative methods for the solution of
these equations effectively. For this end, we are looking for structural properties
of the system matrices.

4.1. Collocation for equation (1.8)

Write the operator B of (1.8) in the form B =S — Ny + 6 Ny — 4 N3, where, for
€ (-1,1),

(Su)(z):l/ Mdy and (Nyu)(z) = %/_IM(@

T iy—2x 24y + )Tl

Moreover, let us compute

H(x):/_lyiz 1dy_y for z € (—o0,1)\{-1}.

Using the substitution 22 = 1 — y we get

V2
d 1 2+ v1—
H(z) = 2/ G I V2 < (4.1)
o l-—z-22 VI—z |V2-I—2|
Now, our aim is to compute the entries o, (AE;,C) (z7,;) of the matrices A,

associated to the collocation methods (3. ) First, let us look for representations
of the matrices

Sy, = { (SZ;k) (xﬁj) } ,n and Ny, = { (anﬁk) (37;]‘) }

7,k=1

k=1
which admit to solve the linear systems
Anfn =Tn, En = [ gnk }knzl > Tn = [ f(x;rlk) }knzl ’ (4'2)

corresponding to the collocation methods (3.2), in a fast manner.

~ n
Remark 4.1. In the situations, under consideration here, the basis {E;k} of the

space im L,, is not orthonormal. Thus, stability of the collocation methods would
not imply the uniform boundedness of the condition numbers of the sequence of
matrices {A,}, =, . On the other hand, in case T = o one can show with the help
of the Gaussian rule (w.r.t. the Chebyshev weight of first kind) that the system

~ n
{\/g(l - zzk)féfflk}k:1 forms an orthonormal basis of im L,,. In case 7 = ¢

this basis is “almost orthonormal”. Indeed, for example, in case Y = v using the
abbreviation
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we have

(G )

1
n p(z)
= U;k)/ Eik(l’)gﬁj(ﬂf)l . dx
1

(n) [/1 e (@)l () — eik(l)gﬁj(l)g@(m)dm n ngk(l)gij(l)]

1—x

0 [§ GG GG it

2

m=1

k(1 — %)) () o 17 &
= I8 Tkl . 1% (1) |1 — E 1+z?
n + 1 + Wﬂjk Enk( )En]( ) n + 1 m:1( + mnm)

™

— 7 [0 (= 2f) + (D) (el )e(l)]

Consequently, system (4.2) can be preconditioned by diagonal matrices and we will
solve the system

Anln =, (4.3)

where A, = D, A, D!, D, = diag [ /T -z L’L . Tn = Dpnn, and &, =
Dn&n -
We will use the well-known relations
S@Uk = *Tk+1, SO’Tk :Uk,1 k:0,1,2,... , (44)

and, for 0 < k <n,

Tnfk(z) — Thikt2 (93)

Un(2)Ug(z) = 2o : (4.5)
On@)Ten (@) = 5 Unoama (@) + Unsiera @) (1.6
@) = LE [Lpale) + Tomslo)] (47)
Tu@)Uis (@) = 5 Uninoa(@) — Ui (2] (45)

2
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’59':1’3':1,27.,_,6;?:1,j:0,1,2,...Deﬁne

hd@’%@)l/mpﬂwﬁwﬁ@ Vi), zeR\ {1},

T)_ L y—x s

and let us represent the weighted fundamental Lagrange interpolation polynomials
in the form

Co=0Y ehuph with = (Gudphia) . (49)
m=1
Then,
S, =H.J, and N,k = (D) HZI7, (4.10)
where J7, = [ e, | " _,  H = [ hmo1(a7;) ]/:n:l , and

D7, = diag [ (1+27,) ]

n
k=1’

T,K 1 K T "
B =5 [ 1 -2 -ary) |

! J7 15 m=1

We get, using the Gaussian rules w.r.t. the weights o(z) and (),

V208, _ (m—1)2k — D)7 o V2w p(al) . mkm

g2, = cos and ¢

™ d(ad,) 2n mk 41 9(2¥)) 1
Consequently,
V2 - V2 -
77 =Yg C2F0 ) and Jr = YL SIEd e (4.11)
n s n-+ 1 sP

where E,, = diag [ /0)_, L;; , Fx . = diag [ x(z7,,) ]1::1 , and S as well as
C? denote the first discrete sine and the second discrete cosine transforms,

Sk = [ sin Jkm } and C? = [ cos —(j — D@k = Ur }
n+1 |;p 2n k=1

respectively. This enables us to apply the matrices J7, to a vector of length n with
O(nlogn) complexity. If we set

n

~

By = [ (e, |
then

2 ~ 2 ~ 2 ~ 2 ~
wy— 2 6ge,, mon = 2B, wp- 28 e 2R

Let us explain the structure of the matrices S, in the two different cases of the
weight 9(x) .

YT, K 1 ~(k n
and HZ, = E [ A )71(727937-) ]

Jj,m=1

Case ¥(z) = /2 In view of (4.4) we get

1—x°

~

B _1(@) = (1 +2)Upm—a(2) + 61,0,
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so that

= —1)(2j -1 " Y
HY = | v(a,)sin (m )2( j—Um oo } — Fn,oSZVZ +P,
n

Jjym=1
(S2)T we refer to the third discrete sine transform

k(25 — 1) } !
27’L j,k=1

where by S? =

7

[sin

by V,, to the matrix of the forward shift in C™, and by P; to the matrix
1
Pr=|:|[1 0 - 0].
1

Together with the first relation in (4.11) we conclude
22 2 (v @3yl o L 2
JEXCAF: , = = |F2SIVE + 2Py | CIFs .
" .

n,o¥n ¥ n n>-ns n,o n,o¥n ¥ n

2
S7 =HJ = = [FY ,SEVY + Py
n

To get a representation for H¥ we make the following observation. For general

d(zx), write

hE(z) = %/_1 —U"(y; — ;]"(I) I(y) dy + —U";x) /_1 ;(—yl dy

=t g%(@) + Un(@)ho(x)
and
97(5) = 35 Uk@) with %= [ g2 @Ui@pla) do
k=0 -
We have
Vrok =/_1 %/_1 W%(aﬁ)w(@ dzd(y) dy =: /_lek(y)i‘/‘(y) dy .

Using (4.4), (4.5), and (4.6) we get

) = ﬁn(y)Tkﬂ(y) 5 [1 Tn_k(x)y_T;MH(x) o(x)dx =Up_-1(y) .

It follows
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Set%’:Oifj<0a%‘:\/g’Vj if 7 >0, and let

r o &'0 A’Yil 5n_2 7
0 F - A
r, = [ Wmfkfl ]I:m_io =
Yo
L 0 |

Then, in the present case (¢ = v, 7 = ) we get

. m—1 n n
HY = | Y FmosUs(a)) ] + [ Un—1(zy;)ho(2y,;) }
k=0

Jsm=1
= F;,[SiTn+S,],
where we took into account that iALO(a:) =1, -1 <z < 1. Consequently,

2
S¢ =HE)Y = ——F7 S| [T + L, SLFY!
n an n+1 n,cpsn[ + ]Sn n,p

where py(2) =1 — . To compute the ~;’s in this case we define

Ve = /1 Ui (2)v(2) da

and use the relations

1
~ dz
Ui(z) ——= k even,
g /1(1 U dx /_1 k()\/lfgz:Q "
= + €T xTr) —]—/ =
Tk . ) k( ) m 1 e
/ xUg(x) k odd,
-1 1—=x
and
R koo R k=1
Un(x) =2 Tom(x) =1, U1 =2 Tomya(2) (4.13)
m=0 m=0
to get

N /1 dx 4 = /1 222 dx
= —F——— =7 an -1 = =T,
Y2k . *1 — 5 Y2k—1 ) T— .2

so that v, =2, k=0,1,2,....
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Case ¥(z) = 117:,:: Analogously to (4.12) we get
1 [ Touly) = To(x To(z) [0
T y-=w T Jay—x
= g7(x) + Tu(@)ho(w),
and
n—1 1
50) = S 9%T@) with 1% = [ o@Dt de.
k=0 -1
o _ M1 " Tu(y) = Tu(a) Yo
Y= | = ——————=Tk(x)o(x)dzd(y)dy =: / Qi (y)9(y) dy .
-1 7T J1 y—x -1

Using (4.4), (4.7), and (4.8) we conclude

\/6—0/ Tng(w +Tn k(@ )U(x)dx

we(y) = ( YUr—1(

Vg Un—r1(y)

so that
1
Tk = \/6,‘;/ Un—i—1()9(y) dy = /0 Yn—k—1, k=0,1,...,n—1. (4.14)
-1

With the help of (4.13) we find in this case (J = v=2°°

42| 1 1
= — — 1 4.1
12k 7T an_l <4m+1 4m—1>Jr ’ (4.15)
W2 & 1 1
By = . 4.1
T2k s mzo(4m+1 4m+3> (4.16)
Thus,
Z Vrm—k— 2Tk )0k 1 + { fmfl(l”flj)ﬁo(sz) } . )
j,m=1
k=0 k=1
and, taking into account the first relation in (4.11), T',E2 = T,,, and C2E2C2 =

T, . . .
5 I, where C: = ((CQ) is the third discrete cosine transform, we arrive at

n n—-n,o

2 -
S? = [<C3 E2T, + DC3] E2C2FY ¢ = [— C3E2T,C2 + Dg} Fo e,
" :

where Df, = diag [ Fio(27,) | " and (cf. (4.1))

Jj=1

o) = 2 \f+\/ﬂ
0 m/l—x Vi+z ’
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For the Chebyshev nodes of second kind, we have

m—1 n
H, l > Am—k—2Uk(f;) 1 | Omor () ho(a)
k=0 j,m=1

_ o 1 1
= F7, [Snl—‘n + DﬁSn] ,
so that, taking into account the second relation in (4.11) and SESL = 241 1, ,

2 1 1 9t 2 1 1 9t
SY =Ty, [n——i-l S, TnS,, + ]D)ﬂ F, ¢ = —l F7 2SpTnSy, + Ty, DY .
In order to realize the matrix vector multiplication with the matrices HZ", without
saving their entries by at most O(n?) computational complexity we follow an idea
given in [13]. Due to the recurrence relations

Toii(z) =22 Tp(z) — Toor(z), n=1,2,..., Ti(z)=zTo(z), (4.17)
and
Upsr(z) =220, (2) — Up_1(z), n=0,1,2,..., U_1 =0, (4.18)
we have

~ ~ ~ 9 i
i1 (x) = 2z b () + by (2) = —/ Un(y)d(y)dy =7, n=0,1,2,...,

T™J-1

and

B (@) — 2200 () + ) (2) = 2067k BV (@), k=1,2,....

n—

Thus, to compute the entries of Hzﬂn we have to solve the linear systems

27y 1 ho(2) s
1 -2z 1 hi(z) 1
1 -2z 1 Tn—s3(2) Tn=3

L =22 Bn—a(2) Yn—2 — hn-1(2)
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and, for k =1,2,...,

—2572 1 hi () 2k "V (2)
1 -2z 1 hgk)(z) 2K hgﬂ_l)(z)
b2 L () 261, (2)
S B RN 26130 ()~ 12 (2)
for z = —-2—ua7,, 7 =1,...,n. For doing this in a stable manner the following

lemma is important, a proof of which one can found in [13, Sect.s 6.3.2 and 8.
Lemma 4.2. Forz = —2—ux},,j=1,...,n, the condition numbers of the matrices
tridiag [ 1 =267z 1 ]

of order n are uniformly bounded w.r.t. n.

Of course, the values hgf_)l

with the help of appropriate quadrature rules. For instance, the values h,_1(z) =
h?_i(x), x < —1, we can approximate by

1 & (1 + cos (%2;\,1)”) cos (=L 2h—1)m

N (k-7 _
k=1 C0s 3N x

(=2 — x7,;) have to be precomputed, for example,

with N sufficiently large. In [4] there will be discussed the application of fast
summation methods to realize the matrix vector multiplication with the matrices
In case ¥ = v we have
78:71”:1 and 'yg:(], n=23,...

and (cf. (4.12))
vW=9=2, n=0,1,2,....

0

1
In case ¥ = v~ 2" we get

\/5(71)”+1($Z

Yo =771y and v =Tn
m(n? = 1)
with 7, from (4.15) and (4.16).
4.2. Collocation for equation (2.4)
For this equation we fix the weight J(z) = v(z) = \/1£L . For the matrix
A= (AL) @r) |

. Py 1 _ 17 . .
we can use the relation A¢7, = v%2Bv%~2¢7,  where B is the operator of equation

(1.8) (cf. also (2.3)). Hence, A,, =D, B,D; !, where

Bu=[ (BE) @i ]
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is the matrix representation of M7 BL,, : im L, — im L, in case ¥ = v~ 20,

Moreover, D, = diag [ vo’%(g:;j) } . Finally, w.r.t. the basis
j=1

n ~
— 0 k=1,...
Warm k=)

we get the representation

with D,, = diag [ o(xr,;) ]

5. Numerical results

In this section we present the numerical results obtained by the application of
the collocation methods (3.2) to equation (1.8) (in case f(z) = —1;—;;70 =1)

with 9(z) = v(z) and 9(z) = v=2:%(z) and to the transformed equation (2.4)
with ¥(x) = v(z) (cf. Sections 4.1 and 4.2). The linear system (4.3) is solved
iteratively by the Krylov subspace method CGNR (cf. [17] or [9]) using the function
v~ 2:0(z) in case of equation (1.8) and the function v(z) in case of equation (2.4)
as initial guess. The iteration is stopped when the (accumulated) residual norm is
smaller than 107!2 times the initial residual norm. The following tables show the
number M of iterations necessary to obtain this prescribed accuracy, the condition

number cond(A,,) (in spectral norm) of the matrices of the systems (4.3), and the
computed normalized stress intensity factor k1 (1) = 1’?—5}% (cf. (1.9)). This number
0

is calculated by interpolating the approximate values of u'(x)y/1 — x (obtained
from (4.3)) at =7, , «75, and 7.

‘ n ‘ M ‘ cond(A,,) ‘ cond(A,) ‘ k(1) ‘ d(-1) ‘
8] 8 1.32 13.5 | 1.1236085055 | 1.4526062574
16| 9 1.35 27.1 1.1218585764 | 1.4542043666
32| 9 1.37 54.1 | 1.1215858066 | 1.4543532905
64 | 10 1.38 108.1 1.1215356262 | 1.4543312321
128 | 10 1.40 216.1 1.1215252855 | 1.4543110592
256 | 10 1.41 432.2 1.1215229738 | 1.4543023509
512 | 11 1.41 864.3 1.1215224300 | 1.4542992576
1024 | 11 1.42 1728.5 1.1215222983 | 1.4542982552
2048 | 12 1.42 3456.9 | 1.1215222660 | 1.4542979473

1—x

Collocation for (1.8) with 7 = ¢ and ¥(z) = /122
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‘ n ‘ M ‘ cond(A,,) ‘ cond(A,,) ‘ k1 (1) ‘
7|9 8.6 15.86 | 1.1503638640

15| 13 16.5 59.54 1.1275040512
31|17 324 233.97 | 1.1228513772

63 | 18 64.4 932.28 1.1218278789

127 | 21 128.4 | 3.73-10% | 1.1215945578
255 | 23 256.4 1.49 -10% | 1.1215397220
511 | 25 512.4 [ 5.96-10% | 1.1215265338
1023 | 27| 1024.4 | 2.39-10° | 1.1215233124
2047 | 29 | 2048.4 | 9.54-10° | 1.1215225178

Collocation for (1.8) with 7 = ¢ and J(z) = /1£&

We remark that Koiter [12] computed ki (1) = 1.12152226 with the help of ana-
lytical methods (cf. also [11, Table 2 and Appendix D]). Moreover, we compare

cond(A,,) with cond(A,,) (see Remark 4.1), and in case 7 = ¢, ¢ = v the normal-

ized crack opening displacement d(—1) at point x = —1 is computed,
2 -1
d(-1) = (2) D
1 + K 2p0
For this we use the relation
1 )
w1 (1) == [ ale)dz = =73 plaTy o
-1 k=1

if v, () is the solution of the respective collocation method for (1.8).

| | M| condd,) [eonda,) | Ri) |
8 8 3.73 9.5 1.1215270375
16 | 10 5.31 19.1 1.1215228492
32| 10 7.53 38.2 1.1215222715
64 | 11 10.67 76.4 1.1215222553
128 | 12 15.11 152.8 1.1215222553
256 | 12 21.38 305.6 1.1215222552
512 | 13 30.24 611.1 1.1215222552
1024 | 13 42.78 1222.2 1.1215222552
2048 | 14 60.50 2444 .4 1.1215222552

Collocation for (1.8) with 7 = ¢ and J(z) = —=

1—x
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‘ n ‘ M ‘ cond(A,,) ‘ cond(A,,) ‘ k1 (1) ‘

71 9 19.93 31.15 | 1.1221246506

15| 13 76.15 209.65 | 1.1215271925

31| 14| 300.30 | 1.59-10° | 1.1215222672

63] 16 1.20-10% | 1.25-10% | 1.1215222567

127 | 18 | 4.78-103 | 9.99-10% | 1.1215222553

2551 20| 1.91-10% | 7.98-10° | 1.1215222552

51122 7.63-10% | 6.39-10° | 1.1215222552

1023 | 25 | 3.06-10° | 5.11-107 | 1.1215222552

2047 [ 29 | 1.22-10° | 4.09-10% | 1.1215222552

Collocation for (1.8) with 7 = ¢ and ¥(z) = \/11771
| | |eond@d,) [conda) | Ry | a1y |
8] 8 2.37 23.2 [ 1.1215079459 | 1.4567943019
16 | 10 2.65 46.1 | 1.1215226201 | 1.4549287995
32|11 2.88 91.7 | 1.1215222682 | 1.4544556171
64 | 12 3.06 182.7 | 1.1215222553 | 1.4543372487
128 | 13 3.22 364.4 | 1.1215222552 | 1.4543076760
256 | 14 3.34 728.0 | 1.1215222552 | 1.4543002834
512 | 15 3.45 1455.1 | 1.1215222552 | 1.4542984353
1024 | 16 3.53 2909.3 | 1.1215222552 | 1.4542979733
2048 | 17 3.61 5817.7 | 1.1215222552 | 1.4542978577

Collocation for (2.4) with 7 = ¢ and J(z) = /12

1

i

‘ n ‘ M ‘ cond(A,,) ‘ cond(A,,) ‘ k(1)

71 9 9.6 29.50 | 1.1218787941

15| 12 19.1 106.23 1.1215247000

31| 13 37.6 401.97 | 1.1215222327

63| 15 74.6 1.56 - 103 | 1.1215222562

127 | 17 148.5 6.14-10% | 1.1215222553

255 | 19 296.2 2.43-10% | 1.1215222552

511 | 21 591.5 6.69 - 107 | 1.1215222552

1023 | 22| 1182.1 3.86 - 10° | 1.1215222552

2047 | 24 | 2363.4 1.54-10° | 1.1215222552
Collocation for (2.4) with 7 = ¢ and J(z) = /1£&

We observe that the best results are obtained when the exact asymptotic of the
solution is used, i.e., ¥(z) = v=2:°(z) in case of equation (1.8) and ¥(z) = v(z)
in case of equation (2.4). Moreover, the condition numbers of &n are in any case
much smaller than the condition numbers of A,, , where the condition numbers for

7 = o are smaller than the condition numbers for 7 = ¢ . The condition numbers
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seem to be uniformly bounded (w.r.t. ») only in two cases, namely for 7 = o,
Yz) = v(x), equation (1.8) and for 7 = o, ¥(z) = v(x), equation (2.4).

For comparison we present also the results of [11] concerning the same equa-
tion, which are obtained by solving the original hypersingular integral equation
(1.1). The method of [11] consists in approximating the unknown function by a
truncated weighted power series

N
V1-— Q:Zank(:z: +1)*
k=0

and determining the unknown coefficient a,x by collocating w.r.t. the Chebyshev
nodes of first kind of order N + 1.
(N k) | a1 |

1] 1.062652 | 1.502816
1.126950 | 1.423476
1.124283 | 1.457747
1.121818 | 1.457747
1.121442 | 1.454520
1.121251 | 1.454224
1.121483 | 1.454211
1.121504 | 1.454241

91 1.121514 | 1.454264
10 | 1.121518 | 1.454278
15| 1.121522 | 1.454298
20 | 1.121522 | 1.454298

The results of [11, p. 116]

O || T | W DD
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Spectrum and Principal Function of Operators

Muneo Cho, Mariko Giga and An Hyun Kim

Abstract. Let T' = U|T| be an invertible operator with |T| — |T*| = £ ® &.
Under the assumption that 7' is pure, we characterize the residual spectrum
and the essential spectrum of 7' by the principal function.

Mathematics Subject Classification (2000). 47B20, 47A10.

Keywords. Hilbert space, spectrum, principal function.

1. Introduction

K.F. Clancey studied operators T on a separable Hilbert space H whose self-
commutators have the form
[T*T)|=T"'T-TT*=£(R¢ (1)

for some £ in H. Since £RE > 0, by (1) the operator T is hyponormal. In [9], spectral
properties of a pure hyponormal operator T' with one-dimensional self-commutator
have been shown (see Chapter XI). Especially, the following theorems hold:

Theorem A ([9, Chapter XI, Theorem 4.1]). Let T = U|T| be a pure hyponormal
operator with one-dimensional self-commutator. A point z € C belongs to the
residual spectrum of T if and only if, for a compact ball B centered at z,

1—gr(z,y)
// Tty 2P du(z,y) < oo,

where gr is the principal function of T and p is the Lebesque measure on C = R2.

Theorem B (|9, Chapter XI, Theorem 4.2]). Let T = U|T| be a pure hyponormal
operator with one-dimensional self-commutator. A point z € C belongs to the es-
sential spectrum of T if and only if the principal function is not almost everywhere
equal to 0 or 1 in a neighbourhood of z.

This research is partially supported by Grant-in-Aid Scientific Research No. 20540192.
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In this paper, we study theorems above in the case of an invertible operator
T with
IT| =T =¢®¢. (2)
An operator below means a bounded linear operator on a separable infinite-
dimensional Hilbert space H. Let C; be the set of all trace class operators. An
operator T is said to be semi-hyponormal if |T'| > |T*|. Hence, if an operator T
satisfies (2), then T is semi-hyponormal and |T'| — |T*| € C;. Since T*T — TT* =
IT|(|T| = |T*]) + (|T| — |T*)|T*|, in this case we have [T*,T] € C;. By Lowner’s
inequality, it holds that if T' is hyponormal, then T is semi-hyponormal. There
exists a semi-hyponormal operator which is not hyponormal. It is clear that if
T = U|T) is semi-hyponormal, then S = U|T|'/? is hyponormal.

Theorem C ([5, Lemma 1)). Let T = U|T| be the polar decomposition of an invert-
ible operator T'. Then [T*,T) € Cy if and only if [|T|,U] € C;.

For differentiable functions ¢, ¥ of two variables (z,y), we denote Jacobian of

~ _ 000y 099y
o, by J(é,0)(x,y), ie., J(d,¥)(x,y) = 90y Oy 0r Tr(-) denotes the trace.
For an operator T'= X +14iY = U|T|, we consider the following trace formulae:
1
W(POXY). QX)) = o [ IPQ@ g pdzdy, (3

for polynomials P and Q.
(7,0, (T 0)) = o [[ Ho e g e naras (@

for Laurent polynomials ¢ and 1.

If formula (3) holds, the function gy is called the principal function related to
the Cartesian decomposition T = X + iY. If formula (4) holds, the function g% is
called the principal function related to the polar decomposition T = U|T|. For an
invertible operator T such that [T*,T] € Cy, there exist both g7 and g£ ([1], [3]).

Definition. Let T = U|T| be semi-hyponormal and S = U|T|'/2. Then we define
the principal function g (e, r) of T by

i0 i
gr(e”,r) = g& (e, V/r),
where is g£'(e?,r) is the principal function of the hyponormal operator S.

The following result holds.

Theorem D ([4, Corollary 2]). If an invertible operator T = X +iY = U|T| satisfies
[|T|,U] € Cy, then gr(z,y) = gk (e?,r), where x + iy = re'.

Theorem E ([3, Theorem 8]). Let T = X +iY = U|T| be a semi-hyponormal opera-
tor with [|T|,U] € C1. Then there exist summable principal functions gr(z,y) and
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gx (€%, r) associated with the Cartesian decomposition and the polar decomposition
of T ,respectively, such that

10
gr(z,y) = g7.(e,7)
almost everywhere x + iy = re? on C.

In this paper, first we show the following

Theorem 1. Let T = U|T| be an invertible pure semi-hyponormal operator with
IT| —|T*| = £@¢&. A point z = ae™ € C belongs to the residual spectrum of T if
and only if, for a compact ball B centered at z,
// L—gr(a” Va2 +y* w0V + 32 -y)
B

o+ iy — 2P

du(r,y) < oo,

where gr is the principal function of T and 1 is the Lebesque measure on C = R2.

2. Proof

First, we prepare some lemmas. We denote the spectrum, the residual spectrum
and the essential spectrum of T by o(T), and o,(T) and o.ss(T), respectively.
Following results have been shown by [10, Chapter 6, Lemma 3.6] if U is unitary.
Lemma 1 is easy to check.

Lemma 1. Let T = U|T| be an operator and put S = U|T|"/2. Then the following
statements hold.

(1) S is pure if and only T is pure.
(2) ker S = {0} if and only if ker T = {0}.
(3) 0€0(S) if and only 0 € o(T).
For an operator A and a complex number A with ker(4 — AI) = {0}, there

exists a positive number ¢ such that ||(A — A)z|| > ¢||z|| if and only if (A — AI)H
is closed.

Lemma 2. Let T = U|T| be an operator and put S = U|T|*/2. Then 0 € o,.(S) if
and only if 0 € o.(T).

Proof. Since 0 € 0,(S), we have 0 € o(5), ker'S = {0} and there exist positive
numbers ¢, d such that |[Sz|| > c||z|| and |||T|/2z| > d||z| for € H (cf. [9, p.
69]). Hence, we have

1Tal| = ISIT1" ]| = el|| T ]] > ed]|]].

Since 0 € o(T) by Lemma 1 (3), we have 0 € 0,,(T"). Converse is similar, because
|T| is invertible. So the proof is complete.

We define a mapping 7(-) on C by
r(ret?) = /re®.
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Applying [10, Chapter I, Lemma 3.1] for R = C — {0} and the mapping 7, we have
the following result.

Lemma 3. Let T = U|T| be a semi-hyponormal operator and put S = U|T|'/2.
Then

(1) 0,(5) ={0} = {7(2) : z € 0(T) — {0},
(2) o(5) ={0} = {7(2) : 2 € o(T") — {0} }.

By Lemmas 2 and 3, we have the following result.

Lemma 4. Let T = U|T| be a semi-hyponormal operator and put S = U|T|'/2.
Then

(1) 0r(S) ={7(2) : z € 0, (T},
(2) o(S)={7(2): z€0(T)}.

Proof of Theorem 1. Put S = U|T|'/2. Let z = ae™ € C belong to the residual
spectrum o, (T) of T. By Lemma 4 (2), it holds that z € o,(7T) if and only if
w = yae" € 0,.(9). Since S is a pure hyponormal operator, by Theorem A, a
point w € C belongs to the residual spectrum of S if and only if there exists a
compact ball B; centered at w such that

1—gs(u,v)
d .
f s < =

By the transformation z = /au and y = \/av, we have

1—gs(u,v 1—gs(a 124 a71/2y
J[ et ) = ] L dp(a ).
b, Jutiv—ul oty 7

where B is some compact ball centered at z.

Here, since by the definition and Theorems D and E we have

gs(z,y) = gr(V/a2 +y2 -z, /22 + y2 - y),

1—gs(a=%z,a=1/?y)
d
// |.’L‘+Zy—2|2 H(I,y)

_// L—gr(a™' Va2 + 42 -w,a”' /2 + 4 - y)
B

Iw+w—ZP

it holds

du(z,y).
So the proof is complete.

Next we characterize the essential spectrum.

Theorem 2. Let T = U|T| be an invertible pure semi-hyponormal operator with
IT| — |T*| = €@ &. A point z = ae’ € C belongs to the essential spectrum of T
if and only if the principal function is not almost everywhere equal to 0 or 1 in a
neighbourhood of z.
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Proof. Let S = U|T|'/?. Then S is an invertible pure hyponormal operator with
S*S — 85 = £®&. It is clear that gess(S) = { 7(2) : 2z € 0ess(T) }. Hence,
by Theorem B it holds that 7(z) = \/ae™ € 0es(S) if and only if the principal
function gs(x,y) of S is not almost everywhere equal to 0 or 1 in a neighbourhood
of /ae™. By the definition and Theorems D and E, we have

gS(Ivy) = gg(eina \/a) = g;(eina a) = gT(’U,7U)7

where z + iy = /ae™ and u + iv = a e (= z). It completes the proof.

3. The kernel function

Let T = U|T| be a pure semi-hyponormal operator with |T'| — |T*| = £ ® &.
Put S = U|T|Y/2. For z,w & o(T), since 7(z), 7(w) ¢ o(S), we define the kernel
function kr(z,w) of T by

kr(z,w) = (S = 7(w)) 71, (S —7(2)) 7€),
where (-, -) is the inner product. Hence, we have

kr(z,w) = ks((2), T(w)).

Theorem 3. Let T = U|T| be an invertible pure semi-hyponormal operator with
IT| —|T* =£QE&. Then, for z,w & o(T),

kT(z,w)lexp( //QT \/;1:2+y2 x, \/1;2+y_y) d,LL(:ZJ,ZJ)). (5)
+iy —7(2))(x — iy — T(w))
Proof. Put S = U|T|'/2. Then S is a pure hyponormal operator with
S*S —SS* =¢®¢&.
Hence, by [9, Chapter XI, Theorem 2.1] we have

1 —exn L gs(x,y) .
k(0 7)) = 1 = exp( 2 ] e I (e ).
Since kr(z,w) = ks(7(2), T(w)) and gs(z,y) = gr(\/22 +y2-z,\/22 + y%-y), we

have
/22 1 2 21 2.
kr(z,w)=1-— exp( // gr(Ve +y* -z, va* + u) du(x,y)).

(@ +iy —7(2))(x — iy — 7(w))

So the proof is complete.
By taking residues at infinity in (5), we have
gr(V/22 +y* 2, /22 + 42 y)
S —7(z)" d . (6
€ 5= =1 ff e wwy). (6

O(A) denotes the set of all analytic functions on A C C. Then we have the
following result.
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Theorem 4. Let T = U|T| be an invertible pure semi-hyponormal operator with
IT| — |T*| = ¢@&. If S = U|T|Y?, then, for z ¢ o(T) and f € O(o(S)),

(f(9)¢, (§=7(2) / fx+iy)gT(\g{if;yrl/2T'(9;v)\/z2+y2.y)

Proof. First, for A € o(T), since 7(\) & o(5), from the resolvent equality and (6)
it follows that

(8 =TT (S =7(2) 1) = (&, (8= T(N)" 1S = 7(2)) 7€)

dp(@,y).

gr(\V/x2 +y2 -2, /22 +y2 - y)
e e,
Since
1(8) = 5= [ Fw)w—5) " du,
it holds
(S )§,< —r(2))*)
= g7 | S0 = )76 (S ~ @) )

7/ (2m / <(xwi i) d“’) sl ;fif—’ ¢() e
1 ([ fle+iygr(Va? +y* - x,/a? +y° - y)
-l

x+iy — 7(2)

dp(z,y).

So the proof is complete.

Remark. If an invertible operator T = U|T| satisfies |T'|?? — |T*|*? = £®¢ for some
p (0 < p < 1/2), then T is p-hyponormal and |T'|* — |T*|*? € C;. Put S = U|T?.
Since §*S — §5* = £ ® &, the operator S is an invertible hyponormal operator
with one-dimensional self-commutator. Define a mapping 7,(+) by 7,(re?) = rPe®.
Then similar versions of Lemmas 1,2, 3 and 4 hold. Thus if an invertible operator
T = U|T| satisfies |T|?? — |T*|?? = £ ® £, then we have similar results.
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Spectral Consequences due to
General Holder’s Inequalities and
Domination of Semigroups

M. Demuth

Abstract. Let A be a generator of a strongly continuous positivity preser-
ving semigroup in L"(2) and V an admissible perturbation. Then Holder’s
inequality

(™M) ) () < (e M) f)()]F [T f) ()]0
implies a kernel estimate
e—t(A-H\/IV)(x’y) <ect @ ewt(e—tA(x7y))%

with L1
—+—-=1, c¢,a,w positive constants.
p q
The kernel estimate allows to study the spectra of A + My if the spectrum

of A is known. For instance we give conditions such that the essential and
absolutely continuous spectra are stable. Moreover, one can prove the limiting
absorption principle for A + My . The article is based on and continues the
paper of W. Arendt, M. Demuth [2].

Mathematics Subject Classification (2000). 47A10, 47A55, 47D99.

Keywords. Spectral theory, one-parameter semigroups.

1. Motivation

Let A be a generator of a strongly continuous, positivity preserving semigroup in
L"(Q), 1 <r < oo, with respect to a o — finite measure space (Q, F, u). Let My
be the multiplication operator with an admissible potential V' : @ — R_, such
that A+ My generates a strongly continuous semigroup, too. In [2] we established
a general pointwise Holder’s inequality for the semigroups of the form

() (@) < [(e o) @) () @)F
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where f is a non-negative function in L"(Q2) and 1 < p, ¢ < oo with % + % =1.1If

the semigroups {e~*4, t > 0}, {e *A+Mv) ¢t >0} consist of integral operators,
(1.1) can be used to obtain a domination inequality of the form

i1 et )

< c et [eitA(I, y)} %

IN

z.y) < [T (@, y)]

for a.a. z, y € Q with ¢, «, w positive constants and p, ¢ > 1 .

The present article continues the results by Arendt, Demuth [2] in the sense that
the domination estimate (1.2) is used to obtain several spectral properties of A +
My . The simplest applications are Gaussian estimates. If the free kernel satisfies
a Gaussian estimate, i.e., if
o —y|?
e M xy) < et et P 3 (1.3)

(¢, o, w, B non-negative constants) then an analogous estimate holds for e~¢(A+Mv)

(x,y). There is a huge literature on consequences of Gaussian estimates. See for
instance Arendt [1], Arendt, ter Elst [3] Liskevich, Vogt, Voigt [10] or Ouhabaz
[11]. If e~ P~ satisfies a Gaussian estimate in L"(Q) for one fixed 7 then there are
consistent semigroups {e"*P:, t > 0} on L*(Q) and Bs = B, for 1 < s < co. If
e *Br is holomorphic then e *5¢ is holomorphic and the spectra of B, and B, are
equal, in particular the spectrum of B, coincides with the spectrum of Bs.

However there are relevant generators A such that a Gaussian estimate does not
hold. For instance, for fractional powers of the Laplacian, A = (=A)*, 0 < a <
1, in L2(R?), there is an estimate from below of the form

¢ < e ayy) for |z —y|>landt>1. (14)

tia o — y|d+2e

(1.4) prevents an estimate of the form (1.3).

Moreover, if A is a generator of a diffusion process, i.e., if A is associated to
Y D; (aij Dj) in L?(RY). Then the diffusion matrix a;;(z) can be reconstructed
from the semigroup kernels by

If e~ ' satisfies a Gaussian estimate then a;;(z) are bounded necessarily. However,
many diffusion processes have unbounded a;;(x). Thus Gaussian estimates of the
form (1.3) are useful in several cases, but the free kernel estimate (1.2) is more
general and includes further interesting situations.



Spectral Consequences and Domination of Semigroups 127

That can be seen from the following considerations. Let A and A + My be selfad-
joint operators in L?(R). Denote by

Dy = e MATMY) _o=tA 45 (1.5)

their semigroup difference. The essential spectra of A and A + My, coincide, if D;
is a Hilbert-Schmidt operator. The absolutely continuous spectra are equal if Dy is
a trace-class operator. The Hilbert-Schmidt norm of D; can be estimated by (see

(4.4))

W=

|| Dt||ns < Qt/e_Qt(AJrMV) (xz,2) |V(x)| dz . (1.6)
R4
D, is a trace class operator if

Jao | [[ems00m) @] e dy (17)

R4 R4
and
—_tA 2 2
do | [ e84 @] V()2 dy (1.8)
R4 R4
are finite.

Using the domination inequality (1.2) and the L' — L smoothing property of
e~*4 the conditions in (1.7) and (1.8) reduce to

[ae | [t wn vara<s .

R4 R4

see Proposition 4.2 .

For studying the limiting absorption principle (l.a.p.) one needs the finiteness of
weighted L2—norms of the resolvents. Let ¢ : R — R, be a weight function and
assume

(€% (@) < e ?(a)
then Holder’s inequality (1.2) implies

(008) 0 < ot

This gives rise to the la.p. of A+ My if that for A is given (see (4.5)). Having
the l.a.p one can study quantitatively for instance scattering matrices and scatter-
ing amplitudes. Further spectral applications follow from results in the book by
Demuth, van Casteren [6].
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2. Holder’s inequality for semigroups

Let (Q,F, 1) be a o—finite measure space. Let A be the generator of a positivity
preserving, strongly continuous semigroup {e~*4, ¢t > 0} on L"(Q), 1 < r < oo.
Let V : @ — R_ be a measurable function. Set V,,(z) = sup{V(z), —n}, n € N.
Let My, be the multiplication operator with the bounded function V,, . Then
dom(A + My, ) = dom(A), (A+ My,)f = Af + My, f, and A+ My, generates a
strongly continuous semigroup {e~*A+Mva) ¢ > 0} in L"(Q), too. The function
V is called admissible if the limit lim e *(A+Mva) f exists for any ¢ > 0 and all

n—oo

f € L"(R) and is also a strongly continuous semigroup in L"(€2). Its generator is
denoted by A + My . In the following we will allow only admissible V. For more
details see Voigt [14], [15].

Proposition 2.1. Let A and My be given as above. Let 1 < p, q < oo with 117 +% =
1 and assume pV to be admissible. Take nonnegative f in L™(QY). Then a pointwise
Holder’s inequality holds, i.e.,

) @ < [( ) @) (@l e
for a.a. x € Q).

Proof. The proof is given by Arendt, Demuth in [2]. For the sake of completeness
we repeat it here shortly. The proof is based on Trotter’s product formula, which
is true for bounded potentials V, i.e., for V € L*(£2) we have

— . _t _t
e tATMV) — ¢ lim (e w4 e w My yn
n—oo

Let L7, be the cone of nonnegative functions in L"(2). L. N dom(A) is dense in L7, .
Any f € L', N dom(A) can be written as f = uv with v € L>(Q), v € dom(A)NL’,
and u > 0 a.e.

Therefore .
(e_%A e_%MV)"f = u (l emndy e_;MV> v
u
Introducing a family of operators on L () by

stag:= (L)

u

g € L*>(Q), then S(t) is a semigroup in B(L>). The pointwise Holder’s inequality
in (2.1) finally follows from a corresponding inequality for S(t), i.e., from

(o) ) o
<{[(s(£) i) ] <x>}; (5()9)(@)

Q=
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For proving (2.2) one can use the Theorem of Gelfand-Naimark (see Rudin [12],
11.18). Let C(.) be the set of continuous functions. For any 2 there is an algebra
isomorphism J and a compact set K such that

J:C(K)— L>*(Q),
with g(z) > 0 iff (Jg)(y) > 0 p—almost everywhere. Setting

Sit):= JS@t)J , C(K)— C(K)
g:=J g , geL>®
V.= J v , VelL>® |

then
t —t M\ " & t —t M- n~
Sl=]e ="V | g=J|S|=-)e»"VJ]| g
n n

Introducing the functional 6, : C(K) — R by 6,(g) : = g(x) for g € C(K) we get
(S(t) * 595) §= (S(t)g) ().

On the other hand the theorem of Riesz yields the existence of a Radon measure
e,z (.) such that

(50)+6.) @) = [ 36 neati) .

which implies

Therefore,

[(g (%) B%M0J>n g} (z) = I[...ZQ%V(%)... e w VW) G(y)

d/J ,yz(yl)"' d:u%, z(yn)

From the last integral (2.2) follows for S, V., § by the usual Holder’s inequality.
Substituting S(t) = JS(t)J~!, V = JV, g = Jj we get (2.2) itself for any
g € L*>*(Q) . In particular it holds for v € L*°(Q). For f = uv thus we get

() e = ([ o) @) ey
{4 (@)

Then Trotter’s product formula and the definition of admissible potentials com-
plete the proof. O
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Remark 2.2.

— Another proof of Proposition 2.1 is given by M. Haase in [8] avoiding the
Gelfand-Naimark theorem.

— Note that we have not assumed an L' — L smoothing of the semigroup
e~t4. This means that e ** may not be an integral operator.

— If A is the negative Laplacian then Kato class potentials are admissible (see,
e.g., [13]).

— If A is a generator of a Feller process then Kato-Feller class potentials are
admissible (see [6]).

3. Domination inequalities for the semigroup kernels

Now let {e7*4, t > 0} be a positivity preserving, strongly continuous semigroup
in L1(2) which is ultracontractive of asymptotic dimension d, i.e., there is a ¢ > 0
such that .
e ™ |qpr, 1y S €72, 0<t<1 . (3.1)

Then e~*4 is an integral operator. Denoting its kernel by e~*4(z,y) we obtain for
a.e. x,y € 0

0< e_tA(x,y) <ec t=% ,
where 0 <t <1, or

0< eftA(x,y) <c 1% ewt (3.2)

for ¢ > 0 and with positive constants ¢, w.

Let V, p, ¢ be as in Proposition 2.1. From Hoélder’s inequality (Proposition 2.1)it
follows that

oo
9B (L1,LP)
(3.3)
1
<cu (59 sup He_S(AerMV) s
0<s<1 B(LL)
forO0<t<1.
Proposition 3.1.
Let pV' be an admissible potential for all p > 1 and assume additionally
sup || e tATPMY) ’ <oo . (3.4)
0<t<1 B(L>)

Then the perturbed semigroup is ultracontractive of asymptotic dimension d.

Proof. This result is a consequence of the extrapolation theorem given by Arendt
[1], 7.3.2. O
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The last proposition implies that e~*(A+Mv) is an integral operator. We denote its
kernel by e~ *(AATMv) (g 4). The kernel satisfies

0 < e MATMV) (3 0) < ¢ 77 et (3.5)
for t > 0 and non-negative constants ¢, w.

Remark 3.2.

If A = —A then the assumption in Proposition 3.1 corresponds to Kashminskij’s
Lemma, which is satisfied for Kato-class potentials (see, e.g., [13]).

Having the semigroup kernels we will use the pointwise Holder’s inequality (2.1)
for the domination of the kernels e ~*(A+Mv) (g ).

Very often Holder’s inequality is proved starting with the estimate

a? b?
ab < — + —
p q
for a, b > 0 and 1—17 + % = 1. This can be sharpened to
p 1 Be
ab = inf (sp 4= —) (3.6)
s>0 P st q

Lemma 3.3. (due to M. Haase [9])

Let (Q, F, u) be a o—finite measure space. Take 1 < p < co. Let fo, f1 be positive
functions such that

p

Q=

/ fi(@) u(dr) < p(T) / fol@)? u(de)

for all measurable ' C Q with p(I') < cc.

Then
fi@) < fole) n—ae. (3.7)

Proof. The cases p =1 and p = oo are obvious. For 1 < p < oo we get by (3.6)

I[fillzry < |lfollzey u(I)=
sP » 11
< n 1 foll Loy + o p ()
Hence
sP 11
< L gp =
aw < 2w + 1L
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u—a.e., s> 0. This is true for any s, i.e.,

P 11
fi(z) S;gf(; <% fo(x) + p E)

= fO(I) -1 )
using (3.6) again. O

A similar argument is given by Liskevich, Vogt, Voigt, [10] in the proof of Lem-
ma 3.9.

From Lemma 3.3 and Proposition 2.1 we get the following domination inequality.

Proposition 3.4.

Let {e7t4, t > 0} be an ultracontractive strongly continuous semigroup. Let V be
a potential satisfying the assumptions of Proposition 3.1.

Then the kernel of the perturbed semigroup can be estimated by

1

e HAMY) (4 < (e—t<A+va)(x7y)) T (e () (3.8)
for a.e. x,y € Q and with % + % =1L
More specifically
emtATMY) () < ¢ . =35 et (e—tA(%y))% . (3.9)

Proof. From Proposition 2.1 and from the proof of Lemma 3.3 we know that

/ e HATMY) (2 y) fy) duly)

1
q

< % / e~ HAHMY) (3 ) £(y) duly) + % / “A(a,y) f(y) duy).

Take a measurable I' C Q with u(T') < oo and f(y) = xr(y) then for a.a. z,y € Q

< ([ e ) du(y)f [ i )

e HATMY) (7, y)

<

1
AP (g y) 4 ge’m(w,y)-

K=

Then Lemma 3.3 completes the proof of (3.8). The second inequality (3.9) follows
from (3.5). O
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The estimate in (3.8) allows to extend the pointwise Holder’s inequality to po-
sitive functions not in any L"(Q2). Let f and g be positive functions, such that
(e~HAEMY) £0) (), (e MA+PMV) ) (2) and (e *4g?)(x) exists almost every-
where, then (3.8) implies

(1) o = om0 ) ) -y o

The terms in (3.10) are defined via the kernels of the corresponding semigroups.

Q=

(3.10)

In particular that estimate allows to study the semigroups in weighted L™ — spaces
(see Section 4). Take Q = R? and let ¢ : R — R, be a weight function, for
instance p(z) = (1+|z|?)2, s > 0. Then the pointwise Holder’s inequality remains

valid in the form
1

(M) @) < [(m ) @] (A @] By

if the right-hand side exists for a.a. 2 € R%. Hence we can formulate the following
corollary.

Corollary 3.5.

Let pV be admissible and assume e~*A+tPMv) ¢ B(L>®). Let ¢ be a positive func-

tion such that (e~ t4¢%)(x) is finite for a.e. x € RL. Then
5 1
(Mg (@) < L Al @)

B(L>)

e~ t(A+pMv)

4. Spectral consequences

From the kernel estimates in Proposition 3.4 it is obvious that Gaussian estimates
remain true for e~*(A+Mv) if they hold for the free semigroup. As mentioned in
Section 1 the literature about consequences of Gaussian estimates is huge (see, e.g.,
Arendt [1]; Davies[4]; Liskevich et al. [10]; Ouhabaz [11]). Here, we will concentrate
on consequences of the domination inequality in Proposition 3.4 without assuming
a Gaussian estimate for e~ 4.

At first we note the following. The kernel estimate (3.8) implies
w 1
[ R a3 | e E N
<cer t72 Gt = ce¥ tE . (4.1)

Thus, if one has to estimate powers of resolvents the singularity at ¢ = 0 is not
changed by the perturbation. For instance

o0

l(A+a)™" = (A+ My +a) "||srr, 1=) < ¢ / P Y )
0
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That is useful for many spectral theoretical consequences where resolvent differ-
ences play a major role.

In the following we consider selfadjoint generators A and A + My in L?(2). For
Q) we can take a second countable locally compact Hausdorff space with a Borel
field F and a Radon measure pu. On the other hand in many applications we
restrict us to operators in L2(R?). Take again only V :  — R_. Assume that
e tA e tATMV) are integral operators for any ¢ > 0 and that they are positivity
preserving. Then the semigroup kernels are symmetric, i.e.,

ez = ey
e MATMY) (g, ) e MATMY) (y )
and
e (z,y) < eTTATMY) (5 4

for almost all z,y € ). Moreover we assume that all the kernels are continuous in
x and y.

Define D; :

— p—t(A+My) _
operator. In [5

e~ the semigroup difference. D; is also an integral
the so called comparison function,

) = / | AT () — e y) | duly) (4.3)
Q

]

was defined and studied. If all the semigroups are L' — L° and L*> — L> smoothing
then the following spectral results are true for any fixed ¢ > 0 (see [5] p. 103).

a) Doy is a trace class operator, if \/D;(-) € L. The trace norm can be estimated
in terms of f /Dy(x) du(z)

b) Dy is a Hllbert Schmidt operator if Dy(.) € L?, and

IDilfs < /|Dt ) duo)

¢) The absolutely continuous spectra of A and A+ My coincide if D;(.) € L*(Q).

In all these results the domination inequalities (3.8) and (3.9) can be used for
obtaining conditions on V. In the following we assume that pV is admissible for
all p > 1 such that (3.8) holds.

Here we will summarize some of the applications.
Proposition 4.1. D, is a Hilbert-Schmidt operator if
/672t(A+MV)(x,x) [V ()] du(z) < oo . (4.4)

Q
This is in particular true if

Ve LYQ) and et is L' — L smoothing.
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Proof. The proof is taken from [6] Theorem 5.7. For the consequences one can
use (3.8).

1D = [ [ (7w g) - e w0)” duto) duty)

Q Q

< [ [{(e 0@y - e ?)} dute) duty

Q Q

— /{6_2t(A+MV)(.’L‘,.’L‘) _ e—QtA(m,m)} d,u(a:)
Q
(symmetry and semigroup property)

/// TR (g u) [V ()] e (u,2) dp(x) dp(u) ds

0 Q Q
<c// HATMY) (3 ) [V ()| dpa(u) ds

:cat/eﬂw”MWmmnvwnmmo. O
Q

In a similar way one can show that D, is a Hilbert-Schmidt operator if

/ e~ 2HARMY) (4 ) V()2 dpa(zr) < oo
Q

Therefore V' € L? is sufficient if the free semigroup is L' — L> smoothing and
because of (3.9), which is assumed to hold.

Proposition 4.2.

Dy is a trace class operator if

[ ] e @nVer d) e

Q Q

is finite.

Remark: Then it is known that the absolutely continuous spectra of A and A+ My,
coincide.

Proof. Following Theorem 6.7 in [6] D; is trace class if

/ / (6_%(A+MV)(x7y))2 WV (y)2 duly) dp(z)

Q Q
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together with

/ /(e_%A(l”vy))Q V)P duly)  dp(z)

Q Q

are finite. Using (3.9) for ¢ = 2 and sup e~ 24(x,y) < oo (L' — L> smoothing)
@y
the condition in the proposition is sufficient. (I

The stability of the absolutely continuous spectrum is studied also in the next
proposition.
Proposition 4.3.

The absolutely continuous spectra of A and A + My coincide if V. € LY(Q), if
et e B(LY, L>®) and if

t
ess sup/ ds s~ /d,u(a:) [e_SA(x’u)P < o0
0

ueQ
Q

Proof. For the stability of the absolutely continuous spectra it is sufficient that
e tA D, e HA+MV) ig trace class. This is true if

Q/Dt(x) dx < oo.

With Duhamel’s formula the integral above is smaller or equal to
t

/ dp(x) / du(y) / dp(u) / ds

Q Q

e M (g, u) [V (w)] e 79 (u,y)
t

<ec / ds / dp(z) / dpu(u) e ATM) (3 u) |V (u)

0o Q Q
t
<Vl sup [ ds [ dua) e o).
Y0 @
Then one can apply (3.9) for instance for p = g = 2. O

For a selfadjoint operator the limiting absorption principle (l.a.p.) is one possibility
to decide whether the spectrum of A is locally purely absolutely continuous. Re-
solvent matrix elements for resolvent values approaching the spectrum determine
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the spectral family E4(.) of A . Take A = (A1, A2), 0 < A; < Az, assume that A\
and A2 are no eigenvalues of A, then the spectral measure of A on A is given by

A2
Ea@)f, ) =lim 5 [ <[(A-A=ig™ ~ (4=2+i07 £ g > A,
A1

for appropriate f, g € L? .

Hence one is interested in weighted L?—norms of the resolvents. In the following
we assume 2 = R? and that

sup  sup |[o7 (A= Atie) o |gze) =t da (4.5)
AEA €€(0,1)

is finite. Here ¢ are certain weight functions. We can have in mind for instance
s

o(z) = (14]z]?)2, s > 0. Our aim is to verify the L.a.p. for the perturbed operator
A + My . Due to the inequality

llp ™' (A+ My — X +ie)! <p’1||sB(L2) (4.6)
<da+ [l A+ My —Atie)T = (A= A+ie) e lwre)
it suffices to consider the last difference. Here the Hilbert identity is useful:
(A4+ My —X+ie) ™' — (A= X+ie)™?
=[1+\—deta)(A+ My —\+ie)™
[(A+ My +a)™" —(A+a)”']
1+ A\ —deta)(A—X+ie)™ ],

where a¢ > 0 and —a is any real resolvent value of both A and A+ My .

(4.7)

1

In (4.7) we multiply both sides with ¢! and introduce pp~! inside the formula

twice. Then
llo™ (A+ My — X +ie) "o |z 12
< da+[1+ (A2 +a+1)da]
(L Qe +at 1) |l A+ My = A +ie) o prs)
lp[(A+ My +a)™" = (A+a) " ells L)

(4.8)

Thus we obtain the limiting absorption principle for A + My and A € A if the
norm of p[(A + My +a)™ — (A + a)~]p is small enough.

Our objective here is not to find the most general or best estimate. We will only
show that the general Holder’s inequalities (3.10) and (3.11) are very useful to
clarify the problem above.

Lemma 4.4. Assume A, My as described above. Let e t(AT2Mv) pe [0 _ [0
smoothing. Let f € L>(R?) and ¢ be a weight function.
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Then
(A + My +a)™" of)(@)?
< [((A+2My +a) ' 1)(@)] [(A+a)~" @ [f1*)(2)]
< cl((A+a)™t ® [f)(@)],

where a > 0 is assumed to be large enough.

Proof. From the Holder’s inequality (3.10) we have

A+ My +a)"" ¢ fl(x)]

AN €N NI ) )

IN

{/ dX e (e MAT2MY) 1) ()3 (e‘“chIflz)(w)%}
0

o0

X e (e NATMY) 1) () / dX e= (e M Q| 1) (@)
0

c (/ d\ e~ e‘”’\) (A+a) Q2| f1P) (). O

0

IA
0\8

IN

Proposition 4.5. Under the same assumptions as above
lelA+a) —A+My+a) ol < cll @A+ V] ||~
Proof. We consider
{9, ¢l(A+a)™ = (A+ My +a)"'] ¢ f)]
< (VI (A+a) e lgl, VEHA+My +a) o 1))
Jae [ayvi@lt A+ 0 @) v low)
Rd

Rd

IN

V(@)[2[(A+ My +a)" ¢ |f] (@)

IN

(/dm /dy V(@) (A+a)"Hz,y) ©*(y) |g(y>|2)
( /dw /dy V(@) (A+a) " (z,y) - [[(A+ My +a)" ¢ |f]| Kw)l?)

R4 R4
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1
< el VIA+a)™ ¢ gl 17

2

/d;z: V@) A+ My +a)~ ¢ |f] ()]

Rd

By Lemma 4.4 and due to Holder’s inequality (3.11) the last expression is smaller
than

1 1
cll VI(A+a)™ * [gl* 17 Il VI(A+a)™" &* [£7 ]I}
< el VIA+a)™" @l (1112 llgllre
= clle*(A+a)™ V] lL= [Ifl]z2 llgll- 0

Corollary 4.6. Let A = (A1, A\2). Assume the La.p. for the free operator A with
respect to A. Set \g +a+1=a.

Assume V' to fulfill

1 1
2 -1
A V]llge £ — —+—
P34+ ) V]l < oo e
Then the limiting absorption principle for A + My holds and

_ N1 - 1
o™ (A+ My —X+ie)™! o g2 <2 <dA+%>

Proof. Set ||@*(A+a) V| ||re =7y and |jo ' (A+My —A+ie) ! o7 |g(r2) =
dy .

Then (4.8) reads
dy < da+(1+ada) (1+ady)ry,
or
dy (1704(1+OtdA) 7’\/) < dA+(1+OL dA) TV .

With (4.9) it follows

1
dy <2 (dA + —> . O

2a
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Quadratically Hyponormal Recursively
Generated Weighted Shifts

Yanwu Dong, George Exner, Il Bong Jung and Chunji Li

Abstract. Given 0 < a < b < 1, choose ¢ > b so that the recursively generated
weight sequence (v/a, Vb, /)" has norm 1. For n variables 0 < 1 < -+ <
Tn < a, let Q(T1,. .., Tn) 1 /Ty V/Z1 (V@ Vb, /)" and let Wa(ar,..mn)
be a weighted shift with weight sequence &(z1,...,z,). It is known that in
the case of n = 1, positive quadratic hyponormality of W) is equivalent to
quadratic hyponormality. But it has not been known whether these two no-
tions are equivalent for n > 2. In this note, we obtain a useful characterization
for positive quadratic hyponormality of Wa(s, ... +,) Which, when specialized
to n = 2, settles (in the negative) a conjecture that positive quadratic hy-
ponormality of W5 (4, 2,) is equivalent to its quadratic hyponormality.

Mathematics Subject Classification (2000). 47B37, 47B20.

Keywords. Quadratically hyponormal operator, positively quadratically hy-
ponormal weighted shift, hyponormal operator.

1. Introduction

Let H be a separable, infinite-dimensional, complex Hilbert space and let £(H)
denote the algebra of all bounded linear operators on H. For A, B € L(H) let
[A, B] := AB — BA. We say that an n-tuple T' = (T4, ..., T,) of operators in L(H)
is hyponormal if the operator matrix ([T}, T;])}';—, is positive on the direct sum
of n copies of H. For n > 1 and T € L(H), T is n-hyponormal if (I,T,...,T™) is
hyponormal ([3]). Recall that T' = (11, ..., T,) is weakly hyponormal if M T1+-- -+
AT, is hyponormal for every \; € C, i =1,...,n, where C is the set of complex
numbers. An operator T is weakly n-hyponormal if (T,T?,...,T") is weakly hy-
ponormal ([3],[9]). In particular, weak 2-hyponormality is often referred to as qua-
dratic hyponormality, which is equivalent to 7+ sT? hyponormal for every s € C. A
related definition is that of positive quadratic hyponormality (introduced in [3], [4]
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and which will be recalled below). Weighted shifts of two types have been studied
to detect differences in these classes, namely Bergman type and recursive type.

If Wq(s) is a weighted shift of Bergman type with a weight sequence a(x) :
vz, \/2/_37 \/ﬂ, \/m, ... and & > 0, then its quadratic hyponormality is equiv-
alent to positive quadratic hyponormality; more precisely, the sequence «a(z) :
VZ,\/2/3,/3/4,\/4/5, ... induces the same interval (0,2/3] in = for positive qua-
dratic hyponormality and quadratic hyponormality for the weighted shift W,
([3].[4]). But for oz, y) : V/z, /¥, \/ﬂ, \/m, ..., the shift W5 /5 5/s) is quadrat-
ically hyponormal but not positively quadratically hyponormal ([10]). As well, for a
weight sequence of recursive type a(z) : v/z, (v/a, Vb, /¢)" with0 <z <a <b < ¢
(definition to be reviewed below), Curto-Fialkow obtained the value

h3 = (sup{x : Wa(x) is positively quadratically hyponormal})l/ 2

in terms of a, b, and ¢. They asked in [6] whether positive quadratic hyponormality
of Wa(z) is equivalent to quadratic hyponormality. This was solved affirmatively
in [10], and so the following question naturally arises.

Problem 1.1. Let @ (z1,...,21) : /Ths---/Z1, (Va, Vb, /©)" with 0 < z, <
<z <a<b<ec Isit true for £ > 2 that positive quadratic hyponormality of

Wa(er,...,z),) i equivalent to quadratic hyponormality?

This note compares positive quadratic hyponormality and quadratic hyponor-
mality for weighted shifts of recursive type and consists of four sections as follows.
In Section 2 we recall some notation and terminology from [8] for the reader’s
convenience. In Section 3 we characterize positive quadratic hyponormality for
Wa(a,,22)- In Section 4 we characterize quadratic hyponormality for the general
back step extension W5(4,,....z,), Which also yields quadratic hyponormality for
the 2 step extension W5(4, 4,); combining the results gives a negative answer for
Problem 1.1.

2. Preliminaries

Let {e;};-, be the canonical orthonormal basis for {? (Z;), and let o = {o;} oo
be a bounded sequence of positive numbers. Let W, be the associated unilateral
weighted shift defined on 1% (Z,). For s € C, we let

Da(s) = Pu|(WatsW2)", (Wa+sW2)| P
qo FO 0 e 0 0
To q1 Fl e 0 0
0 T1 q2 0 0
0 0 0 e dn—1 Th—1
0 0 0 Tn—1 dn
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where
2
g = uk+|s|” vk,
T ‘= S/ Wk,
up = ap—oh_g,
2.2 2 9
Uk = OpQppy — Qp 1Qp_o,
2 (2 2 \2
W = Q (ak+1 - akq) (k=0),
and a1 = a_9 := 0, and P,, denotes the orthogonal projection onto the sub-
space generated by eq,...,e,. Since W, is quadratically hyponormal if and only

if Dp(s) > 0 for all s € C and all n € Ny := N U {0}, one considers d, (-) :=
det (D,, (-)). Note that d,, is a polynomial in ¢ := |s|* of degree n+ 1, with Maclau-

rin expansion
n+1

dp (t) := Z c(n, i)t
i=0
We say that W, is positively quadratically hyponormal if ¢(n,i) > 0 for all n,i > 0
with 0 <4 < n+ 1. By direct computations we have
do=qo, di=qoq — |rol’,

2

dpt2 = @nyodns1 — |rnt1l”dn (0 >0).
Recall also that given weights « : g, a1, a9 with 0 < ay < a1 < «g, there is a
canonical way to generate a weight sequence recursively due to Stampli [11]. Define

o 1/2
an<\If1+ 0 > (7123)7

2
an—l
where 2 2/ 2 2 2/.2 2
U, — aoa1(042_041) N _041(0‘2_0‘0)
0= ""7"""5 5 1= 775 35
af — o af — o

This yields a bounded sequence & := {@;};-, , where &; = a; (0 <@ < 2) and gives
also the weighted shift operator W5 (or written Wi, oy az)2) ([5L[6],[7],[11]). In
general, if W, is a weighted shift, then 2-hyponormality of W, implies positive
quadratic hyponormality and also 2-hyponormality of W, is equivalent to usvs —
ws > 0 ([1],]3)).

Some of the calculations in this article were obtained through computer ex-
periments using the software tool Mathematica [12].

3. Positive quadratic hyponormality

Let a(z,y) : \/g,\/f,(\/ﬁ,\/l_),\/é)A with 0 < y < 2 < a < b < ¢ be a weight
sequence. (Recall from [2] that for any quadratically hyponormal weighted shift W,
with weight sequence o = {@;}52, if ap = g1 for k > 1, then oy = a4 for all
k > 1. Thus it is sufficient to study parameters with the strict inequalities above.)
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First, we will consider (as in the last part of [8]) the weighted shift corresponding
to (v/a,vb,/¢)" with ¢ chosen so the shift has norm exactly one (and with 0 <
a < b < 1, of course). This is without loss of generality for matters of positive
quadratic hyponormality and quadratic hyponormality because both are preserved
under scaling. The relevant choice of ¢ is

a*—b+1)—b

€ Crom T T
For the weight sequence & (z,y), we can obtain directly
c(0,0) =y, c(0,1)=uay,
c(1,0) = (z—yy, c(1,1) = —yx(y —a), c(1,2) = az’y,
¢(2,0) = yla—=z)(x—y), c(2,1)=yaly—=)(x—-b),
c(2,2) = bla—y)—xz(zx—y)>(b—2)(a—1y),
c(2,3) = (ab—ay)yria.
Thus ¢(n,i) >0 (0 <n <2,0<4i<n+1). By standard facts ([1]),
enyn+1) = wo---v, 20 (n€Np),
¢(n,0) = wo-—-u, >0 (neNp).

And we may check individually (that is, include in our conditions) positivity of

¢(3,1),¢(3,2),¢(3,3),

c(4,2),c(4,3),
¢(5,3), and
¢(6,4) (which will be redundant in some cases).

An argument as in [8] yields the following: for n > 4,

Up - 03¢(2,3) =vp v (P =n+1),
unc(n —1,n) + v, - 048(2) (i =n),
c(n,i) =< upe(n—1,n—1)4v,---v48(1) (i=n-—1), (1)
Unc(n —1,m —2) + v, ---v49(0) (i =n—2),
upc(n —1,1)  (0<i<n-—3),

where
5(2) = ws3c(2,2) —wac(l,2),
(1) = wsc(2,1) —wac(l, 1),
5(0) := w3¢(2,0) —wac(1,0).

Some easy computations show that
0(0) > 0 <= ugvz —wg > 0 <= W\/z,(\/a,\/zé,ﬁw is 2-hyponormal

for 0 < x < a < b < ¢. This 2-hyponormality condition should be compared to
positive quadratic hyponormality of W JUE(Vabe)n S characterized in Theo-
rem 3.2.
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Suppose for a moment that we have ensured
c(ny,m—1) >0, n>0 0<i<2. (2)

Repeated use of the last line of (1) then shows ¢(n,i) > 0 (0 < i < n — 3), and
we will have positive quadratic hyponormality. We therefore turn to achieving this
non-negativity in the three cases corresponding to the values of ¢ in (2).

I. Work for ¢(n,n) >0 (n > 4). Using (1) and ¢(n — 1,n) =vg - - vp—1 We get
c(n,n) = upe(n —1,n) + vy -+ - 0460(2)
= UpUp - Up—1 + Vg0, 0(2)
3)
V4 + U1 (Upvov1V203 + V,0(2))  (n > 4),
o U4VoV1 V2V3 + ’U4(5(2) (n = 4)

Dividing by u,, (respectively, us) and with z, = v,/u, (which is known to be
increasing in n) we get

c(n,m) >0 for n >4 <= vovivov3 + 2,0(2) >0 (n >4).
There are two cases, depending on whether the sequence
E(zn) := vov1v2v3 + 2,0(2)
is increasing (i.e., 6(2) > 0) or decreasing (i.e., §(2) <0 ).

Case I-A. F(z,) increasing in n (i.e., §(2) > 0). In this case ¢(n,n) > 0 (n > 4)
automatically.

Case I-B. E/(z,) decreasing in n (i.e., 6(2) < 0). In this case,
en,n) >0 (n>4) <= E(z,) >0 (n>4) < E(K) >0,

\112
K = limzn:fﬁ(\lllJr\/\I/%Jer\I/O) (by [6, p.397])

= ——1 (because the norm is one [6, p. 392])

where

(ab —1)?
ala—1)(b—1)
with
blc—a) —1+abd
v, = = s
b—a —1+a
—ab(c—b) a—ab

\I/ = =
0 b—a —1+a’

due to the special choice of c.
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IT. Work for ¢(n,n—1) >0 (n >5). Using (1) we get for n > 5,
cnyn—1) = wupe(n—1,n—1)4 v, - v46(1)

= Up[Un—100 " Vp—2 + V4 Vp_10(2)] + vy - v40(1)

(vg - Up—2)[UnUp—100V10203 + UpVp—10(2) + v vp—16(1)]
= (vg Vp—2)(UpUn—1)[Vov1V20V3 + 2/,—10(2) + 2n—12,0(1)].
So ¢(n,n —1) >0 (n > 5) is equivalent to

VoU1V2V3 + 2—10(2) + 2p—12,6(1) >0 (n >5).

Let
F(zpn—1, 2n) := vov10203 + 2—10(2) + 2n—12,0(1).
Then
F(Zn7 Zn-‘rl) - F(Zn—la Zn)
= (zn — 2n-1)0(2) + (Znt12n — Zn2zn—1)0(1) ()
= (20 — za-1)[6(2) + HEIIL (1] (0 > 5).
Zn — Zn—1

Now

Zn+12n — Znln—1 Zn+1 — Zn

Zn—1+ (Zn — Zn—1) + 2n—1 + (Zn41 — 2n)

) B (1 —ab)? o
© Tdaotpe-n =Y

is constant for n > 5 using Lemma 4.3 in [8] (slightly improved to n > 5). So

either F(z,_1, zyn) is increasing for all n > 5 if [ - | in (4) is positive or decreasing
for all n > 51if [ - ] in (4) is negative. Note that in the positive case, we may use
Zn+12n — Znin—1 o Zn4124n — Zn+12n—1 + Zn4+124n—1 — Znin—1
Zn — Zn—1 Zn — Zpn—1 Zn — Zn—1
Zn+1 — &
= Zpt1 21— > 24

Zn T An—1

and that
(1 —ab)?

Cala—1)2(b-1) >0

to conclude that if 6(1) < 0, then

5(2) + 220(1) = 6(2) + 2ns10(1) > 6(2) + ntlin — Enfnzlsgy >,
Zn — Zn—1
and it follows easily that F'(z4,25) > 0 and hence ¢(5,4) > 0 automatically.
In the case F(z,—1,2,) is decreasing, by the usual argument 2, , K what
is required is F(K, K) > 0. So, summarizing, there are two cases, depending on
F(2zp-1, zn) increasing or decreasing, where

F(2n-1,2n) = vov10203 + 2,—10(2) + 2n—12,0(1).
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Case II-A. The sequence F(z,—1,2,) is increasing. This is equivalent to

(1 — ab)” -5(1) > 0.

TR E A

Then
automatic if (1) <0,

c(n,n—1)>0 (n25)<:’{ c(5,4) > 0if §(1) > 0.

Case II-B. The sequence F(z,—_1,zy) is decreasing. This is equivalent to

(1—ab)3

22) - ala—120b—1)

-0(1) < 0.

Then
cnyn—1)>0 (n>5)«<— F(K,K)>0

(1— ab)? (1—ab)? 717
< VgU1V2V3 + m . (5(2) + [m} . (5(1) > 0.

ITI. Work for ¢(n,n —2) >0 (n > 5). We will check ¢(5,3) > 0 individually. For
n > 6, using (1) and (3) we have that for n > 6,
cn,n—2) = upc(n —2,n—2)+ vy - - v40(0)
= uUpfup—1c(n —2,n — 1) +vp_1---vg - (1) + vy - 04 - 5(0)
= UpUp—1c(n —2,m — 1) + upvp_1 - v48(1) + vy, - - - v46(0)
= UpUp—1[Un—2U0 - Up_3 + Vg Up_20(2)] + Unvp_1---0v46(1)
+vp, - - - v40(0)
= UpUp—1Up—20V0 *** VUp—3 + UpUp—1Up_2 -+ - V40(2)
FUnVp—1Un—2 - 040(1) + vy, - - - 046(0)
= (UnUp—1Un—2)(Vg - Vp_3)
X [vov1v2V3 + 21,—20(2) + 2n—22n—10(1) + 2p—22n—12,0(0)].
So the condition ¢(n,n —2) >0 (n > 5) is equivalent to the conditions ¢(5,3) >0
and
G(2n—2,2n-1, 2n) := VoV1V2V3 + 2n—20(2) + 2p—22,-16(1)

+2n-22n-1200(0) >0 (n > 6).

Lemma 3.1. For n > 6, we have that

Znzn—1(Zns1 — Zn—2) (=14 ab)*(1 —a(l+b) 4+ a*(1 — b+ b?))
Zn—1 jznfz B a?(a—1)4(b —1)2 >0 (5)

Proof. Let

(i B oy = Fnini et = )

Zn—1 — Zn—-2
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where the z, are those pertaining to (y/a, Vb, /c)". It is a computation to show

Jr(Va, Vo, /e) = Js(va, Vb, /) = Ay,

where A, is the middle term in (5). Recall next that, if V/d is the next weight

in the sequence (v/a, Vb, )", (v/a,Vb,\/¢)" = a, (vb,/¢c,V/d)". Further, in

notation whose meaning is obvious,
Zn(\/av \/1_77 \/E)/\ = anl(\/l_% \/Ev \/E)Av n>5.
By what has been proved already,

Js(va, Vb, /e) J7(Vb

Js(Vb
Jr(Va,

= Aa,b-

m

sgs

=]
=
\_/

Repeating this argument the result follows.
Now we have
G(anlyznyszrl) *G(an%znflazn)

_ (anl o Zn72) [5(2) + Zn—1%2n — Zn—22n—1 5(1) + ann—l(zn-‘rl - Zn—Q) 5(0):|

Zn—1"2~2n-2 Zn—1"2~2n-2

= (anl - Zn72)

1—ab)?3 (ab—1)*(1—a(1+b)+a?(1—b+b?
B PO (0 L PU-all b +al1—b ) o]
ala—1)2(b—1) a?(—14+a)*(—1+Db)
for n > 6, and the second term [ - | in the above equation is constant for n > 6.

So there are two cases as usual, for G increasing or decreasing. Call the term in
[ - ] above C5 for convenience.

Case ITI-A. The sequence G(2,—2, Zn—1, 2n) 18 increasing (n > 6). This is equivalent
to C3 > 0. Then
cn,n—2)>0 (n>5)<=c(5,3) >0 and ¢(6,4) > 0.

(In some cases, depending on signs of §(0),d(1), and 6(2), ¢(6,4) > 0 may be
automatic. We omit the details of these special cases.)
Case III-B. The sequence G(zp—2, 2n—1, 2n) is decreasing (n > 6). This is equiva-
lent to C3 < 0. Then
¢nyn—2) > 0 (n>5)<—

¢(5,3) > 0and G(K,K,K) = vovivavs + K8§(2) + K25(1) + K*6(0) > 0

(ab—1)?

where K = Ta=T)a(h=T) 88 before.
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We now arrive at the following theorem.

Theorem 3.2. Let a (z,y) : /¥, vV, (Va, Vo, ,/cnorm)A with0<y<z<a<b<l.

Then Wg(e,y) s positively quadratically hyponormal if and only if the following
assertions hold:

(i) §(0) > 0,¢(3,1),¢(3,2),¢(3,3),c(4,2),¢(4,3),¢(5,3) > 0,
(ii) (¢(n,n) condition) I-A or I-B holds,

(iii) (¢(n,n—1) condition) II-A or II-B holds (II-A requires checking ¢(5,4) > 0),
and

(iv) (c¢(n,n—2) condition) ITI-A or II-B holds (III-A requires checking c¢(6,4) > 0).
Example 3.3. Consider a (z,y) : \/y, /=, (\/2+1\/§’ \/2+2\/57 \/2+3\/§)A7 which yields

a shift of norm one by a simple computation. Then the region

R :={(7,y) : Wa(a,y) is positively quadratically hyponormal}
is the union of the regions 1-7 in Figure 3.1.

Figure 3.1
¥

L A

thisis not positivaly
quacraiinelly +——— cutoff for c¢(6,4) >0
hyponormal

cutoff for G(K,KK)> ]

|
1l cutoff for G inc/dac

cutoff for F(K,K) > 0

——dee——

cutoff for F inc/dac

Y
i
E : X = 2/3(247)
i | i cutoff for uv.-w, >0
|
= iy
(The diagram is not to scale, with small areas enlarged.)
Note that for these values of a and b, ¢(6,4) > 0 controls also
c(3,1),¢(3,2),¢(3,3), (4, 2), ¢(4,3),¢(5,3) = 0.
Let A
~ 1 2 3
x) 1z, , ,
Bla): Va <\/2+ﬁ \/2+\/§ \/2+\/§>
and let WB(z) be the associated weighted shift.
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Then we may detect the following in the regions:

1. W3, is not 2-hyponormal; I-A, TI-B, III-A hold for W5, . in the region,

2. ng; is 2-hyponormal; I-A, TI-B, III-B hold for W5, ,) in the region,
3. WE(;») is not 2-hyponormal; I-A, TI-B, TII-B hold for W5, ,) in the region,
4. WB(I) is not 2-hyponormal; I-A, TI-A, TII-B hold for W5, in the region,
5. Wﬁ(m) is not 2-hyponormal; I-A, TI-A, TII-A hold for W5, ,) in the region,
6. Wﬁ(z) is 2-hyponormal; I-A, TI-A, TII-A hold for W5, ) in the region,
7. WE(;») is 2-hyponormal; I-A, II-B, ITI-A hold for Wy, ,) in the region.

This example will be continued in Example 4.7, in which the point P will figure
as well.

Remark 3.4. (i) In Example 3.3 condition I-B does not hold for any region of
positive quadratic hyponormality. However, with a = 3/4, b = 4/5, and ¢ as usual
there is a region of positive quadratic hyponormality in = and y on which I-B
holds.

(ii) For 0 < a < b < 1 and ¢ as usual, consider x chosen so that usvs —
wy = 0 (the largest = for which the weight sequence v/, (v/a, Vb, /c)" with ¢
as usual induces a 2-hyponormal shift). The intervals in y for which F/(K, K) and
G(K, K, K) are nonnegative (for /7, /z, (v/a, Vb, V©)") coincide. The significance
of this observation, if any, is not known.

4. Quadratic hyponormality

In this section we will obtain a characterization for quadratic hyponormality of
the back step extension of a weighted shift with recursive tail.

4.1. General back step extensions

We will consider back step extensions of length k;

k& Vks V=15 - - - VY1, (Va, \/l_), Ve)h

with 0 < yp < yp—1 < - < y1 < a < b < c. We will use kg B v B wg * Qs - -
to denote the usual quantities associated with Wik,. However, to save writing, we
will use u; for tu;, v; for Yvy, ..., so ui, vi, Wy, i, Gi, - .. have the same meaning as
n [10]. Observe for later use that

kui = Uj_k (Z >k+ 1)
Foi = vk (i>k+2) (6)
kwi = Wi—k (i>k+1).

Next we must revisit Lemmas 4.3 and 4.4 in [10] and their proofs. Recall that this
is in the context of a back step extension, and that our chosen notation matches
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that in the paper [10] except that the prefixed weight in their paper is /2 while
ours is /y1. Let us consider

F, = F,(zo,21,...,%n,8) :

n n—1 n
_ 2 2 2
= E w;T; — 28 E VWiTiTip1 + 8 E V; T}
i=0 i=0 i=0

= fa(xo, 1,22, 5)+
n—1 n—1 n

+ Z u;x? — 2s Z VWi xiy1 + 52 Z vix? +upa? |,
i=2 i=2 i=3

where
.f _ 2 _9 2_9 2.2
fo = f2(5130,£131,93275) = qoTy — 2roTox1 + q1T] — 2r121T2 + V287X,

(see [10]). For brevity, let us use g, (xo, 1,2, ..., Ty, s) for the second term in
the last expression of F), in (7). (Observe that xo and z; do not actually occur in
gn-) With this notation what is really proved in [10, Lemma 4.3] is the following
lemma.

Lemma 4.1. For n > 3, the following statements are equivalent:
(1) fO’F any o, ..., Tn,$ in R+, Fn = f2+gn 207
(ii) for any xo,x1,22,s in Ry,

UQ.’I:% >0

1+23t+...+2324...zntn72 —

And [10, Lemma 4.4] becomes the following lemma.

fa(zo,x1,22,5) +

Lemma 4.2. For n > 3, the following statements are equivalent:

(i) Fo = fa+gn >0 for all zg,...,2, € Ry and s > \/1/K;

(ii) fo(wo,x1,22,5) > 0 for all xg,x1,22 € Ry and s > \/1/K.

In fact, in the proofs nothing specific is used about fa(x,x1,z2,s) and so

what is really obtained is that
Lemma 4.1'. For any f(xo,x1,22,8) and n > 3, the following statements are
equivalent:

(1/) fOT any To,...,Tn,S in R+a f +gTL Z 07

(ii") for any xo,x1,x2,s in Ry,

’LLQQS‘%

> 0.
+ 1+ 23t 442324 - 2pt"2 —

Lemma 4.2'. For any f(xo,x1,x2,5) and n > 3, the following statements are
equivalent:

(i") f+gn >0 forall zg,...,z, € Ry and s > \/1/K;
(ii") f(xo,x1,22,8) >0 for all xg,x1,22 € Ry and s > /1/K.

f(l’07931,932, 5)
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Now define, for _j41,...,2-1,20,...,Zn, s € Ry,
B (T gty @1, @0,y T,y §) 1=
n n—1 n
— Z Fua? — 2s Z VEwizizio, + 52 Z Foa?
i=—k+1 i=—k+1 i=—k+1
1 1 2
= [ Z Fua? — 2s Z V¢wii + 52 Z kvlzz:?] (8)
i=—k+1 i=—k+1 i=—k+1

+

n n—1 n

k, .2 2 k.. .2
E wx; — 28 E VEwx;zie + s g v;xs |
i—2 =2 i=3

For brevity, we write fu(T_g11,-..,T0,21,%2,5) [Fgn(z0,21,...,2n,s), resp.] for
the first [second, resp.] term of the final expression of ¥ F}, in (8). Now observe that
using (6) we have
K0, 21, .. Tny 8) = gn(T0, T1, . - ., T, 5)
and citing Lemmas 4.1’ and 4.2" we get
Lemma 4.3. For n > k + 2, the following statements are equivalent:
(1) fOT all T—k41y-++3L0y+++yTn,S S R+a fk+ kgn Z 07

(ii) for all x_j41,...,20,21,%2,8 € Ry,
2
U2x5
T _k+1,-.-,20,21,%2,8) +
f( +1 s L0y L1, a) 1+23t+"'+23"‘2ntn72
:fk(x—k+1,...,$0,$1,$2,3)
k 2
Uk+2T3

+ > 0.
L4 Frgipt + Faappbzpgat? + o+ Fagpp o F 20t 2

Also, by the same idea but citing Lemma 4.2" we get

Lemma 4.4. For n > k + 2, the following statements are equivalent:
(i) for all x_g41,...,20,...,xn € Ry and s > /1/K,

(T g1y T1, 20y T,y 8) > 0;
(ii) for all x_g41,...,%0,..., 41 € Ry and s > \/1/K,
fk(x—k+17"'7:1"07$1;$2;8) ZO

Recall from [10, Th. 3.3], with notation adjusted to our setting, that quadratic
hyponormality of W5 is equivalent to the existence of a positive integer ng such
that the expression *F},(z_j41,...,%_1,%0,-- ., Tn,s) is non-negative for all non-
negative real numbers _41,...,2_1,Z0, ..., Ty, s and all n > ng. Combining this
fact with the above lemmas, we obtain the following theorem.

Theorem 4.5. Let *@ : /Yr, \/Ur—1,- - /U1, (v/a, Vb, \/©)" be a weight sequence
and let Wk, be the associated shift. Then the following three statements are equiv-
alent:
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(i) Wk, is quadratically hyponormal,

(ii) forallm > k+2 and x_gy1,...,T0,...,Tn, s € Ry,
k
Fn(x—k+17"'a$—1;$07"'7$n;8) > 05
(iii-a) for all x_g41,...,20, 21,22 € Ry and s < /1/K,
k 2
Uk+2T3
(@ —gy1,- - T0, 71, T2, 8) > 0;

+
L4 Fzgppt -4 Fagpp--Fapgptn=2 —

(iii-b) for all x_g41,...,20,21,22 € Ry and s > /1/K,

fk(m—k+17 e, L0, L1, T2, S) Z O
In particular, if it holds that for all x_j41,...,20,21,22,5 € Ry,
fk(x—k-‘rh e, L0, L1, T2, S) Z 07

then all of (i), (ii), and (iii-a,b) hold.

4.2. Reduction to 2 back step extension

To solve Problem 1.1, we need to reduce to the 2 back step extension from the gen-
eral back step extension in Subsection 4.1. We return to the notation in which the

back step extension is \/y, v/, (v/a, Vb, /)" instead of VY2, VY1, (Va, Vb, /o).

For k = 3, the function

f3(z_1, 0,21, 72,8) = (y + ozysz) 2+ ((9: —y)+ ao:sz) z?

+ ((a — z) + s*(ab — zy)) 27 + (bc — az) s°23

— 28\/yrr_120 — 25V (0 — y) TOT1 — 28V/a (b — T) 179
is a quadratic form with respect to (z_1, o, 21, xg)t. The corresponding symmetric
matrix is

Y+ xyt —/ytx 0 0
At) = | V¥ (@ —y) taxt —(a—y)Vat 0
' 0 —(a—y)Vat (a—2)+(ab—zy)t —(b—=z)Vat |’
0 0 — (b —x)Vat (be — ax)t
where t := |s|?. Hence f5 (z_1, 20,71, %2,5) > 0 if and only if A(t) > 0 for ¢ > 0.
We now apply the Nested Determinant Test to detect A(t) > 0 for ¢ > 0. Recall
that y < x < a <b. The 2 x 2 upper determinant of A(t) is

y(x —y) +yx(a —y)t + az’yt> >0, ¢ >0.
The 3 by 3 upper determinant of A(t) is

(a —2)(x — y)y + a(b — x)(z — y)yt + axy(ab — 2* — by + xy)t?
+ax?y(ab — zy)t?
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with all coefficients positive except possibly the t? one, but
ab—2® —by+ay = bla—vy)—x(x—1y)

z br—y)—a(z -y
= (b—z)(x—y)>0.
So the 3 x 3 determinant is positive for all £ > 0. And finally
det A(t) := ty(po + pit + pat® + pst?),
where
po = —(ab(b — ¢ — 2x) + a*zx + bex)(x — y),
p1 = —a?b?z + ab’cx + a?bx® — abex? — ab’cy
+ a®bxy + ab®zy + abexy — a’x*y — 2abx’y + axy,
p2 = a’b?cx — a®ba? — a®b%x? + 2a%bx® — abex® — ab®cxy
+ a?bz’y + abex?y — a3y,
p3 = az’(bc — ax)(ab — xy).
So it is sufficient for quadratic hyponormality to have
oz, y,t) == po + prt + pot® + pst® >0 forall t > 0. (9)

(Observe that this condition is not necessary since for ¢ < 1/K we need not have
fa(z_1,20,21,22,8) > 0 all by itself.) Hence we have the following proposition.

Proposition 4.6. If ¢(x,y,t) > 0 (¢t > 0) as in (9), then Wy
hyponormal.

(z,y) 15 quadratically

The following example gives a negative answer for Problem 1.1.

Example 4.7 (Continued from Example 3.3). Let & (x,y) be the weight sequence

yielding the associated weighted shift W5, ,) as in Example 3.3. Take zg =

3 _ 27 _ 6 2 3
m and Yo = m Then qj)(.’L‘o,yo,t) = m(ao—&-alt—&-agt +a3t ),

where ag = 49500 + 35000v/2, a; = 105560 + 74620v/2, as = 764490 + 5396401/2,
az = 339390 4 237573+/2. Hence obviously é(zq,yo,t) > 0 for all t > 0. By Propo-
sition 4.6, W5 (4,40) 18 quadratically hyponormal. But by Example 3.3, W5(44,0)
is not positively quadratically hyponormal, because the point P in Figure 3.1 is

P = (anyO)'
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Abstract. This paper presents a few additions to commutant lifting theory. An
operator interpolation problem is introduced and shown to be equivalent to
the relaxed commutant lifting problem. Using this connection a description of
all solutions of the former problem is given. Also a new application, involving
bounded operators induced by H? operator-valued functions, is presented.
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0. Introduction

Let U and Y be Hilbert spaces, and let F be a subspace of Y. In this paper we
consider the following problem. Given a contraction

| wr | y
w—[u&}.}"ﬁ{u}, (0.1)
find a (all) contraction(s) T' from U into H*()) satisfying the equation
Ey(ul + SyF(UQ = F|]: (02)

Here and in the sequel we use the convention that for any Hilbert space N the
symbol Sy denotes the forward shift on the Hardy space H2(N') and Ex denotes
the embedding of N into H2(N) defined by (Ex n)(A) = n. Furthermore, I'|#
stands for the restriction of I' to F viewed as an operator from F into H?()).

A contraction I' from U into H?(Y) satisfying equation (0.2) will be called a
solution to the interpolation problem defined by the contraction w in (0.1).

We shall show that the problem stated above can be reformulated as a relaxed
commutant lifting problem. On the other hand, as we know from [4], the relaxed
commutant lifting problem can be reduced to an interpolation problem defined by
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a special contraction w of the form (0.1). Hence it follows that the above problem
and the relaxed commutant lifting problem are equivalent in the sense that the
one problem can be reduced to the other and conversely.

To state the main results we need some additional notation. Throughout
L(U,Y) stands for the space of all (bounded linear) operators from U into ). By
H?(U,Y) we denote the space of all L(U,Y)-valued functions that are analytic on
D such that the Taylor coefficients Hy, H1, Hs, . .. of the function H at zero satisfy
the constraint Y > ||Hyul? < oo for each u € U. Given such a function H, the
formula

(Tu)(N) =HM\u, AeD, uwel, (0.3)
defines an operator I" from U into the Hardy space H?()), which we shall refer to
as the operator defined by H. Conversely, if I is an operator from U into H?()),
then there is a unique H € H?(U,Y) such that (0.3) holds, and in this case we
call H the defining function of T'.

Replacing T" in (0.2) by its defining function we see that our problem has the
following alternative formulation: find all H € H?(U,)) satisfying

Wi+ AH(Nwz = H\)|7, A eD, (0.4)

and such that the operator defined by H is a contraction. In this case we also say
that H is a solution to the interpolation problem defined by the contraction w in
(0.1).

The connection with relaxed commutant lifting mentioned above allows us
to use Theorem 1.1 in [6] (cf., Theorem 0.1 in [5]) to prove the following theorem.

Theorem 0.1. Let w be a contraction as in (0.1). Then H € H?*(U,Y) is a solution
to the interpolation problem defined by the contraction w if and only if H is given by

H\) =TIy Z(\)(I = NIy Z(\)™h, A eD, (0.5)

where Z is an arbitrary Schur class function from S(U,Y ©U) satisfying the con-
straint Z(\)| 7 = w for each A € D. Here Iy, and Iy, are the orthogonal projections
from the Hilbert space direct sum Y @ U onto Y and U, respectively.

Recall that for Hilbert spaces H and K the Schur class S(H, K) consists of
all L(H, K)-valued functions F', analytic on D, such that sup,cp [|F'(V)| < 1.

In general, the map Z — H defined by Theorem 0.1 is not one-to-one. In
fact, using the connection with relaxed commutant lifting and Theorem 1.2 in [6]
we shall derive the following result.

Theorem 0.2. Let H € H?(U,Y) be a solution to the interpolation problem defined
by the contraction w in (0.1), and let T from U into H?(Y) be the operator defined
by H. Then the set of all Z € S(U,Y ®U) satisfying Z(\)|z = w for each X € D
and such that (0.5) holds is parameterized by the set

{C € S(Dr,Dr) | C(\)Dr|# = Drws for each X € D}. (0.6)

Here Dr is the defect operator defined by the contraction I' and Dr is the corre-
sponding defect space.
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The parameterization referred to in the preceding theorem can be made more
explicit. Indeed, let H € H?(U,)) be a solution to the interpolation problem
defined by the contraction w in (0.1), and let T be the operator defined by H.
Then I' is a contraction. Given C' € S(Dr, Dr) we define

2H(N)
.

Zo(\) = W

o ] W)+, AeD, (0.7)

where

W(A) =T*(I+AS5)(I —AS3) "'+

+Dr(I +XCA\)(I —AXC(\)'Dr, XeD. (0.8)

We shall see that the map C' — Z¢c induces a one-to-one map from the set (0.6)
onto the set of all Z € S(U,Y ®U) satistying Z(\)|r = w for each A € D and such
that (0.5) holds.

As a new application we shall use Theorem 0.1 to prove the following result.

Theorem 0.3. Let H € H?(U, ), and let © € S(E,U) be inner such that ©(0) = 0.
Put H = H?(U) © OH?(E). In order that the map f — Hf defines a contraction
from H into H?(Y) it is necessary and sufficient that H is given by

H(\) =HOyZ(\)(I —O0(MNIeZ(\)™, XeD, (0.9)
where Z is an arbitrary Schur class function from S(U,Y @ E).

For ©(\) = AV the matrix-valued version of the above theorem can been
found in [1, 2] and for operator-valued functions in [7]. For the scalar case, with
O(\) = A, the result goes back to [9], page 490.

The paper consist of three sections (not counting the present introduction).
The first section has a preliminary character. Here we recall how the relaxed com-
mutant lifting problem can be reduced to an interpolation problem of the type
defined above. In the second section we prove Theorems 0.1 and 0.2 using relaxed
commutant lifting. In the third section Theorem 0.3 is proved.

1. Preliminaries about relaxed commutant lifting

This section has a preliminary character. We recall the relaxed commutant lifting
problem and how this problem can be reduced to an interpolation problem defined
by a contraction of the form (0.1).

We begin with some terminology. A quintet {A,T',U’, R, Q} consisting of
five Hilbert space operators is called a data set if the operator A is a contraction
mapping H into H’, the operator U’ on K’ is a minimal isometric lifting of the
contraction 77 on H’, and R and @Q are operators from Hy to H satisfying the
following constraints:

T'AR = AQ and R*R<Q*Q. (1.1)
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Without loss of generality we can and shall assume that U’ is the Sz.-Nagy-Schéffer
(minimal) isometric lifting of T”. The latter means (see [8]) that

_ T 0 ;L H
— Ep, Dr Sp,, } on K' = { H2(Dyp) } (1.2)

Given this data set the relaxed commutant lifting problem (RCL problem) is
to find all contractions B from H to K’ such that

;yB=A and UBR= BQ. (1.3)

UI

Here I3/ is the orthogonal projection from K’ onto H' viewed as an operator from
K’ into H’. In this case we refer to B as a solution to the RCL problem for the
data set {A,T,U’, R, Q}.

Since U’ is given by (1.2), we have K’ = H' ® H?(Dz/), and an operator B
from ‘H into H' & H?(Dr) is a contraction satisfying the first identity in (1.3) if
and only if B can be represented in the form

A H
B[FDA}.HH{HQ(DT/)}, (1.4)
where I is a contraction from D4 into H?(D7). Note that I and B in (1.4) define
each other uniquely. Moreover, given (1.4) the second identity in (1.3) holds if and
only if I satisfies the equation
Ep,, Dp AR+ Sp_,TDAR = TDAQ. (1.5)

Therefore, with U’ as in (1.2), the RCL problem for {A, 7', U’, R, Q} is equivalent
to the problem of finding all contractions I' from D4 into H?(Dg-) such that (1.5)
holds.

Equation (1.5) can be rewritten as an equation of the form (0.2). To see this
one first observes that, because of (1.1), for each h € Hy we have

IDAQR|? IQA|I* — [|AQR|* > || Rh||* — ||T" ARA)?
|ARR||> — |T"ARA||* + || RR||* — || ARA||
| D' ARR||* + || DARA|?.

Hence the identity

D1/ ARR

wDAQh = [ DaRh

:| ,  hé€Ho,

uniquely defines a contraction w from F = D,QH into Dy &D 4. We refer to this
contraction as the contraction underlying the data set {A,T’,U’, R, Q}. Using this
contraction equation (1.5) can equivalently be represented as

EDT,wl + S'DT,FUJQ = F|_7:, (16)

where wy is the contraction mapping F into D+ determined by the first component
of w and ws is the contraction mapping F into D4 determined by the second
component of w. Summarizing the above discussion we arrive at the following
conclusion.



Relaxed Commutant Lifting 161

With U’ equal to the Sz.-Nagy-Schiffer isometric lifting of T', the RCL problem
for {A, T, U, R,Q} is equivalent to the problem of finding all contractions T from
D4 into H*(Dr) satisfying (1.6), where

w1 Dy
e=[a] =[5
is the contraction underlying the given data set. Moreover, the map I' — B de-
termined by (1.4) provides a one-to-one correspondence between the solutions of
the interpolation problem defined by w and the solutions of the RCL problem for
{A,T",U',R,Q}. In particular, any RCL problem reduces to a problem of the type
considered in the introduction.

2. Proofs of Theorems 0.1 and 0.2

Throughout this section U and ) are Hilbert spaces, F is a subspace of U, and
the operator w in (0.1) is a contraction. We associate with w a lifting data set.

Proposition 2.1. Let w be a contraction as in (0.1). Put

[y ][] e[ 2] 2]

y

0 0 u

po| W |, Y 5| 0 . Y
I b B E R

3 0 0 0 N
U = 0 Iy O on u
Ey 0 Sy H*(Y)

Then {A,TC UCR,Q} is a data set, and the underlying contraction is precisely
the given contraction w. Furthermore, U’ is the Sz.-Nagy-Schdffer isometric lift-
ing of T'.

Here II£ stands for the orthogonal projection of ¢ onto F viewed as a map
from U into F, and hence II% is the canonical embedding of F into U.

Proof. The operators A and T" are orthogonal projections and hence contractions.
Observe that T"A and AQ are both zero operators. Furthermore, note that R = w
is a contraction defined on F and Q*Q is the identity operator on F. From these
remarks we see that

T'AR=AQ and R*R<Q*Q. (2.1)

Iy 0
o[ 8] m[2]

Thus we can identify Dz, with the space V. With this identification in mind it is
straightforward to check that U’ is the Sz.-Nagy-Schéffer isometric lifting of 7”. It

Next, observe that
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follows that {A,T’,U’, R, Q} is a data set. Notice that in this case the space Hy
appearing in the definition of a data set is equal to the space F. Using

0 0 Yy
polo a o [a]
DAQ:Q, Df,AR:wl, DAR:UJQ.

It is then easy to show that the contraction w in (0.1) is precisely the contraction
underlying the data set {A,7',U’, R, Q}. O

we see that

Proof of Theorem 0.1. Let w be a contraction as in (0.1), and let {4, 7", U’, R, Q} be
the data set constructed in Proposition 2.1. Since w is the contraction underlying
this data set and U’ is Sz.-Nagy-Schiffer isometric lifting of T, we know (see the
conclusion at the end of the previous section) that an operator I' : U — H?()) is
a solution of interpolation problem defined by the contraction w if and only if the
operator

A yelu
5= rp, |vou={ i) |
is a solution to the RCL problem for the data set {A,T",U’, R, Q}. Recall (using
canonical identifications) that Dz, and D ; are equal to ) and U, respectively. But
then Theorem 1.1 in [6] tells use that B in (2.2) is a solution to the RCL problem
for the data set {A,T7’,U’, R,Q} if and only if the defining function H of I is
given by

(2.2)

H(\) =TyZ(\)(I - NIy Z(A\)™, XeD,

where Z is an arbitrary Schur class function from S(U,Y ® U) satisfying the con-
straint Z(\)|F7 = w for each A € D. From these two “if and only if” statements
Theorem 0.1 follows. O

Proof of Theorem 0.2. Let H € H%(U, Y) be a solution to the interpolation problem
defined by the contraction w in (0.1), and let " from U into H?()’) be the operator
defined by H. Then T" is a contraction satisfying (0.2). Hence for each f € F we
have

IDefI* = 117 = ITFI? = I£IP = | Eywi fI* = |SyTwa f|®
= 12 = lwrfI? = llwafI? + llwzfII* = [ITwa > (2.3)
> || Drwaf]*.

The above calculation shows that there exists a (unique) contraction 2 mapping
Fr = DrF into Dr such that

QDF|_7: = DFWQ. (24)

Now let S/(Dr, Dr) be the set defined by (0.6). Let C be a function in S(Dr, Dr).
Using the identity (2.4) we see that the function C belongs to S'(Dr, Dr) if and
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only if C(A\)Dr|z = QDr|# for each A € D. The latter identity can be rewritten
as C(\)|#. = Q for each A € D. We conclude that

S'(Dr,Dr) = {C € S(Dr, Dr) | C(\)| 7. = Q for each A € D}. (2.5)

In other words, for the data set considered here the set (0.6) is precisely the set
Sa(Dr, Dr) appearing in Theorem 1.2 of [6]. Next, recall that

5=y |veu—| 2 ]

ID;
is a solution to the RCL problem for the data set {A,T",U’, R, Q}. But then, using
that the set (0.6) is equal to the right-hand side of (2.5), we can apply Theorem
1.2 in [6] to complete the proof. O

Corollary 2.2. Assume that w in (0.1) is an isometry such that waF is dense in U.
Then the map Z — H defined by Theorem 0.1 is one-to-one, and (0.5) provides a
proper parameterization of all solutions to the interpolation problem defined by w.

Proof. Using the fact that w is an isometry, we see from (2.3) that the operator
Qin (2.5) is also an isometry. In particular, the space QFr is a closed subspace of
Dr. Since wyF is dense in U, the space DrwsF is dense in Dr. By (2.4) the space
DrwsF is contained in QFr. Thus QFr is also dense in Dr. But QFr is closed in
Dr, and therefore QrF = Dr. Hence 2 is a unitary operator from Fr onto Dr.
This implies that the set defined by the right-hand side of (2.5), or equivalently
the set (0.6), consists of one element only. Thus if w is an isometry and wsF is
dense in U, then the map Z — H defined by Theorem 0.1 is one-to-one. (]

From Theorem 1.2 in [6] it follows that the map C — Z¢ given by (0.7) and
(0.8) is well defined and induces a one-to-one map from the set (0.6) onto the set
of all Z € S(U,Y ® U) satisfying Z(A\)|z = w for each A € D and such that (0.5)
holds.

3. Proof of Theorem 0.3

Throughout this section H € H2(U,Y), and © € S(&,U) is inner such that ©(0) =
0. Furthermore, H = H?(U)S©H?(E). Our aim is to prove Theorem 0.3. We begin
with some auxiliary results.

Lemma 3.1. Let ® = \710, and put Ho = H?*(U) & ®H?*(E). Then
H=FE,UDINHy, H=HoDdPE:E. (3.1)

Proof. As usual, given any inner function a € S(&X,)), we shall denote the space

H?(Y) & aH?(X) by H(«). The two identities in (3.1), then follow from the rule

(see, e.g., Theorem X.1.9 in [3]) that for two inner functions o € S(X,)) and
B € S(Y,X) we have

H(fo) = H(B) & BH(a).
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Indeed, we apply this rule twice. First with a()\) = ¥(A) and S(A\) = Ay, and
next with a()\) = Alg and B(A) = ¥(X). Note that in both cases fa = ©. With
the first choice of @ and 3 we get the first identity in (3.1), and the second choice
yields the second identity in (3.1). O

The above lemma allows us to define the following auxiliary operators:
R:Ho—H, Rho=ho; Q:Ho—H, Qhg= Ahg (ho € Ho). (3.2)
Note that the operators R and @) are isometries.

Lemma 3.2. Let T': H — H?(Y) be a (bounded linear) operator, and put

K(X\) = Ey(I —\S3) 'TEy, MeD. (3.3)
Then K € H?(U,Y), and the operator T' satisfies SyI'R = T'Q if and only if for
each f € H we have

THAN) =KXNf(A), AeD. (3.4)

Proof. According to the first identity in (3.1) the operator Ey maps U into H.
Thus I'Ey, is well defined, and hence the same holds true for K. Obviously, K is
an L(U,Y)-valued function which is analytic on D. Let K,, be the nth coefficient
of the Taylor expansion of K at zero. Take u € U. Then K,u = E3,(S3)"I'Eyu =
(TEy u)n, where (TEy u)y, is the n-th coefficient of the Taylor expansion of the
Y-valued function I'Ey; v at zero. Therefore

(TEyu)(N) =KMNu, uel, eD.
Thus K € H?(U,)), and K is the defining function for the operator I'Ey,.

Next assume that I' satisfies the intertwining relation SyI'R = I'Q). From
(3.3) we see that (3.4) holds for f = FEyu with v € U arbitrary. Indeed, for
f = Ey u we have f(\) = u, and hence

KN\ f(A) = K(\u = E(I — )\SS‘,)_I(FEM u) = (TEyu)(X) = (Tf)(N).
Using the first equality in (3.1), we see that it suffices to prove (3.4) for f = Ahg
with hg € Hy. However for such a function f we have

T'f =TQhg = SyI'Rhg = SyThg = AThg, K(X)f(A) = AK(A)ho(A).

Therefore, it suffices to prove (3.4) for hg € Ho.

Take ho € Ho. Note that the identity operator on H?(U) is equal to Sy.S;; +
Py, where Py is the orthogonal projection of H?(U) onto Ey U. The first identity
in (3.1) shows that Ey U C H. Thus I'Py is well defined. Since Hj is invariant
under Sj;, we see that Sy5;,ho belongs to H, and hence

Thy = FSuS;{ho +T'Pyho = FQS{;hO + I'Pyho
= SyFRSZ}hQ +T'Pyho = SyFS{f{ho + ' Pyhg.

Since hg is an arbitrary element of Hy, we get

Thy — SyFSIf{hO =TPyhgo, ho € Hp.
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By induction, using Hy is invariant under S;;, the preceding identity yields

Tho = SH(TP)(Si) ho + S5 VT(S5) ™V ho,  ho € Ho,
v=0

forn=0,1,2,.... Now fix A € D. From (3.3) we know that
(CRuf)(N) = (CEEG fYN) = KNE f, | e H*U).

Hence for hg € Hy we have

(Tho)( Z)\” NE (S5)"ho + AT (S5) ™ ho ) (V)
= A)(Z A gy () ho) + NI (S5) "V ho) (). (3.5)
v=0

Note that for n — oo the function I'(S;;) "+ hg converges to zero in the norm of
H?(Y), and hence the same holds true for S’(nH [(S;) "+ hg. It follows that the
second term in the right side of (3.5) converges to zero when n — oo. Furthermore,
for n — oo the vector Y., AV Ef; (S;;)" ho converges to ho()) in the norm of U.
Hence the first term in the right-hand side of (3.5) converges to K (A)ho(\) when
n — oo. Thus we have proved that (3.4) holds.

To prove the converse implication. Assume that (3.4) holds. Let hy € Hp.
Then for each A € D we have

(T'Qho)(A) = K(A)Aho(A) = AK (A)ho(A) = (SyT'ho)(A)
— (SyT'Rho)(\).
Since hg is an arbitrary element in Hy, we see that SyI'R = I'Q. O

Next we put the problem into the setting of our alternative version of the
relaxed commutant lifting problem. Put F = AHj, and define

wz[il}:}'e[%}, w1 =0, wy(Mho) = ho (ho € Ho). (3.6)

Note that w@ = R, and hence a contraction I' from A into H?())) satisfies the
intertwining relation SyI'R = T'Q if and only if SyTws = T'|#. Since wy = 0, we
are now ready to prove the main result.

Proof of Theorem 0.3. Let H € H?(U, D), and let us assume that the map f — H f
defines a contraction from H into H?()). Denote this contraction by I'. Then (3.3)
holds with H in place of K, and Lemma 3.2 shows that the contraction I" satisfies
the intertwining relation SyI'R = I'Q, and thus SyT'ws = I'|#. Since w; = 0, we
know from Theorem 0.1 that H is given by

H\) = FO\)(Iy — AG\) *Ey, MeD, (3.7)
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where

W= [ . } eS(H,[%}), WO)|r =w (\€D). (3.8)

Conversely, let H € H?(U,Y) be given by (3.7), where F' and G are such
that (3.8) holds. Then, again using Theorem 0.1, we know that there exists a
contraction I' from ‘H into H?()) such that

(ThYA) = FON)(Ix — AG(\)"*h, heH, AeD.

Moreover, SyT'ws = T'|#, and hence I' satisfies the intertwining relation SyI'R =
I'Q. It follows that H(A) = (I'Ey)(\) for each A € D. The fact that I' satisfies
the intertwining relation SyI'R = I'Q allows us to again apply Lemma 3.2. We
conclude that (Th)(X) = H(A\)h(X) for each h € H and each A € D. Thus the map
f — Hf induces a contraction from H into H2()) as desired.

From the previous results we see that it remains to show that the represen-
tations given by (3.7), (3.8) and by (0.9), with Z € S(U,Y & &), are equivalent.
Consider the spaces

F=XHo, G=HOEF=FEy, F'=Hy, ¢ =HOEF = BEE. (3.9)

Let F and G be as in (3.8). Fix z € D. Since G(2)|r = we and wy is an
isometry which maps F onto F’, we know that G(2)G C G’ = ®E€. Thus given
u € U, we have G(z)Eyu = ®PFEge(z) for some e(z) € €. Let Mg be the operator
of multiplication by ® acting from H?(&) onto H?(U). The fact that ® is inner is
equivalent to the statement that Mg in an isometry. Put C(z) = EfM;G(2)Ey.
Then

C(z)u = E:M3G(2)Eyu = EfMz®Ege(z) = EfEge(z) = e(z).

We conclude that G(z)Ey = ®PE¢C(z). From the definition of C(z) it is clear
that C(z) is a bounded linear operator from U into €. Moreover, C(z) depends
analytically on z € D.

From the result of the previous paragraph we know that

G(Z)(Euu S5 /\ho) =ho &® <I>EgC’(z) = Eyv @ Ak,

where
v=E}OE:C(2)u+ Efho, ko= S;PEeC(2)u+ Siho.

Recall that H = EyUd & NHy. Let J be the operator from EyUd & AHy to
U @ Hy defined by J(Eyu® Aho) = ud hg. Obviously, J is unitary and its inverse
is given by J =1 (u ® ho) = Eyu ® \ho.

It follows that relative to the direct sum decomposition U & Hg the operator
JG(z)J ™t is given by the following 2 x 2 operator matrix:

JG(2)J ! = FyPbeC(z) 1 (3.10)

Si®E:C(z) S,
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But then

(= G = I—-z2E/®FE:C(z) —zE
—2S5;PEeC(2) I —2zSy

and hence, using a Schur complement argument, we have

-1, Az)~! *]
J(I-2G(z) J'= )
where
A(z) = 1—z2E®EC(2) — (—2E)(I — 285) (=285 PEC(2))

= [ —2E/®FeC(2) + 2B/, (I — 2S;) (I — 28, — )®E:C(2)
= I—z2E}(I —28) "®E:C(2)

= I —20(2)C(2) =1—-0(2)C(z).
We also know that F(z2)| = 0. Thus F(z)J ! admits the following representation

U

F(z)J ' =] Fi(2) 0]: { Ho

} - . (3.11)

But then we have

H(z) '

F(z)(I —2G(2))  Eu

F(2)J7 (I = 2G(2)) " T T Ey

I
i
= Fi(2)A(z)7" = Fi(2)(I — 0(2)C(2))

Let 7 be the canonical embedding of Hy into H, that is, 7 is defined by
Tho = ho. From (3.10) and (3.11) it follows that

[ F(z) :|J_1 _ @Z:(szz) Tio 1 : [ 7?0 } = [ % } . (3.12)

G(2) a
Since Im 7 is perpendicular to ®E¢E we see that for h = Eyu @ Ahg we have
[F )R] + |G(2)hl* = || Fi(2)ul® + |2 B C(2)ul® + [[ho]*
But ||h]|? = ||u||? + ||ho]|?, and hence
1R[1* = (IE R + 1G()Rl?) = Jull? = (1P (2)ul® + |2 EeC(2)ul|?).

Since multiplication by ® and the map Eg are isometries, we conclude that

o[£ extul3]) = 5- [ 2] ex(u] 7).

A(z)7 %

[ Fi(z) 0]

* *
—1
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We have now shown that the representations given by (3.7) and (3.8) imply those
given by (0.9), with Z € S(U,Y @ &). The reverse implication is obtained by
reversing the arguments. [
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Variants of Ando-Hiai Inequality

Masatoshi Fujii and Eizaburo Kamei

Abstract. We discuss two variables version of the Ando-Hiai inequality: For
A, B>0and a€[0, 1], if A §o B <1, then

A" 4 B°<I for r,5>1.

arF(i-a)s
Here f, is the a-geometric mean in the sense of Kubo-Ando. In this context,
the Furuta inequality is understood as the one-sided version (the case of s =
1): If Ao B < I, then

A"f_or B<I for r>1.

ar+l—a

As a consequence, the Furuta inequality has an alternative simple proof. In
addition, we point out that the obtained inequality is understood as the case
=1 in the grand Furuta inequality.

Mathematics Subject Classification (2000). Primary 47A63; Secondary 47B15.

Keywords. Positive operators, geometric mean, Ando-Hiai inequality and Fu-
ruta inequality.

1. Introduction

Let A, B be positive operators on a Hilbert space. In [11], the a-geometric operator
mean for a € [0, 1] is defined as

Aty B=A?(A"7BA 7)* A3
if A > 0, i.e., A is invertible. First of all, we cite the Ando-Hiai inequality for

convenience and this one is equivalent to the main result of log majorization by
Ando-Hiai [1].

Ando-Hiai inequality. For A, B > 0,
A, B<1 = A" §, B " <1lforr>1. (1.1)

Recently, we discussed in [4] some relations between the Ando-Hiai inequality
and the following theorem:
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Theorem A. If A> B >0 and a € [0, 1], then
A" i BP<IT (1.2)
holds for p,r > 0.

It is an operator order version of our characterization of the chaotic order
that for A, B > 0, log A > log B if and only if (2) in Theorem A holds for p,r > 0.
By the way, the base of Theorem A is the Furuta inequality, see [2], [3], [5], [6],
[7], [8], [9] and [10]:

Furuta inequality. If A > B > 0, then for each r > 0

(A5BPAS)T < A"
holds for p > 0 and q > 1 satisfying (14+r)qg > p+r.

Its crucial point is the case (1 + r)g = p + r. So we recognize the following
inequality as (FI), which is expressed in terms of the a-geometric mean f,:
(FI) If A> B > 0, then

AT ﬁ% BP <A for p>1andr>D0. (1.3)
Based on these facts, we proposed two variables version of the Ando-Hiai
inequality in [3; Theorem 3]:
Theorem 1. For A, B> 0 and o € [0,1], if A o B <1, then
AT __er
It is obvious that the case r = s in Theorem 1 is just the Ando-Hiai inequality.

Moreover, as discussed in below, the case s = 1 is a natural variational expression
of the Furuta inequality. Namely Theorem 1 is a common extension of them.

BS <I for r,s>1.
ar+<1

2. Equivalence

Now we consider two one-sided versions of Theorem 1:

Proposition 2. For A, B> 0 and « € [0, 1], if A §o B < I, then
A" 4 _B<I for r>1.

Proposition 3. For A, B> 0 and « € [0, 1], if A §o B < I, then
At B*<I for s>1.

In the section, we investigate relations among them and Theorem 1.

ar+1

(o3
at(l—a)s

Theorem 4.

(1) Propositions 2 and 3 are equivalent.
(2) Theorem 1 follows from Propositions 2 and 3.
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Proof. (1) We first note the transposition formula X #, Y =Y iz X for § = 1—q.
Therefore Proposition 2 (for ) is rephrased as follows:

BﬂgASI = B°f# s A<I for s>1.
Bs+a

Using the transposition formula again, it coincides with Proposition 3 because

0Bs «@ «

 Bs+a - Os+« - (1-a)s+a’
(2) Suppose that A §, B < I and r,s > 1 are given. Then it follows from
Proposition 2 that A" §o, B < I for aq = 5711—;. We next apply Proposition 3
to it, so that we have
1>A" 8 o B°=A

r ﬁ¢
i Ff(-ap)s arf(l—a)s

1

S
)

as desired.

3. Furuta inequality of Ando-Hiai type

First of all, we point out that Proposition 2 is an Ando-Hiai type reformulation of
(FI):

Theorem 5. Proposition 2 is equivalent to the Furuta inequality.

Proof. For a given p > 1, we put o = %. Then A > B(> 0) if and only if

A" 4o By <1for By = A"3BPA™3. (3.1)

If A> B > 0, then (3.1) holds for A, B > 0, so that Proposition 2 implies that
for any r» > 0
1>A Dy B=A0tDg., B =A0tDy4,,, A 2pPA~:.

p+r p+r

_ 1y rtl
A=2)+—

Hence we have (FI);
A7 f1r BP < A

p+r
Conversely suppose that (FI) is assumed. If A=! 4, B; < 1, then 4 >
(A% By A%)® = B, where p = 1. So (FI) implies that for r; =r —1>0
A> A"y BP=A"0"Dy_ . A2B Az,

p+ry ptr—1

Since —f— =

T ﬁﬁ? we have Proposition 2.

As in the discussion of the preceding section, Theorem 1 can be proved by
showing Proposition 2. Finally we cite a proof of Proposition 2 for completeness.
Since it is equivalent to the Furuta inequality, we have an alternative proof of it. It

is done by the usual induction, and its technical point is a multiplicative property

of the index ﬁ of ff as appeared below.
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Proof of Proposition 2. For convenience, we show that if A= 4§, B < I, then

AT"d_or  B<I for r>1. (3.2)

(I—a)far

Now the assumption says that
C* = (A?BA?)* < A.
For any € € (0, 1], we have C* < A€ by the Lowner-Heinz inequality and so
A~ B e+ B= A_%(A_6 Ba(so A%BA%)A_%
T—a)ta(lte T+ae
< ATEH(CTO fapin O)AT2 = AT2CYA" 2 =AM 4, B< I
1+ae
Hence we proved the conclusion (3.2) for 1 < r < 2. So we next assume that (3.2)

holds for 1 < r < 2™. Then the discussion of the first half ensures that

ar
M ayr < < < = -
(A7) ﬁ(17011)+1alrl B<I forl<r <2, whereaq 0 a tor
Thus the multiplicative property of the index
o171 arry

l—a))+arr  (1—a)+arr
shows that (3.2) holds for all » > 1.

4. Grand Furuta inequality

As is well known, the grand Furuta inequality (GFI) interpolates Ando-Hiai and
Furuta inequalities. It is expressed as follows:
(GFI) If A> B > 0 with A > 0 and t € [0,1], then

[A5 (A~ 5 BPA=5)s A5|Gneir < Alt+T

for r >t and p,s > 1. We note that

(GFI) fort=1, r=s < (AH)

(GFI) fort=0, s=1 < (FI)

In this section, we point out that (GFI) for ¢ = 1 includes both Ando-Hiai
and Furuta inequalities.

Since Ando-Hiai inequality is just (GFI;t = 1) for r = s, it suffices to check
that Furuta inequality is contained in (GFIL;t = 1). As a matter of fact, it is just
(GFLt =1) for s = 1.

Theorem 6. Furuta inequality (FI) is equivalent to (GFI) for t =s=1.

Proof. We write down (GFI; ¢t =1) for s =1: If A > B > 0, then
[A3(ATEBPA™%) AR < A7

for p,r > 1, or equivalently,

A==y BP < A

_r
p—1+r
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for p,r > 1. Replacing r — 1 by r1, (GFI; t = 1) for s = 1 is rephrased as follows:
If A> B >0, then
A7 fye, BP <A

p+r1

for p > 1 and r; > 0, which is nothing but Furuta inequality.

Furthermore Theorem 1, generalized Ando-Hiai inequality, is understood as
the case t = 1 in (GFI):

Theorem 7. (GFI; t = 1) is equivalent to Theorem 1.
Proof. (GFI; t = 1) is written as
A>B>0 = [A3(A"2BPA 2) As|GDetr <A™ (p,r,s > 1).
We here put
o= 1, By =A"IBPA .
Then we have
A2B>0 < A, A"2BPA 2 <1 <= A '4, B <1
and for each p,r,s > 1
[AZ(A"2BPA™3)5 A5 |GDer < A
= ATf . (ATBPATE) <1
— A4 _a By <1

arf(l—a)s

This shows the statement of Theorem 1.

5. Concluding remarks

A further extension of Theorem 7 is given. We state the following result.

Theorem B. ([7]; Corollary 2.2) For every A, B>0 and 0 < a <1,
(A e B)" =, AT fao B® forr>1ands>1,

where h = [as™! + (1 — a)r~ 171,

Theorem 8. (GFI; ¢t = 1) is equivalent to Theorem B.

It is easily verified that Theorem B is equivalent to (GFI; ¢ = 1) which is
Corollary 1.3 itself in [7] and it is interesting to show that Theorem B is also
equivalent to Theorem 1 since

ha @ B ar
s fasT'+(1—a)rls ar+(l—-a)s’
Finally we shall show a further extension of Theorem 8. We define A ;B for
any s > 0 and for A > 0 and B > 0 by
1

A, B=A?(A"2BA 2)%As.

D=
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Theorem C. ([7]; Theorem 2.1) For every A >0, B >0, 0 < a <1 and each
t€[0,1]
(A ﬁa B)h >‘(log) A17t+r ﬁﬁ (Alit us B)

holds for s > 1 and r > t, where 3 = % andh:%.

Theorem 9. (GFI) itself is equivalent to Theorem C.

We would like to omit the proof of Theorem 9 since it is included in the proof
of Theorem 2.1 in [7].
Needless to say, when ¢t = 1, Theorem 9 becomes Theorem 8.

Acknowledgment. The authors would like to express their thanks to the referee for
his kind suggestions.
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On Local Spectral Theory

Robin Harte

Abstract. The “single-valued extension property” suggests a “local” version
of the point spectrum of an operator.

Mathematics Subject Classification (2000). Primary 47A10; Secondary 47B06.

Keywords. Local spectrum, transfinite range, transfinite kernel.

Suppose T : X — Y is a linear operator: then its range and null space are the
subspaces

(0.1) T(X)={Tr:2c X}CY ;T 0)={zcX:Te=0€Y}.
When X =Y iteration leads to the hyperrange and the hyperkernel:

(0.2) T(X) = () T™X); T==(0) = |J 7710) .

When X is a normed space we have also the transfinite range:

1. Definition If X is a complex normed space write

(1.1) 2(X) = | E(X) with Z4(X) = {¢ € XN- :Vn e N, |6l < E™[&ll} -
k>0

If T € B(X) is bounded and linear on X then the transfinite range of T is given

by

(1.2) T(X) ={%: £ €E(X), Vn € Nu, & =T (&nt1)}

and the transfinite kernel is the subspace

(1.3) T=9(0) = {z e X : |T"z||"/™ = 0} .

The holomorphic range is the subspace

(1.4) {lLr%(T—zl)f(z) : f € Holo(0,X)}

and the holomorphic kernel points are given by

(1.5) {9(0) : (T — 21)g(z) = 0 with g € Holo(0, X)} .
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Here if K C C we write Holo(K, X) for the set of functions f : Dy — X
which are defined and holomorphic on some open set K C Dy C C, and identify
a point A € C with the singleton set K = {\}. In fact, for complete spaces, the
transfinite range and the holomorphic range coincide:

2. Theorem If T : X — X is bounded and linear on a Banach space then the
holomorphic and the transfinite range points T* (X)) coincide, and the holomorphic
kernel points of T' are given by the intersection

(2.1) T7H0)AT¥(X) .
Proof. If y = §, € T¥(X) as in (1.2) define

(2.2) fz) =&+ 2" on Dy = {|z| < 1/k} ;

j=1

conversely pass to the Taylor series of f. If (1.4) holds on {|z| < p} then, with
hp <1,

f(z) =&+ Y 2" with & =z, ||&u]l < h™ < (h + ¢l|z])" 2] -
n=1
It is clear that the holomorphic kernel points (1.5) are contained in the null space
T710), and that if y = g(0) is in the set (1.5), then y = lim,_o(T — 2I)f(2) €
TY(X) with

03 1) =6wE =2 20 =g0) =0
conversely if y = lim,_,o(T — 2I)f(z) as in (1.4) then y = ¢(0) as in (1.5) with
(2.4) g(z) =y +zf(2) O

The transfinite range is usually written K (7T), and known as the coeur analy-
tique of T, while the transfinite kernel (1.3), written Ho(T'), is called the quasinilpo-
tent part of T. The analogue of (1.2), with the whole sequence space XN+ in place
of the subset Z(X), is known as the coeur algébrique, and is the largest linear
subspace M C X for which TM = M. The space Z(X) = X ® = can be thought of

as the tensor product between the space X and the sequence space Z = Z(C), al-
though we do not claim that it is closed under addition. Notice that the coordinate

mapping
(2.5) 0N €& (XN = X)
is “one one at zero” when restricted to Z(X). On the whole space XN+ distinguish
operators
T®s: XN — XN« induced by T € B(X), s: CN+ — CN~ |

in particular when s € {u, v} is either the forward or the backward shift:

(2.6) (Ut)pt1 =tn , (ut)o=0; (Vt)y =tpt1 .
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Thus
(2.7) vu=1%# uww on CN~ .

With this notation we have expressions for the transfinite range and kernel: if
T € B(X) then

(2.8) T¢(X)=0"EX)(I®1-Tov)"'(0)
and
(2.9) T70)T(X) = 0"EX)nI®u—-Tx1)7'(0)) .

The transfinite range and kernel have perturbation properties similar to the hy-
perrange and hyperkernel ([4] Theorem 7.8.3):

3. Theorem If T' € B(X) then

(3.1) TY(X) =T(T*(X)) and T™%(0) = T~'T~*(0) ,
and if S € comm(T) then

(3.2) S(T~(0)) € T=(0) ; S(T¥(X)) C T¥(X) .
If in particular S is in the invertible commutant of T,

(3.3) S € comm™(T) = comm(T)~B(X)™ !,
then

(3.4) T7(0) C (T — S)“(X) .

Proof. Inclusion (3.1) and both of the hyperinvariances (3.2) are clear; for (3.4)
argue

r €T #0), Sc€comm Y (T) = z=(S-1T) Z g—n—lpn,

n=0
and perturb S by small scalars. O
As Mbekhta [11] has noticed, the familiar “separation of spectra” associated
with isolated points can be expressed in terms of the transfinite range and kernel:

4. Theorem Suppose X is a Banach space, and T € B(X): then necessary and
sufficient that

(4.1) 0 & acc o(T)

is that both

(4.2) TY(X)+T7“(0) =X and T (X)aT~“(0) = {0}
and

(4.3) T(X) = cl T%(X) and T~(0) = ¢l T~(0) .
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Proof. If 0 € C is (4.1) at worst an isolated point of spectrum then T € B(X) has
a (Koliha-)Drazin inverse, T* € B(X) for which
T =T*TT* , TT* =T*T and
(44) X -1 n X 1/n
T+(I-T*T) e B(X)™", | - T*T)|"/" =0

the projection T'®* = T*T commutes with 7" and the restrictions of T to the range
and null space of T'® are respectively invertible and quasinilpotent. It is rather
easy to see that in this situation

(4.5) T*(X) = T%(X) and (I — T*)(X) = T~*(0) :

the range T*(X) C T¥(X) and the subspace of quasinilpotency (I — T*)(X) C
T-(0), while the intersections T*(X)~T~¥(0) = {0} = (I — T*)(X)T¥(X).
Thus both (4.2) and (4.3) hold. Conversely a Baire’s theorem argument shows
that if the transfinite kernel is closed then the restriction of the operator to it is
quasinilpotent: notice

(46) Kp={zeX: m<n=|[|T"z|| <m™ "||z]|} = T7“(0) C U K .
m=1

The restriction of T' to the transfinite range is now one-one, and by (3.1) onto. [

Schmoeger [15] has remarked that it is sufficient for (4.1) that (4.2) holds
together with half of (4.3): it is sufficient that the transfinite range is closed, so
that in the presence of (4.2) we can replace (4.3) by the weaker condition

(4.7) TYX)=c T¥(X) .
We shall describe an operator T': X — X as hyperexact if there is inclusion
(4.8) T710) CT>(X) :

in an old condition of Saphar [14] the hyperrange is replaced by the coeur algé-
brique, or alternatively by the transfinite range. When in addition the operator
has closed range

(4.9) T(X)=cl T(X)

then these conditions all coincide, and in addition the transfinite range reduces to
the hyperrange. The argument rests on the open mapping theorem, and [7] can be
made to rely on “consorted range points”:

5. Definition If T': X — X is bounded and linear then y € T%(X) is a “consorted
range point” of T if there are (x,) in X and (S,) in comm™(T), and x € X, for
which

(5.1) (T — Sp)xn =y and ||Sp|| + ||2n — || = 0,
and more generally y € T~%(X) a “consorted closure point” if

(5.2) (T — Sp)x,, =y and ||Sy|| + ||Snzn| — 0 .
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We shall say that y € T—%(0) is a “consorted kernel point” if there are (y,) in X
and (S,,) in comm~Y(T) for which

(5~3) (T - Sn)yn =0 and HSnH + ||yn - y” —0.

Like the holomorphic kernel points, the consorted kernel points are an inter-
section:

6. Theorem There is inclusion
(6.1) T¢(X)CcTYX)cT™9X),
and equality
(6.2) T=20) =T71(0) T~ (X) .
Proof. Inclusion (6.1) is clear. If (5.2) holds then
Yn =Y+ Sntn = (T — Sp)yn = Ty + Sn((T — Sn)zn —y) ,
vanishing if also Ty = 0, and
[Snll + llyn — yll = [1Snll + | Snanll — 0 .
Conversely if (5.3) holds then certainly Ty = 0, and
Tn =Sy (Yn —y) = (T = Sp)rn = S, (T = Su) (Y —y) = S, ' Ty +y
with again
[Snn |l = llyn —yll — 0 O
If T € B(X) is onto, and hence open, then (Finch [3])

(6.3) X=TX)=T"X)=T>(X) :

this is because by the open mapping theorem there is & > 0 for which
(6.4) Vye X, 3y €X iy=Ty and |ly| <kl -
Thus

(6.5) yeX=y=¢ €= (X)CEX),

where Z'(X) = |J,, Z}.(X) with

(6.6) Ee(X) = {£ € XN i ¥n e Nu, [[&nsa]l < Kllall} -

For operators with closed range the relationship between hyperrange, holomorphic
range and consorted range points is [7] delicate:

7. Theorem There is inclusion

(7.1) T7H0)nT?(X) € T™(X) .

If T has closed range then

(7.2) T7H0) CTY(X) <= T7'(0) C T™(X) <= T7'(0) C T¥(X) ,
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in which case
(7.3) TO(X)=T>(X)=T“(X) .
Proof. If (5.1) holds then certainly y = Tz € T'(X), and if in addition Ty = 0 then
for each n,k € N
x, =T8S w, =TFS %z, € T(X) .

The rest of the argument is Theorem 2 and Theorem 3 of [7], noting that ([7]
Theorem 1) the hyperexactness (4.8) transmits the range closedness (4.9) to all
powers T™ of T, and hence to T°°(X). O

An operator T': X — Y is one-to-one iff its null space is trivial:
(7.4) T71(0) = {0} ;

when Y = X the point spectrum 7'¢f*(T) or set of “eigenvalues” of T consists of
those A € C for which T' — Al fails to be one to one. The “holomorphic kernel
points” offer a local analogue:

8. Definition We shall say that T € B(X) is holomorphically one-one if it has no
nontrivial holomorphic kernel points,

(8.1) T7H0)nT*(X) = {0},

and write

(8.2) e (T) = {\ € C : T — X is not holomorphically one-one} .
Holomorphic kernel points correspond to local failure of the single-valued exten-
sion property:

9. Theorem The holomorphic kernel points of T € B(X) are precisely the points
A € C for which T does not have the single-valued extension property at A, and
there is inclusion

(9.1) (T C int (T C 7T

loc

and also inclusion

(92) 7rleft (T) C 7Tleft(rr) U ,}_right (T) ,

loc

where 78" is the “defect spectrum,”

(9.3) TR (T) = IN e C: (T — M) (X) # X} .

Proof. Necessary and sufficient for 0 not to be a holomorphic kernel point is the
implication

(9.4) £=(60:81:82,-- ) €EEX), T(€) =0 = &=0€X;

necessary and sufficient for 7' not to have the single-valued extension property at
0 is the implication

(9-5) §=(60:61,82,..) €E(X), T(§) =0 = £=0€E(X).
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By the one-one-ness at zero (2.5) of the mapping 0 restricted to Z(X), this
identifies holomorphic one-one-ness with the single-valued extension property. For
the inclusion (9.1) simply observe that if Tz = 0 with 0 # z = &, € Z(X) then [5]

(9.6) A\ < k= X\ €aT) .
For (9.2) repeat the open mapping theorem argument (6.3). O

The closure of ml¢f(T") is known [10], [13] as the “analytic residuum” of 7.

From (9.1) and (9.2) it follows ([1] Corollary 4.36)

(9.7) o(T) = moe (T)ur™"(T) 5

also the boundary of the local eigenvalues is included in the defect spectrum. There
is a spectral mapping theorem for the single-valued extension property:

10. Theorem If T € B(X) and if p is a polynomial then the one way spectral
mapping theorem holds,

(10.1) pmice (T) € mge p(T)

with equality for non constant p.

Proof. This is given by Miiller ([13] Theorem 14.6, Corollary 14.7), for functions
holomorphic on, and not constant on any component of, some neighbourhood of
the spectrum: cf. Aiena ([1] Theorem 2.39), Laursen and Neumann ([10] Theorem
3.36) and Colojoara and Foias ([3] Theorems 1.5, 1.6). For something potentially
more elementary recall the argument for the point spectrum: if 7 : X — Y and
S :Y — Z are arbitrary there is implication

(10.2) S7H0) = {0} =T71(0) = (ST)"*(0) = {0} = T~ '(0) = {0} .
With Z =Y = X and ST =TS we look for the analogous
STHO)ASY(X) = {0} = T7H0)n T (X)

s (ST)1(0)n(ST)*(X) = {0}

While (10.2) gives part of this, the inclusion for the transfinite range is the other
way round. For polynomials [8], [13] it would be sufficient that (10.3) hold in two
situations: when

(10.3)

(10.4) (S, T)=(R™,R") with R € B(X) ,
and when
(10.5) VS —TU =1 with {U,V} C comm(S,T) .

Backward implication in (10.3) is clear when (a special case of) (10.4) holds:
(10.6) S=T"= T710) C (ST)"'(0), (ST)“(X) =T*(X) O

If for example S = T2 then backward implication in (10.3) follows from the
factorization (with bounded linear R)

(10.7) Iou-T*21)(Iev™)=RIou-Tx1),
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where the modified backward shift v™ is given by
(10.8) (v~E)y =€, nEN, , EcCN- |

In matrix form

-T2 0 0 0 0...
I 0 =72 0 0...
0 0 1 0o -T72%...

0o 1% -13% -T* -1T°..1[-T O 0 0 0
0 1 T 0 0.. I -T 0 0 0
0 0 0 1 T. 0 I -T 0 0

Inspection of the arguments of [1], [3] and [10] shows that they rely on equality

(10.9) T7H0)nT*(X) = T7H0)nGx (T)

where

(10.10) Gx(T)= () (T = AD*(X) C [ (T = A)>*(X) = Fx(T) :
AeC AeC

we discussed the larger space in [8]. A strengthened version of one-one-ness is
boundedness below:

11. Definition We shall declare that T € B(X) is holomorphically bounded below
if there are positive constants (hs)sso for which there is implication, for arbitrary
¢ € Z(X) and arbitrary § > 0,

(1L1)  p=Tel-Iouwi= ) /&l <hs|Y_ =n on{lz|<d}.
j=0 j=0
It follows that if f,, € Holo(0, X) for each n € N then there is implication
(11.2) (T — 2D frn(z) > 0 = frn(z) -0 :
this implies a localised version of what is known as “property (3).” It is not

immediately clear what a “local defect spectrum” should be, but what is called
the “local spectrum” is derived from the transfinite range: if x € X write

(11.3) or(z) =TI (T) = { e C:a g (T — A)“(X)} .
Our version of the notation is supported by equality
(11.4) U (1) = rrieht(T)

rzeX

inclusion one way round is elementary, while the other uses the open mapping
theorem. Evidently

(11.5) r=0= 708"T) =0
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also in a Banach algebra A with identity 1
(11.6) r=1=— 7iM(L,) = Ujght(a) , THeht (R ) = oT(a) .

This is a tiny tip of the iceberg that is Allan’s theorem [2].
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Abstract. Recently J. Roe and two of the authors derived a formula which
expresses the Fredholm index of a band-dominated operator on [¥(Z) in terms
of local indices of its limit operators. The proof makes thoroughly use of K-
theory for C*-algebras (which, of course, appears as a natural approach to
index problems). The purpose of this short note is to develop a completely
different approach to the index formula for band-dominated operators which
is exclusively based on ideas and results from asymptotic numerical analysis.
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1. Introduction

Let 1 < p < oco. We work on the Banach space [P(Z) of all two-sided infinite
sequences z : Z — C for which

1/p
@], = (Z |$(n)|p> < 0.

ne”Z

A bounded linear operator A on IP(Z) is a band operator if its matrix representation
(@i5)i, jez with respect to the standard basis of [P(Z) is a band matrix, i.e., if there
is a k € N such that a;; = 0 whenever [i — j| > k. By a band-dominated operator
we mean the norm limit of a sequence of band operators.

We are interested in Fredholm properties of band-dominated operators. Recall
that a bounded linear operator A on a Banach space X is called a Fredholm

This work has been partially supported by CONACYT project 43432 and DFG Grant 444 MEX-
112/2/05.
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operator if its kernel {x € X : Az = 0} and its cokernel X/{Ax : z € X} are
finite-dimensional linear spaces, and that the difference

ind A := dimker A — dim coker A

is called the Fredholm index of A.

The Fredholm properties of a band-dominated operator can be expressed in
terms of its limit operators. To state these results we have to recall some more
notations. For every k € Z, we consider the operator of shift by k,

Uy : °(Z) = P(Z), (Ugz)(m):=x(m—k).

Further, we let H stand for the set of all sequences h : N — Z which tend to
infinity in the sense that given C' > 0, there is an ng such that |h(n)| > C for all
n > ng. An operator Ay, € L(IP(Z)) is called a limit operator of A € L(IP(Z)) with
respect to the sequence h € H if the sequence (U_p () AUp(n))nen tends strongly
to Ay as n — oo and if the adjoint sequence (U_p,(n)AUp(n))* = (U—p(m)A* Unn))
converges strongly as well. Notice that every operator can possess at most one
limit operator with respect to a given sequence h € H. The set o,,(A) of all limit
operators of a given operator A is called the operator spectrum of A.

The main result of [3] (see also [4] for a comprehensive account) reads as
follows.

Theorem 1.1. Let A € L(I’(Z)) be a band-dominated operator. Then

(a) every sequence h € H possesses a subsequence g such that the limit operator
Ay of A with respect to g exists;

(b) the operator A is compact if and only if o,p(A) = {0};

(c) the operator A is Fredholm if and only if each of its limit operators is invertible
and if the norms of their inverses are uniformly bounded;

(d) if A is a band operator, then A is Fredholm if and only if each of its limit
operators is invertible.

Next we recall the index formula for Fredholm band-dominated operators.
Let P denote the projection operator
z(n) if n>0
P PZ) — 1°(Z), (Pz)(n) = { S "
the range of which will be identified with [?(Z") in the natural way. The comple-
mentary projection I — P is denoted by Q. Let A be a band-dominated operator
on [P(Z). Then the operators PAQ and QAP are compact (they are of finite rank
if A is a band operator), and so are the operators A — (PAP + Q)(P + QAQ) and
A—(P+ QAQ)(PAP + Q). Hence, a band-dominated operator A is Fredholm if
and only if both PAP + @ and P + QAQ are Fredholm operators, in which case
the Fredholm index of A is equal to the sum of the Fredholm indices of PAP + Q)
and P+ QAQ. We call ind (A) :=ind (PAP+ Q) and ind_(A) := ind (P + QAQ)
the plus-index and the minus-index of A. Thus,

ind A = ind4 (A) + ind_(A) (1.1)
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for every Fredholm band-dominated operator A. Notice also that the operator
spectrum splits into

Gup(A) = 74 (A) U (A)
where o4 (A) and o_(A) collect the limit operators of A which correspond to
sequences tending to +o00 and to —oo, respectively.

Theorem 1.2. Let A € L(IP(Z)) be a Fredholm band-dominated operator. Then
(a) for all By € 04(A) and B_ € 0_(A),

indy (By) =ind4+(A) and ind_(B-)=ind_(A);

(b) all operators in o4 (A) have the same plus-index, and all operators in o_(A)
have the same minus-index;
(¢c) for arbitrarily chosen operators By € 04(A) and B_ € o_(A),

ind A = ind4(B+) +ind_(B_). (1.2)

Of course, if A is Fredholm, then all operators in o (A) also have the same
minus-index, which follows from (b), from the invertibility of all limit operators
of A, and from (1.1). Tt is also evident that assertions (b) and (c¢) are immediate
consequences of assertion (a).

Theorem 1.2 was proved in [2] in case p = 2, and its generalization to p €
(1, o) was done in [6]. A natural approach to the computation of the Fredholm
index is via K-theory for C*-algebras. Indeed, the proof of Theorem 1.2 given in [2]
is heavily based upon calculations of K-groups of C*-algebras of band-dominated
operators and of their related ideals.

The purpose of this note is to present a completely different proof of the
index result in Theorem 1.2 which is exclusively based on ideas and results from
asymptotic numerical analysis, especially from the theory of the finite sections
method.

2. The finite sections method

For n € N, consider the projection operators

x(m) f0<m<n

P 1P(ZF) = IP(ZF), (Pax)(m) = { 0 otherwise.

Let A € L(IP(Z")). The operators P,, AP, considered as acting on im P, are called
the finite sections of A. The sequence (P, AP,)nen of the finite sections of A
is called stable if the operators P, AP, : im P, — im P, are invertible for all
sufficiently large n and if the norms of their inverses are uniformly bounded. If
the sequence (P, AP, ) is stable, then the operator A is invertible, and the finite
sections method applies to the solution of the equation Au = f in the sense that
there is an ng such that the equations P, AP,u, = P, f possess unique solutions
uy, € im P, for each n > ng and for each right-hand side f € IP(Z™) and that these
solutions converge in the norm of IP(Z™%) to the solution of the equation Au = f.
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In case A is a band-dominated operator, the stability of the finite sections
sequence (P,AP,) can be characterized in terms of limit operators of A. The
following is the main result of [5]. It states not only a stability criterion for the
full sequence (P, AP,) of the finite sections, but also for each of its subsequences.
The notation oy ,(A) refers to the set of all limit operators of A with respect to
subsequences of a given strongly monotonically increasing sequence n : N — N.
Further we introduce the flip operator

J P (Z) —1P(Z), (Jx)(n):
Evidently, JPJ = Q.

z(—n—1).

Theorem 2.1. Let A € L(I’(Z")) be a band-dominated operator and n : N — N
a strongly monotonically increasing sequence. Then the sequence (Ppn)AP,(y)) is
stable if and only if the operator A and all operators

JQARQJ with Ay € O’Opm(A)

are invertible on IP(ZT).

3. Compact and Fredholm sequences

In the following two sections, we let p = 2. This restriction is not really necessary;
but we would like to refer to the results of [7] which were derived for p = 2. The
case of general p € (1, co) will be discussed in Section 5. We will see there that
the general result is indeed a simple consequence of the index formula for p = 2.

It is convenient to consider the sequence (P,AP,) of the finite sections of
an operator A € [2(Z%) as an element of a C*-algebra, F, which is defined as
follows. The algebra F is the set of all bounded sequences (A,) of operators A, :
im P,, — im P,, provided with element-wise defined operations, an element-wise
defined involution, and the norm ||(A,,)|| := sup ||A,||. One easily checks that F is
indeed a C*-algebra and that the set G of all sequences in F which tend to zero
in the operator norm forms a closed ideal of F.

The relevance of the algebra F in our context becomes evident from the fact
that a sequence (4,) € F is stable if and only if the coset (A4,)+ G is invertible in
the quotient algebra F/G. Moreover, the algebra F and its quotient algebra F/G
also provide a natural frame to formulate a Fredholm theory for sequences (A4,,)
of matrices. We are going to recall the basic notations from [1, 7].

A sequence (K,,) in F is a sequence of rank one matrices if every matrix K,
has range dimension less than or equal to one. The smallest closed ideal of F which
contains all sequences of rank one matrices will be denoted by K. The product of
a sequence of rank one matrices with another sequence in F is again a sequence
of rank one matrices. Hence, the set Ky of all finite sums of sequences of rank one
matrices forms an (in general, non-closed) ideal of F the closure of which is just
the ideal K. Consequently, a sequence (A4,,) € F belongs to K if and only if, for
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every ¢ > 0, there is a sequence (K,,) € F such that
sup ||A, — K| <e and sup dimim K,, < oo. (3.1)
n n

In particular, the ideal IC encloses the ideal G. We refer to the elements of K as
compact sequences. The role of the ideal I in numerical analysis can be compared
with the role of the ideal of the compact operators in operator theory.

An appropriate notion of the rank of a sequence in F can be introduced as
follows. A sequence A € F is said to have finite essential rank if it is the sum of
a sequence (Gy) in G and of a sequence (K,,) with sup,, rank K,, < co. If A is of
finite essential rank, then there is a smallest integer » > 0 such that A can be
written as (Gy,) + (K,,) with (G,) € G and sup,, rank K,, < r. We call this integer
the essential rank of A and write esstank A = r. If A is not of finite essential
rank, then we set essrank A = oco. Thus, the sequences of essential rank 0 are just
the sequences in G. Clearly, the sequences of finite essential rank form an ideal of
F which is dense in I, and

essrank (A 4+ B) < essrank A + essrank B,
essrank (AB) < min {essrank A, essrank B}

for arbitrary sequences A, B € F. Several equivalent descriptions of compact se-
quences can be found in [7], Section 4.

In correspondence with the ideal IC, one introduces an appropriate class of
Fredholm sequences by calling a sequence (A,) € F Fredholm if it is invertible
modulo the ideal K of the compact sequences. It is not hard to show that a sequence
(A,) € F is Fredholm in this sense if and only if there are sequences (B,,) € F
and (J,) € K with sup,, rank J,, < oo such that

B,A,=1,+J, forallneN (3.2)

(see Theorem 5.1 in [7]).

If the sequence A = (A,,) € F is Fredholm, then the sequence AA* =
(A, A%) is Fredholm, too. The smallest non-negative integer k for which there
exist a sequence (B,,) € F as well as a sequence (J,,) € K of essential rank k such
that

B, AN A, =1,+J, forallneN

is called the a-number a(A) of the Fredholm sequence A.

The indez of a Fredholm sequence A € F is the integer

ind (A) := a(A) — a(A¥).

Observe that, in the case at hand, the index of a Fredholm sequence is always zero,
which is a consequence of the fact that the operators A, act on finite-dimensional
spaces. So the more interesting quantity associated with a Fredholm sequence
seems to be its a-number. But we will see that, on the other hand, the vanishing
of the index of a Fredholm sequence allows one to make use of the index as a
conservation quantity. Some general properties and equivalent characterizations of
Fredholm sequences can be found in Chapter 6 of [1] and Section 5 of [7].
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It is not hard to see that the finite sections sequence (P, AP,) of a band-
dominated operator A on [?(Z*) is Fredholm in the above sense if and only if
A is a Fredholm operator (Theorem 5.7 in [7]). The adventure of computing the
a-number of the sequence (P, AP,) was undertaken in [7], Theorem 5.8. Here is
the result.

Theorem 3.1. Let A € I2(ZT) be a Fredholm band-dominated operator. Then the
sequence (P, AP,) of the finite sections of A is a Fredholm sequence, and

a(P,AP,) = dimker A + max {dimker(QA,Q + P) : A, € 0+ (A)}. (3.3)

4. The index formula for p = 2

We are now in a position to settle the finite sections proof of the index formula for
band-dominated operators. Its main ingredient is a subsequence version of Theo-
rem 3.1 which is in Theorem 4.1 below. Given a strongly monotonically increasing
sequence 7 : N — N, we consider the C*-algebra F,, of all bounded sequences (A,,)
of operators A, : im P,y — im P,,) and introduce the according ideals G, of
all zero sequences in F;, and IC,, of all compact sequences in F,,. Equivalently, the
elements of F,,, G, and F, are the restrictions of sequences in F, G and K onto
the range of 1. Again we call the sequences in K;, compact, whereas the sequences
which are invertible modulo KC,, are called Fredholm. The a-number of a Fredholm
sequence in F,, is defined in complete analogy to the a-number of a Fredholm
sequence in F.

Theorem 4.1. Let A € L(I*(Z%)) be a Fredholm band-dominated operator and
n: N — N a strongly monotonically increasing sequence. Then (Pym)APymn)) is a
Fredholm sequence in F,, and

(P () APy (ny) = dimker A 4+ max {dimker(QAxQ + P) : A, € 0opn(A)}. (4.1)

This result can be proved in complete analogy to its “full” version Theorem
3.1, with only evident modifications needed. We omit the tedious repetition of the
arguments from [7].

A situation of particular interest arises if the sequence 1 in Theorem 4.1 is
chosen such that the limit operator A, exists. In this case, the operator spectrum
Oop,n(A) consists of exactly one operator, namely A,,.

Corollary 4.2. Let A € L(I1*(Z*1)) be a Fredholm band-dominated operator, and let
h : N — N be a strongly monotonically increasing sequence for which the limit
operator Ay, exists. Then (Ppn)APymn)) is a Fredholm sequence in F,, and

(Ppy(n)APpn)) = dimker A + dim ker(QAxQ + P). (4.2)

If A€ L(I*(Z")) is a Fredholm band-dominated operator, then its adjoint
has the same property, and if the limit operator of A with respect to the sequence h
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exists, then the limit operator (A*); exists as well, and (A*);, = (4)*. Applying
the preceding corollary to the sequence (P, () A* Ppy(y,)) yields

a(PpnyA* Phny) = dimker A" + dim ker(Q(A™),Q + P)
= dimker A" + dimker(Q(Ap)*Q + P). (4.3)
We have already mentioned that
(Pr(n) APp(n)) = a(Prn) A" Pr(n))-

Thus, subtracting (4.3) from (4.2) and taking into account that ind A = dim ker A—
dim ker A* for every Fredholm operator, we obtain

ind A = —ind (QALQ + P) (4.4)

for every Fredholm band-dominated operator A on [?(ZT) and every strongly
monotonically sequence h for which the limit operator A, exists. Notice that the
“ind” on the left-hand side of (4.4) refers to the Fredholm index of an operator on
12(Z%), whereas the “ind” on the right-hand side stands for the index of an oper-
ator acting on [%(Z). Of course, the index of a Fredholm operator A € L(I*>(Z"))
coincides with the index of the associated operator PAP + () considered as acting
on [?(Z). Thus, (4.4) can be written in the more symmetric form

ind (PAP + Q) = —ind (QA,Q + P) (4.5)

which holds for every Fredholm band-dominated operator A on (?(Z*) and every
limit operator Ay, in o4 (A).

Let now A be a Fredholm band-dominated operator on (?(Z~). Then JA/J is
a Fredholm band-dominated operator on [?(Z"), and ind A = ind JAJ. Moreover,
since U_,,J = JU, for every integer n, one has U_,,JAJU,, = JU, AU_,,J, whence
it follows that the limit operator Aj exists if and only if the limit operator (JAJ)_p,
exists and that JApJ = (JAJ)_p in this case. Inserting the operator JA.J into
(4.4) one thus concludes

ind JAJ = —ind(Q(JAJ),Q + P)
= —ind(JPA_,PJ+ JQJ) = —ind (PA_,P + Q)

for each sequence h tending to +oo for which the limit operator (JAJ), (equiv-
alently, the limit operator A_}) exists. Writing this identity in a symmetric form
we get

ind (QAQ + P) = —ind (PA,P + Q) (4.6)
which holds for every Fredholm band-dominated operator A on [?(Z~) and every
limit operator A, in o_(A).

Let now A be a Fredholm band-dominated operator on [%(Z). Then PAP and
QAQ are Fredholm band-dominated operators on [?(Z") and [2(Z™), respectively,
and from (4.5) and (4.6) one gets

indA = ind(PAP + Q)+ ind (QAQ + P)
= —ind (QALQ + P) —ind (PA,P + Q) (4.7
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which holds for arbitrary limit operators Ay, € 04+ (A) and A, € o_(A). Since the
limit operators Ay and A, are invertible if A is Fredholm, one has

ind (QA,Q+P) = —ind (PA,P+Q) and ind (PA,P+Q) = —ind (QA,Q+ P),
which, together with (4.7), implies the assertion in case p = 2. O

5. The index formula for general p € (1, o)

There are several ways to establish the index formula in case of a general p €
(1, 00). The simplest way is to apply a result of [6] which says that both the
Fredholm property and the Fredholm index of a band-dominated operator A on
IP(Z) are independent of p € (1, o). With this information it is easy to derive the
general case from the case p = 2 (see [6] for details).

An alternative way is to create a Fredholm theory for matrix sequences acting
on Banach spaces and to follow the above proof, but now starting with a general p
from the beginning. This demanding program was pursued by Rogozhin and one of
the authors in a series of papers [8, 9, 10]. The main obstacle is that the singular
value decomposition of a matrix, which played a prominent role in the Hilbert
space theory in [1, 7], is of less use for operators on [P-spaces. In this more general
setting, the singular values (which are purely algebraic quantities) have to be
replaced by the approximation numbers (which depend on the underlying norm).
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A New Proof that Rudin’s Module
is not Finitely Generated

Michio Seto

Abstract. It is known that Rudin constructed an infinitely generated submod-
ule in the Hardy space over the bidisk. In this paper, we give a new proof
that Rudin’s module is not finitely generated.

Mathematics Subject Classification (2000). Primary 47B38; Secondary 47B35.

Keywords. Inner functions and the Hardy space over the bidisk.

1. Introduction

Let D be the open unit disk in the complex plane C, and let H?(z) denote the
classical Hardy space over D) with the variable z. The Hardy space over the bidisk
H? = H*(D?) is the tensor product Hilbert space H?(z) ® H?(w) with variables
z and w. Under pointwise multiplication, H? becomes a Hilbert module over the
polynomial ring C[z,w]. A closed subspace M of H? is called a submodule if M is
invariant under the module action. In other words, a submodule M is an invariant
subspace under multiplication operators by z and w.

In the classical Hardy space theory, Beurling proved that every submodule
is generated by an inner function. Beurling’s theorem is one of the important
theorems for the structure theory of a single operator acting on a Hilbert space.
However, in the theory of the Hardy space over the bidisk, it is known that the
structure of submodules is extremely complicated. For example, Rudin gave an
example of a submodule which is not finitely generated in [2]. The purpose of this
paper is to give a new proof of the following theorem:

Theorem 1 (Rudin [2]). Let M be the submodule consisting of all functions in H?
which have a zero of order greater than or equal to n at (a,,0) = (1 —n=3,0) for
any positive integer n (this submodule is called Rudin’s module). Then M is not
finitely generated.

This research was supported by the Grant-in-Aid for Scientific Research, Japan Society for Pro-
motion of Science.
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2. A new proof of Theorem 1

First, we are going to investigate the structure of Rudin’s module as a Hilbert space
(cf. [3, 4]). The following observation was obtained in private communication with
Professor Izuchi (Niigata University). Setting

My = (2 —an)"H? + (2 — )" "wH? + -+ (2 — ap)w" P H? + w" H?,

then M,, is the submodule consisting of all functions in H? which have a zero
of order greater than or equal to n at (ay,0). Since Rudin’s module M is the
intersection of all M,,’s, we have M = ﬂzozl M,,. Setting b, = b,(2) = (a, —
2)/(1 — a,z), then we have
M, = (z—ap)"H*+ (z —an)" "wH? + - + (2 — ap)w" ' H?* + w" H?
= VH*+ b 'wH? -+ byw" T H? + w H?
= VH?*(2) @b 'wH?(2) @ - @ byw" T H?(2) @ w" H?.

Here we note that H> = H?(2) ® H*(w) = Y7~ @w’ H?(z). Then we have

Mi = bH*(z) @ wH?(2) @ w?H?(2) @
Ms = B2H?*(z2) @ bowH?%*(2) & w?H?(2) @
Ms = b3H?(z2) & bwH?(2) & byw?H?*(2) &
M, = 'H?*(z) & W 'wH?*(z) & 0 2w?H%(z) &
Hence we have
M = qo(2)H?(2) © 1 (2)wH?(2) ® ga(2)w® H?(2) ZEBqJ Jw’ H?(2),

where we set
QO(Z) = Hn 1 bZ( ) (1)
qj(2) = ¢j—1(2)/ Hn:j ba(2) (4 =1).

Next, in order to prove Theorem 1, we need a lemma.

Lemma 1. Let M be Rudin’s module. Then
Mo ((z — an)M +wM) = Z OChy, (2)g; (2)w?,

where we set k,(2) = 1/(1 — a,2).

Proof. 1t is easy to check that

MO (2= an)M =Y OCky(2)g;(2)uw’.

Jj=0
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Let f = > cjkn(2)g;(2)w? be a non-zero function in M © ((z — ay) M + wM).
Then we have that

<Z cikn(2)q;(2)w, Qk(z)wk+1> = crpy1{bn(2)qrr1(2), qr(2))

= ckHW'

Since f is orthogonal to wM, we have ck41(qr/qx+1)(c,) = 0 for each k& > 0.
Further, by (1), it follows that (qr/qx+1)(an) # 0 for any k > n. Hence we have
cp+1 = 0 for any k > n, that is, we have that

Mo ((z — ap)M +wM) C Z BChy, (2)qj(2)w’.
=0

Conversely, it is easy to check that ky,(2)g;(z)w’ belongs to M & wM for every
0 < j < n. This concludes the proof. O

A new proof of Theorem 1. Let rank M denote the least cardinality of a generat-
ing set of M. We note that the following formula given by Douglas and Yang in
[1] is well known:

dim {M o ((z = AWM + (w — p)M)} < rank M,
where (A, ;1) is any point in D?. By Lemma 1, we have that
n+1=dm{Meo ((z — apn)M +wM)} < rank M
for every n > 1. Hence rank M is not finite. This concludes the proof. O

Remark. Our proof can be applied to more general cases including Rudin’s module.
We will continue this research in a future work.
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Quasinilpotent Part of class A or
(p, k)-quasihyponormal Operators

Kotaro Tanahashi, In Ho Jeon, In Hyoun Kim and Atsushi Uchiyama

Abstract. Let T be a bounded linear operator on a complex Hilbert space H.

T is called a class A operator if |T|*> < |T?|, and (p, k)-quasihyponormal if

T*F((T*T)? — (TT*)P)T* > 0. In this paper, we characterize the quasinilpo-

tent part Ho(T' — X) = {x € H : lim ||(Tf)\)”x||% =0} of a class A or
n—oo

(p, k)-quasihyponormal operator T

Mathematics Subject Classification (2000). 47B20.

Keywords. Class A operator, (p, k)-quasihyponormal operator, quasinilpotent
part.

Let T be a bounded linear operator on a complex Hilbert space H. T is called
a class A operator if |T? < |T?|, and (p, k)-quasihyponormal if T**((T*T)P —
(TT*)P)T* > 0 for k € Nand 0 < p < 1. Let A € C. The quasinilpotent part of
T — Xis defined as Ho(T — A) = {z € M+ lim ||(T — A)"z||® = 0}. In general,
ker(T' — A\) C Ho(T — A) and Ho(T — A) is not closed. However it is known that if
T is hyponormal, i.e., TT* < T*T, then Ho(T — ) = ker(T — \) C ker(T — \)*.

In this paper, we characterize the quasinilpotent part of a class A or (p, k)-
quasihyponormal operator. This is a generalization of the hyponormal operator
case.

Class A operators were definded by T. Furuta, M. Ito and T. Yamazaki [4].
(There is no relation with class Ay,.) It is known that a class A operator has many
interesting properties. A p-hyponormal operator T' ( (TT*)? < (T*T)P for 0 < p <
1) is of class A, and a class A operator T' is paranormal, i.e., ||Txz|* < || T2%z||||z|
for @ € H. In the following result, (1) is due to [3], (2) to [16], (3) to [15], and (4)
to [13].

Lemma 1. Let T be of class A. Then the following assertions hold:

(1) The operator T has Bishop’s property (), i.e., if fn(2) is an analytic function
on D and (T — z)fn(2) — 0 uniformly on each compact subset of D, then
fn(z) — 0 uniformly on each compact subset of D.
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(2) The restriction T|am to an invariant subspace M of T is also of class A.

(3) If X # 0 is an isolated point of o(T), then the Riesz idempotent Ey with
respect to X is self-adjoint and ExH = ker(T — \) = ker(T — \)*.

(4) We have an inequality

oy 1
W72 =T < |17(1,1) = T(1, 1) < —meas o(T),

where T = U|T| is the polar decomposition of T and T(1,1) = |T|U|T]|.
Moreover, if meas o(T) =0, then T is normal.

Theorem 2. Let T be of class A. Then Ho(T — X\) = ker(T — \) for X € C.

Proof. Let F' C C be a closed set. Define the global spectral subspace by
Xr(F) = {x € H| Janalytic f(z): (T — z)f(z) =2 on C\ F}.

It is known that Ho(T — \) = Xr({A}) by Theorem 2.20 of [1]. As T has Bishop’s
property () by Lemma 1(1), X7(F) is closed and o(T'| x,(r)) C F by Proposition
1.2.19 of [11]. Hence Ho(T'—\) is closed and T'|y;,(7—») is of class A by Lemma 1(2).
Since (T |1o(7-x)) C {A}; Tlro(r—») is normal by Lemma 1(4). If o(T'|3,(r—x)) =
0, then Ho(T — A) = {0} and ker(T — X) = {0}. If o(T|py(r—n)) = {A}, then
T|H0(T—/\) = X and HO(T — /\) - ker(T — /\) [l

Remark. If A # 0, then Ho(T — X) = ker(T — \) C ker(T' — \)*. Moreover, if
A€ o(T)\ {0} is an isolated point then Ho(T — A\) = ker(T — \) = ker(T' — A\)*.
But if A =0, ker(T — \) C ker(T — A\)* is not true. (See [18].)

Next we consider (p, k)-quasihyponormal operators. It is known that there
exists a (p, k)-quasihyponormal operator which is not of class A, and there exists
a class A operator which is not (p, k)-quasihyponormal. I.H. Kim proved many in-
teresting properties of (p, k)-quasihyponormal operators (similar to p-hyponormal
and quasihyponormal operators). For example, a Putnam type inequality, a Weyl
type theorem and quasisimilarity for (p, k)-quasihyponormal operators ([8], [10]).
In the following result, (1) is due to [8] and (2) to [15].

Lemma 3. Let T be (p, k)-quasihyponormal. Then the following assertions hold:

(1) Assume ran T* is not dense. Decompose

v (11 2 on H=[ran T*] © ker T**
0 Ty

where [ran T*)] is the closure of ran T*. Then T\ is p-hyponormal, TSIC =0
and o(T) = o(T1) U {0}.

(2) The restriction T'|pm to an invariant subspace M of T is also (p, k)-quasihypo-
normal.

Lemma 4. Let T be (p, k)-quasihyponormal. Then T has Bishop’s property (3).
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Proof. Let fn(z) be analytic on D. Let (T — z)f,(z) — 0 uniformly on each
compact subset of D. Then

(Tl -z T ) (fnl(z)> — ((Tl - Z)fnl(z) + TanQ(Z)> =0
0 T3 —Z fng(Z) (Tg — Z)fng(z) ’
Since T¥ = 0, T3 has Bishop’s property () and f,2(2) — 0. Hence (T1—2) fu1(2) —

0. An operator 77 is p-hyponormal by Lemma 3, then T} is of class A and T has
Bishop’s property () by Lemma 1(1). Thus f,1(z) — 0. O

Lemma 5. Let T' be (p, k)-quasihyponormal. If T'|jan 7] is normal, then [ran Tk
reduces T'.

Proof. We may assume ran T* is not dense. Decompose 7" into
T= ho T on H = [ran T*] @ ker T**
0 T3

as in Lemma 3(1).

Let Q = ((1) 8) be the orthogonal projection of H onto [ran T*]. Then

(15" §) = @rrey = eurre

)
> QUITYQ > QTQT*YQ = <(T1§1) 8) |
by Hansen’s inequality [5] and Léwner-Heinz’s inequality [6], [12]. Since T =
T'|jran 7+) is normal, we can write

(TT*)P = ((Tij})p g) .

Let (TT*)P/? = (}),( }Z/) Then
* /2 1 P
(D) = @arrrer = arrte

X 0 p (T;T)% 0
= > N2 () = 1 .
(3 o) zemerze= (TR0
Hence
X = (T7Ty)>.
On the other hand, a straightforward calculation shows
aryp= (XY P XP4YYr XY +YZ
“\Y* Z) T\Y*X+2Y* Y*Y +22)°
Hence
(T7T)P = X2+ YY" = X2
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This implies Y = 0 and

(TT")% = ((Tl*oTl)% g) .

Then
. (v T\ (T; 0
T = (0 Tg) (TQ* T
(DT + Ty T\ (TPT 0
- 3Ty 5Ty )~ \ 0 z?r
Thus 7575 = 0 and 75 = 0. U

The following lemma is due to Kim [9].

Lemma 6. Let T be (p, k)-quasihyponormal and M an invariant subspace of T. If
T|m is an injective normal operator, then M reduces T

00
T? = 0. Hence T is (p,2)-quasihyponormal and T'|e,7 = 0 is normal, but ker T’
does not reduce T

Remark. The condition “T’|xq is injective” is necessary. Let T = (0 1). Then

Lemma 7. Let T € B(H) be (p, k)-quasihyponormal and o(T) = {\}. Then T = A
if A#0, and TF =0 if A = 0.

Proof. If the range of T is dense, then T is p-hyponormal operator. Hence T' = X
by Putnam’s inequality for p-hyponormal operators [2]. If the range of T* is not
dense, then

A on H=[ran T*] @ ker T**
0 T3

where T} is p-hyponormal, T¥ = 0 and o(T") = o(T1) U{0} by Lemma 3(1). In this
case, A =0 and 77 = 0 by [2]. Then 75 = 0 by Lemma 5. Thus

0 0
T’“:( ):o. O
0 TF

Theorem 8. Let T' be (p, k)-quasihyponormal. Then

_Jker(T'—X)  if X#0,
Ho(T' = A) = {keer if A= 0.

Moreover, if A # 0, then Ho(T — A\) = ker(T — ) C ker(T — \)*.

Proof. Since T has Bishop’s property () by Lemma 4 and Ho(T — \) = Xr({\})
by Theorem 2.20 of [1], Ho(T' — A) is closed and o (7|3, (r—x)) C {A} by Propo-
sition 1.2.19 of [11]. Let S = T|yyr—»). Then S is (p, k)-quasihyponormal by
Lemma 3(2).

If 0(S) = o(T|ror—n)) = 0, then Ho(T — ) = {0} and ker(T' — ) = {0}.
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If 0(S) = {A\} and A # 0, then S = X by Lemma 7 and Ho(T — \) =
ker(S — A) C ker(T — \).

If o(S) = {0}, then S = A\* by Lemma 7 and Ho(T — \) = ker S* C ker T*.

Moreover, let A # 0. In this case, S = A. Hence S is normal and invertible, so
Ho(T'—A) reduces T' by Lemma 6. Thus Ho(T'— ) = ker(T'— ) C ker(T—A)*. O

Remark. If A\ # 0 is an isolated point of o(T), then Ho(T — ) = ker(T — \) =
ker(T — A)*. But if A =0, ker(T' — \) C ker(T — A\)* is not true. (See [15].)

Corollary 9. Let T be algebraically (p, k)-quasihyponormal, i.e., there exists a non-
constant polynomial f(z) such that f(T) is (p, k)-quasihyponormal. Then

Ho(T — \) = ker(T — \)™* where n = deg f
for X e C.

Proof. Since ker(T — \)"* C Ho(T — A), we prove Ho(T — \) C ker(T — \)"F.
Since f(T') has Bishop’s property () by Lemma 4, T has Bishop’s property ()
by Theorem 3.3.9 of [11]. Then Ho(T — X) = Xr({A}) by Theorem 2.20 of [1] and
Ho(T — A) is closed by Proposition 1.2.19 of [11]. Let S = T'[3,(7—»). Then S is
(p, k)-quasihyponormal by Lemma 3(2) and o(S) C {A}. Decompose

f(2) = F(N) = alz = )™M (2 = Ay)
where 1 <m <n and XA # \;. Let € Ho(T — X). Then
z € Ho(S = A) = XAs({A}) = Xps) ({F(M)})

ker(f(S) = f(N) if f(A) #0
ker f(S)* if f(A) =0

by Theorem 3.3.6 of [11] and Theorem 8. Thus
0= (£(8) = fN)’a = a(S = )" (S - \j)ka,
and (T — \)™z = (S — \)"*x = 0. O

Recently, I.H. Jeon and IL.H. Kim [7] consider operators T satisfying
TH|T|*T < T*|T?|T, and showed several interesting properties of Riesz idempo-
tent for A € o(T). In this paper, we prove the same results hold for a wider class
of operators. Define T' to be of quasi-class (A, k) if

TH(|T% = |T*)T* > 0
for k € N.

Theorem 10. Let T be of quasi-class (A, k). Assume that ran T* is not dense, and
decompose

r— (11 I on H=[ran T"] @ ker T**.
0 Ty

Then Ty is of class A, T =0 and o(T) = o(T1) U {0}.
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Proof. Let Q = ((1] 8) be the orthogonal projection of H onto [ran T*]. Then

IT1[* 0 _ 2 o
(" §) —erre<arie < @rpey = (1 )

by Hansen’s inequality [5]. Hence T} is of class A. Let 2 € ker T**. Then

k
k. (Th T 0y [ = k wk
Ta:(o T v) =\ 1k € [ran T7] & ker T™*".

Hence T¥ = 0. This implies o(T") = o(T}) U {0}. O
Lemma 11. Let T be of quasi-class (A, k). Then the following assertions hold:

(1) T has Bishop’s property (3).
(2) The restriction T to an invariant subspace M of T is also of quasi-class

(A, k).

Proof. The proof of (1) is the same as in Lemma 4. We prove (2). Decompose

(S A B B
T_(O B) on H=MoM—.

Let Q = ((1) 8) be the orthogonal projection of H onto M. Then

1517 = (QITI*Q) |m
and ,
1/2
% = (QIT*PQ) " lm 2 (QIT?Q) |nm.
Let z € M. Then
(™82 S, 2) = (ST(QITPQ) mS" w, 2)
= (|T1°T*x, T 2) < (|T*T"x, T*x)
= (S"™(QIT*Q)| mS*x, x) < (S5**|S?|S 2, x). O
Lemma 12. Let T € B(H) be of quasi-class (A, k) and o(T) = {\}. Then T = X
if A\ #0, and TFH1 =0 if A = 0.
Proof. If the range of T* is dense, then T is of class A. Hence T = A by Lemma
1(4). If the range of T* is not dense, then

T= hoT on M =[ran T*] @ ker T**
0 Ty

where T is of class A, T§ = 0 and o(T) = o(T1) U {0} by Theorem 10. In this
case, A = 0. Hence 77 = 0 by Lemma 1(4). Thus

k+1
TR _ (0 T2> _ (0 Tgéj) o .
0 Ty 0 Tyt
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Lemma 13. Let T be of quasi-class (A, k). Then the following assertions hold:

(1) If M is an invariant subspace of T and T|aq is an injective normal operator,
then M reduces T'.
(2) If (T — Nz =0 and X # 0, then (T — X\)*z = 0.

Proof. (1) Decompose T into

_ (S A _ I
T<O B) on H=Ma&M

and let S = T| ¢ be an injective normal operator. Let @) be the orthogonal pro-

k
jection of H onto M. Since TF = (S(; §k> and ker S = ker $* = {0}, we have

M = [ran S] = [ran S*] C [ran T¥].
Then

2
<"f)' 8) —QITPQ
2
<orie s @rr) = (1 )

by Hansen’s inequality [5]. Since S is normal, we can write

o _ (187 C

Then

4 *
—arr e = (519 1),

and C = 0. Hence

4
('%' 32) =|T?? =T"T*TT

3 §*5*9S S*S*(SA+ AB)
~ \(4*S* + B*A%)SS (A*S* + B*A*)(SA+ AB) + B*B*BB) "

Since S is an injective normal operator, SA + AB = 0 and D = |B?|.
If k=1, then

0 < T*(|T2| — |TP)T

(0 S*S*SA
—\Aa*s* 85 A*S*SA+ B*(|B? - |B?)B)"
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If 1 <k, then
0 < T*(T? —|T*)T*
B 0 (_1)k+15*(k+1)SkA
— ((_1)k+1A*S*k5k+1 A*S*kSkA + B*k(lel _ |B|2)Bk> .
Thus A = 0.

(2) Let M = span {z}. Then T|y = X # 0 and T'|o is an injective normal

A O) on H =M & ML, Thus (T —

operator. Hence M reduces T" and T = <O B

Az =0.
Theorem 14. Let T be of quasi-class (A, k). Then

ker(T —\)  if A #0,

Ho(T — X) = {kerT’““ ifA=0.

Moreover, if A # 0, then Ho(T — A\) = ker(T — ) C ker(T — \)*.

Proof. Since T has Bishop’s property () by Lemma 11(1) and Ho(T — \) =
X7({A}) by Theorem 2.20 of [1], Ho(T' — A) is closed and o(T |y, (r—x)) C {A} by
Proposition 1.2.19 of [11]. Let S = T'|3;,(r—x). Then S is of quasi-class (A, k) by
Lemma 11(2).

If 0(S) = o(T|ro(r—n)) = 0, then Ho(T — A) = {0}, and ker(T' — \) = {0}.

If 0(S) = {A} and A # 0, then S = A by Lemma 12, and Ho(T — \) =
ker(S — A) C ker(T — \).

If 0(S) = {0}, then S**! = 0 by Lemma 12, and Ho(T — \) = ker S¥+1 C
ker TF+1,

Moreover, let A # 0. In this case, S = A. Hence S is normal and invertible,
so Ho(T — A) reduces T by Lemma 13(1). Thus Ho(T — ) = ker(T — \) C
ker(T — \)*. O

Next we consider an isolated point A € o(T'). In this case, EH = Ho(T — \)
where E denotes the Riesz idempotent for A of T by Theorem 3.74 of [1].

Theorem 15. Let T be of quasi-class (A, k). Let A be an isolated point of o(T) and
let E be the Riesz idempotent for A. Then the following assertions hold.

(1) If X #0, then E is self-adjoint and
EH = Ho(T — \) = ker(T — \) = ker(T — \)*.
(2) If A\ =0, then EH = Ho(T) = ker(T*+1).

Proof. (1) If the range T*H is dense, then T is of class A. Hence we may assume
T*H is not dense by [18]. Then

(10 T2 g g = [T*H] @ ker(T**)
0 T3
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where T} is of class A, o(T) = o(T1) U {0} and T¥ = 0 by Theorem 10. Hence
A € o(Ty) is an isolated point of o(77). Then

1 M — T1 —Tg -t
E=— d
2ri /7 ( 0  p-— T3> H
1 ((N—Tl)_l (N—Tl)_1T2(M—T3)_1> dp
.

27i 0 (u—T3)7 1

where « denotes the boundary of a closed disc A = {u € C : |u— A < r} such
that 0 € A and ANo(T) = {\}. Let

By == [(p—T) "dp
Y

be the Riesz idempotent for A of T1. Then Ej is selfadjoint and B4 [T*H] = ker(\A—
Ty) = ker(A — T1)* by [18]. We prove that

1
X = T "o — T5) 'du = 0.
2sz(“ 1) To(p —T3) du
1 T3 T2 k=1
Since (u — T3) —+ —g + —?é +o 4 Bk , we see that
[/ TSR

1 1 1
X = _-/(N—T1)71T2—dli+—./(,u Th)~ T2—d +-
2! H 2mi J,

1
Since — = N2 e — we have
1 1 mw—A
Xo= — ) " Ty=dy — — —T)7'T dp + - - -
0= 5 7(M )" 2/\M 57 (H )" mdu+
:—ET——T NELT T — AN2E T, — - .
h\ 112 )\2( )12+/\(1 ) 142

We prove that
E T, =0.

Let x € [T*H] and y = Eqx. Then y € ker(A — T1) = ker(A — T1)* C ker(T — \).

Hence
o=y (5) = (P80



208 K. Tanahashi, I.H. Jeon, I.LH. Kim and A. Uchiyama

by Lemma 13(2). Hence T5y = T 12 = 0. This implies T5Fy = 0 and E1T3 = 0.

1 1 2(u—A — )2

Hence Xy = 0. SinceE:Ff (u)\?) )+3(u)\4 ) — .-+, we have

1 1 T3

X, = — - T 'Ty=d
1= 5 7(# 1) 2 dn

1 2 3 )

ﬁEngTg — F(Tl — N E ToT5 + F(Tl — AN EToT5— -
Similarly we have Xo = X3 =---= X;_1 =0, and X =0.

Hence E = %1 0 is selfadjoint and EH = Ho(T — ) = ker(T — \) C

ker(T' — A\)* by Theorem 14 and Lemma 13.
We prove ker(T' — A\)* C ker(T' — \). Let . = <il> € ker(T — A\)*. Then
2
T, — A)*Il
=(T - )Nz = < .
Hence x1 € ker(T7 — A\)* = ker(T7 — A) C ker(T' — A). Then

- . « [ X1 o (Tl — )\)*3?1
o—-v (7)) = ("g
by Lemma 13, and T5zy = 0. This implies (T3 — \)*z2 = 0 and 22 = 0 because T5
is nilpotent. Thus x = z1 € ker(Th — \) C ker(T — X).

(2) The proof is straightforward from Theorem 14. O

Corollary 16. Let T be algebraically of quasi-class (A, k), i.e., there exists a non-
constant polynomial f(z) such that f(T) is of quasi-class (A, k). Then

Ho(T — N) = ker(T — )" where n = deg f
for A e C.

Proof. Since f(T') has Bishop’s property () by Lemma 11(1), T has Bishop’s
property (3) by Theorem 3.3.9 of [11]. Then Ho(T — A) = Xr({\}) by Theorem
2.20 of [1] and Ho(T'— ) is closed by Proposition 1.2.19 of [11]. Let S = T'|y;,(7—»)-
Then S is of quasi-class (4, k) by Lemma 11(2) and &(S) C {\}. Decompose

f(z) = f(A) = alz = N)"IIZT" (2 = )
where 1 <m <mn and XA # \;. Let x € Ho(T — ). Then
z € Ho(S — A) = Xs({A}) = Xps)({ F(M)

_ Jker(F(S) = f(A) i f(A) #0
| ker f(S)kH? if f(A)=0
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by Theorem 3.3.6 of [11] and Theorem 14. Thus
0= (f(S) = FO)) e = a(§ — \"EFVII (S - ),
and (T — \)"FHD g = (§ — )\t g = 0. O
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A New Majorization Induced by Matrix Order

Mitsuru Uchiyama

Abstract. Let h be a non-decreasing function on I and k an increasing function
on J. Then h is said to be majorized by k, in symbols h < k if J C I and
h o k™' is operator monotone on k(J), that is if o(A),0(B) C J, k(A) <
k(B) = h(A) < h(B). We will give a condition for h in order that b’ < h.
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Keywords. Matrix order, operator inequality, operator monotone function,
majorization.

A and B stand for bounded selfadjoint operators on a Hilbert space. In this note
it is assumed that a function is “real and continuous”, and an increasing function
is “strictly” increasing. A function f(¢) defined on an interval I in R is called
an operator monotone function on I, if A £ B implies f(A) £ f(B) for every
pair A and B whose spectra o(A) and o(B) lie in I. P(I) denotes the set of all
operator monotone functions on I. When I is written in the concrete as [a,b)
we simply write P[a, b) instead of P([a,b)). Suppose I C J. Then the restriction
of f € P(J) to I belongs to P(I). So we consider P(J) as the subset of P(I).
We also consider as P, (J) C Py (I); in particular, Py[a,b) C P4 (a,b). Since an
operator monotone function is non-decreasing, f € P (a,b) with —oo < a < co has
the natural continuous extension to [a,b), which belongs to P [a,b). This means
P, (a,b) C Py[a,b). Thus Py (a,b) = Pyla,b). We remark that Pla,b) & P(a,b);
indeed, 1/(a — t) € P(a,b) but 1/(a — t) &€ Pla,b). An increasing function h(t)
on [ is called a logarithmic operator monotone function on I and denoted by
h € LP,(I) if h(t) > 0 and logh is operator monotone on the interior of I. We
put for —co < a < b < oo

P 'la,b) = {h|his increasing on [a,b), its range is [0, 00), and
™t € P[0, 00)},

This research was partially supported by Grant-in-Aid for Scientific Research.
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and for —co < a<b< 0
P '(a,b) = {h|his increasing on (a,b), its range is (0, 00), and
h~' € P(0,00)}.
If —00 < a, by identifying h € P7'(a,b) as its natural extension to [a,b) we have
P (a,b) = P;'[a,b).

Let h be a non-decreasing function on I and k an increasing function on J. Then
h is said to be majorized by k, in symbols

h=k
if J C I and hok™! is operator monotone on k(J). This definition is equivalent
with
o(4),0(B) C J, K(A) < k(B) = h(A) < h(B).
If we need to make clear the domain J of k, we write as follows:

W=k (J).

The following two lemmas shown in [9, 10] are essential. h(a + 0) stands for
lim h(t).

t—a+0

Lemma 1. (Product lemma) Let I be a right open interval with end points a,b,
where —o00 £ a < b < 00, and h(t), g(t) non-negative functions defined on I such
that the product hg is an increasing function with (hg)(a+0) = 0, (hg)(b—0) = co.
Then for i1, o in P[0, c0)

g =hg = h=hg, P1(h)2(g) = hyg.

Lemma 2. (Closedness) Let I be a right open interval with end points a,b, where
—00 £ a < b £ co. Suppose a sequence of functions hy in P;l(I) converges
pointwise to h on I such that h(a+0) =0, 0 < h(t) (a < t) and h(b —0) = co.
Then

hePN(I).

Moreover, suppose the sequence of increasing functions h, converges pointwise to
a continuous function h on I. Then

By = hn(n=1,2,...) = h < h.

In this lemma, we may assume more simply that h is continuous and increas-
ing with the range [0, 00) instead of h(a +0) =0, 0 < h(t) (a < t),h(b—0) = cc.
In [10], by using the above two lemmas we have shown

Theorem 3. (Product theorem) For every right open interval I,

PLH(I) - PLNI) c PN, LPL(1)-PLN(I) C PYN(T).
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Further, let g;(t) € LPy(I) for 1 <4 < m and h;(t) € P7'(I) for 1 £ j < n. Then
for i, ¢; € P[0, 00)

[T %o TT ¢5(hy) = T19: T1 1
i=1 j=1 ; j=1

In [9] we showed P (I) - P7'(I) C P;'(I) instead of the second inclusion
in Product theorem. But it was futile in the case I = (—o0, 00), for P4 (—00,00)
consisits of constant functions. On the other hands, since LP, (—oco, 00) = {ce®|c >
0,d = 0} ([10]), the second inclusion in Product theorem is not meaningless; in
fact, we will show, by using it, a generalized operator inequality of exponential
type (see Theorem 5 below).

As an application we get

Theorem 4. ([9]) For non-increasing sequences {a;}7_, and {b;}",, define the
positive and increasing functions u(t) and v(t) by
u(t)=[J¢t—a) EZa), o@&)=][JEt-b) ¢=b)

i=1 i=1
Then u(t) € P;'[ay,00), and

k k
W
i=1 i=1

This says that the “majorization between functions” defined above is an
extension of the classical “submajorization between sequences”.

Recall two well-known operator inequalities:
(Furuta inequality [4]): for p= 1,7 >0

II/\

<Sm)=v=<u ([a1,0)).

r r\ 1Er
0gagps | WEBADTE 2 (AT4at) T &
- (B5 APB%)viv < (B3 BPBE)vir
(Ando [1], M. Fujii-T. Furuta-E. Kamei [3], also see [6]):
for p,r >0
sAerB > pA_ LA
< (62 e 62 ) :(62 ePAes ) v,
A:Bé{ (ez BeopAgsB ) :( epBe2B)p+r. (2)

We remark that A and B in (1) are non-negative but those in (2) are not
necessarily non-negative. The following is a simultaneous generalization of the
above two inequalities:

Theorem 5. ([10]) Let I be a right open interval, h(t) € P11 (I), and g(t) € LP4(I).

Suppose h(t) 2 0 is a non-decreasing function on I. Then the function ¢ on (0, c0)
defined by

p(g(Dh(t) = g(t)h(t) (te1)
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belongs to P4 [0,00), and for A, B with 0(A),o(B) C I

©(g(A)*h(B)g(A)*) Z g(A)2h(B)g(A)
As B B = 5
Furthermore, if h € Py (I), then

1 1

©(9(A)2h(B)g(A)?) = ¢(g(A)
AéBé{wmwﬁmmmm%éw@w>

(3) is a generalization of (1). In fact, consider I = [0,00) and put h(t) =
tr € PIY(I), g(t) = t" € LP4(I), and h(t) =t € P, (I) in (3), where p > 1 and
r > 0. Since ¢t < ¥ on I and the function ¢ on [0, 00) defined by (") = tt" is
t(14+1)/(+) " (3) yields (1). To see that it is also a generalization of (2), consider
I = (—00,00) and put h(t) = et € P7'(I) for p > 0, g(t) = e™ € LP4 () for
r >0, and h(t) = 1 € P, (I). Since 1 < €?* on I and the function ¢ on [0, c0)
defined by @(ePte™) = 1e™ is t7/(P+7) (3) yields (2).

) 2
) =

Wl NI
>
—
N
N
)
—~
N
S—
W=
~—

Thanks to the Léwner theorem, we can know a lot about f in P(I). Therefore
we can know about h in P7'(I) as well. So the next proposition says P7'(I) is
a good tool to study non-decreasing convex functions. We remark that the next
proposition seems to contradict Lemma 2 at first sight.

Proposition 6. (cf. [5, 2]) Let I = [a,00) or I = (—00,00). Suppose g(t) is a non-
negative convexr function defined on I with g(a) = 0 or g(—oo) = 0 respctively.
Then there is a sequence {hy,} so that h,, is a convex combination of functions in
]P’_T_l(l) and {hn,} converges uniformly to g(t) on every compact subset of I.

Proof. Suppose I = [a,00) and take ¢ so that a < ¢ < oo. For every n consider
the function f,,(t) defined on I = [a,00) by

fn(t):%{ (tfc)2+%+tfaf (cfa)QJr%}.

Since its inverse function

1 1 1 1
t+§( (cfa)2+—+c+a)72—
" "o+, /(c—a)?+L—-c+a

belongs to P.[0,00), f,(t) € P7'(I). As n — oo, fa(t) converges uniformly to
2{|t — ¢| +t — ¢}. In the case where I = (—oc0, 00) put

fn(t):%{ (tfc)2+%+tfc}.

Then one can see f,(t) € P7'(I) and f,(t) converges uniformly to {|t —c|+t—c}
on I as n — oo. Suppose first g = 0. Then 1{|t —n|+t—n} converges uniformly to
g on every compact subset of I as n — oo. Hence we can construct, by using f,(t)
defined above, a sequence {h,} satisfying the required condition; for instance, put
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ho(t) = 2{1/(t —n)? + L +t—n}. Suppose next g # 0. Then from the assumption
it follows that g is non-decreasing. Recall that g is continuous. Take a sequence
{gn(t)} such that g,(t) is a finite convex combination of functions of the form
H{|t — |+t —c} and {g,(t)} converges uniformly to g(t) on every compact subset
of I. Then one can easily construct a sequence {h,} which satisfies the required
condition. (]

From now on we study the relationship between a function and its derivative.
It is evident that —1 € P(0,00) and [ 1dt = logt € P(0,00). We have generalized
this in Remark 1 of [8] as follows:

Lemma 7. Let f(t) be an increasing and differentiable function defined on (a, o).
If — f'(t) € P(a,00), then f(t) € P(a,00).

The converse assertion of the above result does not hold; indeed, f(t) :=
t+_1 € P(0,0), but —f'(t) = 1+t)2 ¢ IP(0, 00).

On the other hand, in Theorem 4 we have shown u(t) € P;'[a;,00) and

u’ =< w. It is natural to ask when f € P(I) implies f’ € P(I) and when A’ < h
holds for h € P7'(I). The following theorem clarifies them.

Theorem 8.

(i) f(t) € ]P)(Ov OO) = _fl(\/i) € P(O’ OO)
(i) h(t) € P7'a,b) = B'(t) 2 h(t)? (a<t<b).
(iii) Suppose h € ]P’_T_l[a, b) and put f = h=1. Then

—f € P(0,00) <= h' < h.
Proof. (i). f(t) is expressed as

f(t)=a+ﬁt+/ooo(—

where «, 3 are real constants B 20, and [)°
is M > 0 such that (t+6)2 < M—=

1
t+s+52+1)dv( 5);

2+1 dv(s) < oo. For any ¢ > 0 there

1+52 for § <t < oo, 0< s < oo. Thus we have

e 1
"(t) = —d d<t .
PO =8+ [ o) G<t<)
From this we get —f’(v/f) € P(6,00). Since § is arbitrary, the desired result holds.
(ii). Put f = h~!. Then f € P[0, 00) and hence —f'(v/t) € P(0,00) by (1).
Since h'(f(\/1)) = m, we have h/(f(v/t)) € P(0,00). This implies b/ (f(v/1)) < t
n (0, 00). The substitution of h(t)? for ¢ in the above relation derives h/(t) < h(t)?
ona<t<b.
(iii). Since f'(t) = m, we have
—f'(t) € P(0,00) & ' (f(t)) € P(0,00) & h'(f(t)) =t & B'(t) = h(t).
The proof is completed. (Il
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We remark that Theorem 8 gives us a way to get operator monotone func-

tions. For instance, m € P(0, c0) derives

t 1
Vi - € P(0, )
(1+Vt){log(1 +V)}2  log(l+ V1)
from (1), and for u(t) in Theorem 4, ' < u does —(u~!) € P(0,0) from (3) as
well.
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1. Introduction

Since McIntosh [43] invented the notion of bounded H, functional calculus for
sectorial operators with discovering equivalence with their various favorable prop-
erties presented by Yagi [55], the study of H, functional calculus has attracted
many mathematicians.

A sectorial operator A of a Banach space X is said to have a bounded H,
functional calculus if the functional calculus f — f(A) is a bounded homomor-
phism from a Banach algebra Ho(X) consisting of all bounded holomorphic func-
tion defined in a domain X' C C into a Banach algebra £(X) of all bounded linear
operators on X, where X is a sectorial domain containing the spectral set o(A)
of A. Due to [43, 55], when A is a sectorial operator of a Hilbert space X, the
boundedness of H., functional calculus is equivalent to boundedness of imaginary
powers A% (y € R) on X, to coincidence of the domain of fractional powers A°
with the complex interpolation space [X,D(A)]p, 0 < 6 < 1, and to integrability
condition of the form

/ APTHAPEO (N — A) 2 F,g) [N < Collfllllgll,  fogeX;0<0 <1,
r

This work is supported by Grant-in-Aid for Scientific Research (No. 16340046) by Japan Society
for the Promotion of Science.
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I’ being a V-shaped integral contour edging the domain Y. Such equivalence re-
lations can partly be generalized for sectorial operators of reflexive Banach spaces
as shown by Cowling-Doust-McIntosh-Yagi [8]. It is however known that these
conditions are not all equivalent in general in Banach spaces. In fact, any bounded
H, functional calculus implies bounded imaginary powers, but the converse im-
plication is not true.

Anyway, the theory of H, functional calculus may be regarded as one of pos-
sible ways to develop the Fourier analysis for sectorial operators acting in Hilbert
or Banach spaces. And the theory is actually utilized for establishing all kinds of
the optimal properties for them, including the maximal regularity of solutions for
abstract evolution equations, see Yagi [56], Dore-Venni [13], Giga-Giga-Sohr [25],
Kalton-Weis [32], Priiss [47, 48], Arendt [4], Haase [29] and so forth.

When the underlying space X is a Hilbert space, we have some convenient
sufficient conditions in order to know that a sectorial operator A has a bounded
H, functional calculus. Every self-adjoint operator has a bounded H, functional
calculus thanks to the spectral resolution. Kato [33, 34] proved that the maximal
accretive operator A always has bounded imaginary powers ||A%|| < e3 ¥l (y € R);
consequently, the operator A has a bounded H., functional calculus. More gen-
erally, if a sectorial operator A of a Hilbert space satisfies D(A?) = (A*?) for an
exponent 0 < 6 < 1, then the Hy, functional calculus of A is bounded (see [55]).
On the other hand, a counterexample of a sectorial operator which has no bounded
H. functional calculus was constructed by McIntosh-Yagi [45] in a Hilbert space.
Afterwards, Baillon-Clément [5] constructed another counterexample in a differ-
ent context.

When the space X is a Banach space, we have so far no convenient suf-
ficient conditions (cf. [6]). We have to investigate each sectorial operator under
consideration in a direct way. There are already a large number of literatures
[2, 3, 10, 11, 14, 15, 16, 17, 18, 19, 20, 21, 31, 44, 52] giving positive results for
many classes of elliptic differential operators equipped with suitable boundary op-
erators acting in L, spaces, where 1 < p < oo, p # 2. There are mainly two
methods for establishing the boundedness of H,, functional calculus. The first
one is obtaining a keen representation of the resolvent and applying the theory
of pseudo-differential operators. The second one is of using integral kernels and
estimating the kernels by employing the Calderén-Zygmund operator theory. The
Stokes operator is handled by [12] and the Ornstein-Uhlenbeck operator is han-
dled by [24, 42]. On the other hand, Hieber [30] presented a counterexample of
pseudo-differential operator which has unbounded imaginary powers.

For a sectorial operator A of a Banach space X, A% (z = z + iy € C) denote
the fractional powers of A. As a matter of fact, the family A* is a power function
of A such that A° = I (the identity mapping of X ) and A! = A which satisfies the
Law of Exponent At = A* A7 For the precise definition and basic properties,
we refer to Yosida [57], Komatsu [35, 36, 37, 38, 39, 40], Tanabe [53] and Carracedo-
Alix [7].
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This paper is, then, devoted to showing a new application of the theory of
H, functional calculus to the characterization problem of the domains of frac-
tional powers of elliptic differential operators. Let A, be a realization of an elliptic
operator in L, space under some boundary conditions. We want to characterize
the domain D(Ag)7 0 < 0 < 1, in terms of the Sobolev-Lebesgue spaces. Such a
characterization is known to be very important in the study of partial differential
equations and, on the other hand, to be very difficult. There are only a few re-
sults on characterization. Fujiwara [22, 23] handled elliptic differential operators
of second order, Seeley [49, 50] handled elliptic differential operators of general
order, and Giga [26, 27] a realization of the Stokes operator in L,. Their method
of proof consists of two steps. Firstly, they prove boundedness of imaginary powers
A;y which implies coincidence of the domain D(Ag) with the interpolation space
[Lp, D(Ap)]e between the underlying L, space and the domain D(A,); secondly,
they calculate precisely the interpolation space [Ly, D(Ap)]s-

In this paper we will present a direct method of using the H,, functional
calculus for the characterization problem of D(Ag). We assume that A, has a
bounded H, functional calculus. And, utilizing integrability condition of the form

/F AROLAZA=O (N — 4)72F, gp,r | A
< Gollflle,llgllz, felpgely; 0<0<1

which is actually equivalent to the boundedness of H,, functional calculus, we
calculate directly the domain D(Af)) without interposing the interpolation space
[Lp, D(Ap)]e. So, when A, is a maximal accretive operator in Ly space (since A
always enjoys a bounded H,, functional calculus), we can calculate directly D(A$)
even in the case when the differential operator is considered in a non smooth
domain © C R™. When A, is a sectorial operator in L, space, where 1 < p <
00, p # 2, although we have to require the boundedness of H., functional calculus
which is stronger than the boundedness of imaginary powers A;}ﬁ it is already
known that elliptic operators of many classes enjoy this property. As a consequence,
our direct method can be applicable for such many elliptic operators. We remark
that our method has already been applied in author’s previous paper [46] to the
Laplace operator in Lo space equipped with the Neumann boundary conditions in
a convex polygonal domain. In this paper, we will apply to a second-order strongly
elliptic operator A, in L, space equipped with the Dirichlet boundary conditions.
Not only to this, our method is available even to elliptic operators of higher order
which have a bounded H., functional calculus.

The paper is organized as follows. In Section 2, we review the theory of H,
functional calculus build by [43] and [8]. Section 3 is devoted to preparing some
known results in the theory of Sobolev-Lebesgue spaces. We consider a realization
Ay, of a second-order elliptic operator in the L, space under the Dirichlet boundary
conditions. The characterization results for D(A9) and for D(A9), 1 < p < oo, p #
2, are described in Sections 4 and 5, respectively.
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2. H_, functional calculus

Let X be a Banach space with norm || - ||. Let A be a sectorial operator of X with
angle wa < m, namely, for any w such that wy < w < 7w, 0(4) C X, = {\ €
C;|arg \| < w} and the estimate ||[(A — A)~!|| < M, /|| holds for A & X,.

For wa < w < 7, let Hy(X,,) denote the Banach algebra constituted of all
bounded holomorphic functions defined in the sectorial domain X, equipped with
the norm

[flle = sup [f(N)],  f € Hoo(20).
rex,

Let Hoo(X,,) be a subspace of Hy,(X,,) which is defined by

Hoo(Zy) ={f € Hoo(Xy); sup [A"|f(N)| < oo with some vy > 0}.
AEX,,

Then, for any function in H(X,), a functional calculus of A can be defined by
the integral

f) = 3= [ IO -7 ez (2.1)

in the space £(X). Here, I" is an integral contour such that
{FFUFOUF+,

. Li (2.2)
I A=06e¥ (- <p<W) and Ty d=pe™ (6 <p<oo),

w’ being any angle such that wa < w’ < w and ¢ being any constant such that
0 <3< ||A7Y =t Since f(A)(A — A)~! is integrable on I', f(A) is a bounded
operator of X and its definition is of course independent of the choice of w’ and §.

Furthermore, for functions in H (X, ), it is easily observed that

(f +9)(A) = f(A) +9(4) and (fg)(A) = f(A)g(A), [, g€ Hoo(ZW).

If this correspondence f — f(A) is extended from Hy(X,) to L(X) as a
bounded homomorphism of Banach algebra, then A is said to have a bounded H,
functional calculus in X,. By the definition, if A has a bounded H,, functional
calculus, then the estimate

[f(AI < Collflloe,  f € Hoo(X) (2.3)

must hold with some constant C,, > 0 as well as the formulas

(f+9)(A) = F(A)+g(A) and  (fg)(A) = f(A)g(A), [, g€ Huo(ZW). (24)
In view of (2.1) it is also immediate to observe that the correspondence f +— f(A)
from Hyo(X,) to £(X) is uniquely defined if A has a bounded H functional
calculus. Similarly, the H, functional calculus of A is seen to be characterized by
the three conditions (2.1), (2.3) and (2.4).

Let us here introduce another important condition for the sectorial operator
A. We say that A satisfies an integrable condition along the V-shaped contour



Characterization of Domains of Fractional Powers 221

I\ = pe™™ (0 < p < 00), where wq < w < 7, with an exponent 0 < 0 < 1, if
the following estimate

/ IAPOTHAZETO (N — A) T2 f, g) xxx- | |d|
r,

<Cuolfllgls, feX,geX™ (25)

holds with some constant C,, ¢ > 0, where X* is an adjoint space of X and where
(-, Yxxx~ denotes the scaler product between X and X*. When X is a Hilbert
space, X* is taken as X itself and (-, ) x xx= is replaced by the inner product (-, -)
of X.

We then know the following equivalence theorem due to [43] and [55].

Theorem 2.1. Let X be a Hilbert space. Let A be a sectorial operator of X with
angle wa and let A* be its dual operator. Then the following four conditions are
mutually equivalent:

1. Along any V-shaped contour I, wa < w < 7, the integrable condition (2.5)
holds for every exponent 0 < 6 < 1;

2. In any domain X, wa <w <7, A has a bounded Hy functional calculus;
3. The imaginary powers of A are bounded on X and satisfy estimates || A%||
< NePll (—o0 < y < 00) with some exponent 3 > 0 and constant N > 1;

4. For every 0 < 0§ < 1, D(A?) = [X,D(A)]s and D(A*?) = [X,D(A*)]s with

norm equivalence.

When X is a reflexive Banach space, this theorem is generalized in the fol-
lowing form as shown in [8].

Theorem 2.2. Let X be a reflexive Banach space with adjoint space X*. Let A be
a sectorial operator of X with angle wa and let A* be the adjoint operator of A.
For A and A*, consider the following four conditions:
1. Along any V-shaped contour I,, wa < w < 7, the integrable condition (2.5)
holds for every exponent 0 < 6 < 1;
2. In any domain X, wa <w <7, A has a bounded Hy, functional calculus;
3. The imaginary powers of A are bounded on X and satisfy estimates || A%||
< NeflWl (—oo < y < 00) with some exponent > 0 and constant N > 1;
4. For every 0 < 6 < 1, D(A%) = [X,D(A)]s and D(A*?) = [X*, D(A*)]s with
norm equivalence.
Then, (1) and (2) are mutually equivalent. Either of (1) or (2) implies (3). (3)
implies (4).

Consider a positive definite self-adjoint operator A > § > 0 in a Hilbert space
X. Let E()), § <A < oo be its spectral resolution. Then, A% = [ X¥dE()) and
|[A%| <1, —0o < y < co. Therefore, A fulfills Condition (3) of Theorem 2.1.

Proposition 2.3. The positive definite self-adjoint operator enjoys a bounded Ho
functional calculus in any domain X, 0 < w < 7.
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A sectorial operator A of a Hilbert space is called a maximal accretive opera-
tor if it satisfies the condition Re (Au,u) > §||u|| for u € D(A) with some constant
0 > 0. The angle of a maximal operator is always smaller than 7. According to
[33, 34], any maximal accretive operator fulfills Condition (3) of Theorem 2.1 with
| A%|| < e3l¥l] —0o < y < co. Therefore we can state the following assertion.

Proposition 2.4. The mazimal accretive operator enjoys a bounded Hy functional
calculus in any domain X, wa <w < 7w, where wa < 5 is the angle of operator.

Unfortunately, we do not know any convenient sufficient condition which
ensures a bounded H, functional calculus for the sectorial operator acting in a
Banach space. As mentioned before, it is however known that realizations of a
number of elliptic operators in the L, space, 1 < p < oo, p # 2, under some
boundary conditions actually enjoy Property (2) of Theorem 2.2.

3. Sobolev-Lebesgue spaces

Let © be a bounded domain of R™ with Lipschitz boundary 0f2. For —co < s < 0o
and 1 < p < oo, Hy(Q) denotes the Sobolev-Lebesgue space in (. We describe a
brief definition of H*(£2) and some basic properties which we need in this paper.
For details, we refer to [1, 51, 54].

When Q = R"™, the space is defined by

Hy(R") = {ue SR F L+ [€*)FFu] € Ly(R")}, (3.1)

where S(R™)’ denotes the set of tempered distributions in R”, and F and F~!
denote the Fourier transform and the inverse Fourier transform on S(R™)’, respec-
tively. The space H;(R") is a Banach space with the norm

lullmy = 177 A+ €22 Fulllr,,  ue Hy(R).

When  is a bounded domain with Lipschitz boundary and when 0 < s < oo,
H,;(Q) is defined as a set of all restrictions u of the functions in H,(R") to Q.
That is, a function u € L,(Q) is in H;(£2) if and only if there exists a function
U € Hy(R") such that Ujg = u almost everywhere in (2. For u € H;(Q), its H,
norm is defined by

U'nf U1 15 ()
lo=u
UeH? (R™)
By this norm, Hy(€2) becomes a Banach space. When s = 0,1,2,..., H5() is

characterized as

Hy(Q) = {u € Lp(Q); D€ Ly(Q) forall |af <s}

||U||H;(Q) =

with the norm

lullmy = D 1Dl

laf<s

where D® = Dg1--- D denotes the differentiation in the sense of distribution.
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Let D(Q2) denote the space of all C*° functions with compact support in 2.

By H;(€), where 0 < s < 00, we denote the closure of D(€2) in the space H, ().
It is then known that

Hy(@Q) = H)(Q)  if 0<s<l. (3.2)
For 1% < s < 00, the trace operator v:u — upq is defined. It is known that
v:H*(Q) — Ly(09Q) 1is a bounded operator if 1—17 < 5 < 00. (3.3)
Moreover, when € is a bounded domain with C? boundary, it holds that
v Hy(Q) — H;ii(aﬂ) is a bounded operator if 117 <s<2 (3.4)
The space H 5(§2) can then be characterized by

Irs _ S(0))- — 1
Hy(Q) ={ue Hj(); yu=0 on 00} for & <s<L (3.5)

Let p’ be the adjoint exponent of p, i.e., % + 1% =1.For 0 < s < o0, HP’S(Q)
can now be defined by

H *(Q) = H: ()", 0 <s<o0.

From D(2) C H;, () (densely), it follows that H,*(2) = H;,(Q2)* C D(2)*; this

means that H, () consists of suitable distributions in (2. Similarly it holds that

<’LL, f)LpXLp/ = <’LL, f>;12><H;s for we Hp(Q)a f er’ (Q) (36)

In this way we have defined a family of spaces H({2) parameterized by —oo <

s < oo. Of course, when ©Q = R™, such a definition is consistent with (3.1). For

p =2, H5(2) = H*(Q) is called the Sobolev space. In the meantime, for 1 < p <
00, p # 2, H;(Q) is called the Lebesgue space.

We have Hj'(2) C H;°(€2) with dense and continuous embedding for any
—00 < 89 < 81 < 00. In addition, for 0 < sp < s <ocand 0<6 <1,

[Hy0 (), Hy (Q)]p = H' =0t 01(Q). (3.7)
This property yields that, for any function a € C'(Q2), the multiplicative operator

u + au is a bounded operator from Hy () into itself for —1 < s < 1 with the
estimate

laullm; < Cllallesllull, — we HQ); ~1<s<1. (3.8)
Finally the following fundamental result is valid:

Dy, Hy(Q) — H;fl(ﬂ) is a bounded operator (3.9)

forany—oo<5<oo,s7é%.
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4. Elliptic operators in L, spaces

Let Q be a bounded domain in R™ with Lipschitz boundary 02. Consider a
sesquilinear form

a(u,v) = Z /aij(a:)DiuDjﬁda:
ij=1"%
defined for (u,v) € H'(Q) x HY(Q). Assume that a;;(z), 1 < i,j < n, are real-
valued functions satisfying
ai; € CH(Q), 1<i,j<1, (4.1)

n

3 (@) > 0EP, E=(&,....&) ER™ (4.2)

ij=1

IN

with some constant § > 0. It is then clear that a(u,v) is continuous, i.e., |a(u, v)|
Cllullgr||v|| g for (u,v) € HY () x HY(Q), and is coercive, i.e., Rea(u,u) >
cl|u g for uw € HY(Q) with some constant ¢ > 0.

Then the associated linear operator with a(u, v) is determined by the relation:
a(u,v) = (Au,v>H 5, forallve H'(Q), A being an isomorphism from H'(Q)

—1 X 1

onto H (). Furthermore we consider the part of A in Ly(Q) which is determined
by D(A) = {u € H(Q); Au € L3(Q)} and Au = Au for u € D(A). This means
that u € D(A) if and only if a(u,v) is continuous with respect to vector variable
v € H*(Q) in the topology of Ly(f2) (which is of course weaker than H'()).
It is then shown by the theory of sesquilinear forms, cf. [9, Chapter VII] or [41,
Chapitre 2], that A is a sectorial operator of Ly(£2) with angle ws < T; moreover,
A is a maximal accretive operator of Lo(£2). The operator A is considered as
a realization of the elliptic operator — Z?Fl Djla;j(z)D;u] in Ly(§2) under the
Dirichlet boundary conditions yu = 0 on 0f).

Case of C? domains. Let € have a boundary of C2? class. In this case, it is
known by Grisvard [28, Chapter 2] that

D(A) = H*(Q) N H(Q) = {u € H*(Q);yu =0 on 9N} (4.3)
In view of this fact and (3.2), for 1 < s <2, we will define
H)H(Q) ={ue H(Q);yu=0 on 90}. (4.4)

Our first characterization is then given by the following theorem.
Theorem 4.1. Let (4.1) and (4.2) be satisfied. Then,

H?2(Q) f0<6<i

D(A%) = [Ly(Q), H3(Q)]g = {H%(Q) if +<0<1
D 4 N

with norm equivalence.
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Proof. The proof will be divided into four Steps.

I) As mentioned, it is already known that D(A) = H%(Q) C H?(Q) with
the estimate |ul|gz < C||Aul|L,, v € D(A). We know also by Proposition 2.4
and Theorem 2.1 that A enjoys Property (4) of Theorem 2.1, i.e., D(A%) =
[L2(Q), H2(2)]s. Then, (3.7) (so = 0 and s; = 2) provides that D(A%) ¢ H?(Q)
for all 0 < 0 <1 with the estimate

lull o < CollA%ullL,,  u € D(A%). (4.5)

Now let 1 < 0 <1 and u € D(A?). By the density of D(A4) in D(A?), there
exists a sequence u, € D(A) such that uy — u in D(A?) as k — co. Since 26 > 1,
we observe by (3.3) that

Ivullz2o0) = 7 (w0 — w)l|r200) < Cllu — k|l geo ) < CollA®(u — up)|| 220y — 0.

Therefore, yu = 0 on €. Thus, we have verified that D(A?) ¢ HY (Q) for 1 <
0 <1.

IT) Conversely, let us prove that H2%(Q) C D(A%) for 0 < § < 1. Let u €
H?%(Q) and v € D(A*). By the same reason as A, we have D(A*) = H? (). Using
the formula

A*(G—l) _ L/ /\0—1(}\ *A*)_ld/\ _
r

271 203

/ M\ — A%)72a),
r

we can write

(u, A*) = (u, A=Y A*p) = / M (u, A*(\ — A*)"20)d\
r

2701
-1 [ = -2
= E D;la;:(x)D; (N — A* 4.
27r9i/p)\ ”:1(“’ ilaij(x)Dj(A )" v])dA (4.6)
-1 0 n _ _ B
= > (u, Difai;(z) D A*OD A= (X — A7) .
27r9i/p)\ (u, Dia;j(w)D; (A )" "v])dA

i,j=1
Here we notice the following lemma.
Lemma 4.2. It holds that
|(u, Difai; (2) D A"~V f])| < Collull 2o | I, for all f € D(A").

Proof of the lemma. Since 0 < 20 < 3, we see that u € H*(Q) = IO{QQ(Q)
(due to (3.2)). In the meantime, A*(®~1) is a bounded operator from Ly(Q) into
H?>(1=9(Q), since D(A*1=9) ¢ H>1=9(Q) (due to (4.5) applied for A*). The dif-
ferentiation D; is a bounded operator from H2(1=9)(Q) to H'~2?(Q2) (due to (3.9)),
the multiplication of a;; () is a bounded operator on H'~2¢(Q2) (due to (3.8)), and
D; is a bounded operator from H'=2%(Q) to H~2%(Q) because of 1 — 260 # 3 (due
to (3.9) again). So, f — D;la;;(x)D;A*®~V f] is a bounded operator from Lo (()
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into H~2%(Q). Therefore, in view of (3.6), we obtain that
(u, Difag; (z)D; A"~V f]) = (u,Di[aij(a:)DjA*("‘”f])ﬁzeXH%,
as well as the desired estimate. O
Lemma 4.2 provides existence of a function w;; € La(§2) such that
(w, Dilai;(z)D; A"V f]) = (@i, /) forall f € D(A)
with the estimate
[ijllr. < Collullgze, — 1<i,j<n

Furthermore, using w;;, we can write

(1, 40) = o [ NS Ty, 40D 0= A0) )i
r

2mdi
—1 00 A1—0 (Y -2y~
= ol /[,>\ (A (/\ - A) [Zi,jZI ’U,ij], ’U)d)\
Hence, we can use (2.5) to conclude that
|(u, A*)| < Collul| 20 || .- (4.7)

Since v € D(A*) is arbitrary and D(A*) is dense in Lo(2), it follows that
u € D([A*]*) = D(A?) with || A%z, < Callu| g2e-

IT) Let us next prove that H () C D(A?) for + <6 < L. Let u € HY(Q)
and let v € D(A*). In the present case, we use the expression

(u, A%v) = (u, A0V A*y) = / A (u, A" (N — A*) " 20)d\
r

2704

1 e _ _ -
= Y~ (aij(x)Diu, DA D A*O=O (X — A*)20)d),
27T0i/p)\ (aij(x)Diu, D; (A )" v)dA

i,j=1
We notice the following lemma.

Lemma 4.3. It holds that
|(asj () Diu, D; A"~V )| < Cyllul| oo || f|| L, for all f € D(A*).

Proof of the lemma. Since 20 # %, we see that D;u € H*~1(2) (due to (3.9)).
In addition, the multiplication of a;;(z) is a bounded operator on H?~1(Q2) (due
to (3.8)). So, a;;(x)Diu € H?~1(Q). In the meantime, A*~1) is a bounded
operator from Ly(Q) into H?1=9(Q) as before and D; is a bounded operator
from H2(1=9)(Q) into H'~29(Q) (due to (3.9)). So, f — D;A*(®=1 f is a bounded
operator from Ly(€2) into H'~2¢(Q). Furthermore, H'~2%(Q) = H'~2¢(Q) because
of 0 < 1—20 < 1. Hence, in view of (3.6), we obtain that
(aij () Diu, D; A"~V f) = <aij(x)Diu7DjA*(a_l)f>H2971><;I1729

and as well the estimate to be shown. O
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As before, Lemma 4.3 provides existence of a function @;; € Lo(€2) such that
(aij(2)Diu, D;A*O"V f) = (U, f)  forall f € D(AY)
with the estimate
|ijllr, < Collullgze,  1<i,j<n.

Then, by the same arguments appealing to (2.5), we can conclude that (4.7) is
valid in this case too, and consequently u € D(A?).

IV) Finally, let us prove that HZ(Q) c D(A?) for 2 < 6 < 1. We already

2 =

know that D(Az) = H}(Q) and D(A) = H2(Q). By Proposition 2.4 and Theorem
1

2.1, D(A%) = [D(A3),D(A)]29_1. Meanwhile, we can show by the following lemma,
that [H5(Q), H3(Q)]20—1 = HX(Q). Hence, H¥ (Q) = D(A?).

Lemma 4.4. For any 0 < n < 1, it holds that [H}(), H3(Q)], = H5™(Q) with
norm equivalence.

Proof of the lemma. Before proving the lemma, we will construct a right inverse

of « which is continuous from Hi_%(aﬂ) into H(Q) for i = 1, 2. Consider the
elliptic boundary value problem

—Au =0 in Q, 18

{ Yu =g on 0f). (48)

For any g € Hz(99), there exists a unique solution u € H*(2) to (4.8). Indeed,

let r be a continuous right inverse of 7; due to (3.4), r is a bounded linear operator

from H=(99) into H'(Q) such that y(rg) = ¢ for all g € H=(d9). Since A(rg) €

H~1(Q), there exists a unique function up € H(Q) such that —Aup = A(rg).

Then, since H(Q) = HL(Q), u = up + rg gives the desired solution. Define an
operator R by Rg =u = up + rg for g € H%(Q) Then R is another continuous
right inverse of v from Hz (8Q2) into H'(€2). Moreover, by the regularity of solution
of (4.8), we can equally verify that R is continuous from H % (99) into H2(Q).

Let us now consider the proof of lemma. As H5(Q) € HY(Q) for i = 1, 2,
we have [HL(Q),H3(Q)],, C [HY(Q),H*()], = H'(Q). Furthermore, as it
is clear that [H}(Q), H3 ()], C HLH(Q), we verify by the definition (4.4) that
[Hp(Q), Hp ()], € Hp'"(9).

Conversely, let u € H ;‘” (€2). By the definition of complex interpolation, there
exists an analytic function F'(z) defined in the strip domain {z;0 < Re z < 1} with
values in H'(Q) which is bounded and continuous for 0 < Rez < 1 with values
in H'(Q) and is bounded and continuous for z = 1 + iy (y € R) with values
in H2(Q2) and which has its value F(n) = u at z = 7. Consider the analytic
function Fp(z) = F(z) — R[yF(z)]. Clearly, Fp(z) has its values in H}(Q) and
Fp(1 + iy) has its values in H%(Q); in addition, Fp(n) = u. This means that
u € [HH(Q), Hp(Q)],. Hence, H,(Q) C [H(Q), H(Q)],- O

We have thus accomplished the proof of theorem. (Il
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Case of convex domains. Let €2 be a bounded convex domain in R™. In this case
we add the assumption that a;;(x) are symmetric in the sense that
aij(z) = aji(z),  1<i,j<n. (4.9)
Under this condition, A is a self-adjoint operator of Lo(£2). It is also known by
Grisvard [28, Chapter 3] that
D(A) = H3(Q). (4.10)

We then obtain a similar characterization of domains of fractional powers as The-
orem 4.1.

Theorem 4.5. Let (4.1), (4.2) and (4.9) be satisfied. Then,

H?°(Q) if 0<6<1,

D(A?) = [Ly(Q), Hp ()]s = {Hze(Q) ifl<o<1,043

with norm equivalence.

Proof. T) Since (4.10) is the case as (4.3), the same arguments as in Step 1 of proof
of Theorem 4.1 is still available in the present case to conclude that D(A?) C
H?(Q) for 0 < 0 < % and D(A?) Cc H¥(Q) for L <0 < 1.

IT) Similarly, we can repeat the same arguments as in Step 2 of proof of
Theorem 4.1 to conclude that H2?(Q) C D(A%) for 0 < 0 < 1.

IT1) In Step 3 of proof of Theorem 4.1, we proved that HZ(Q) C D(A?) for
<0< % We easily observe that the method of this proof is available even for

<60 < 3, too, for it holds that H**~1(2) = H?~1(Q). In this way, we can verify
that the inclusion H¥ (Q) C D(A?) is true for any exponent + < 6 < 3.

1
4
1
2

IV) It now remains to prove that H7 () C D(A?) for 2 < § < 1. For
u € H¥(Q) and v € D(A), we have the expression

1
0.8 _ o—1 _ 0 -2
(u, A%v) = (u, A" Av) = 501 /F)\ (u, AN — A)~20)d\
_ —1 0 - o . 0—1 A1—-60/y -2
= 2779i/1“>\ E (Djlaij(x)Diu), A”7"AT (A — A)"“v)dA.

i,j=1
Here the following lemma is observed.
Lemma 4.6. |(Djlaij(2) Diul, A’ )| < Collull ol fllL.  for all f € D(A).

Proof of the lemma. We notice that D; is a bounded operator from H??(Q) into
H*=1(Q) (due to (3.9)), the multiplication of a;;(x) is a bounded operator on
H*-1(Q) (due to (3.8)), and D; is a bounded operator from H2?~1(Q) into
H2-1(Q) because of 20 — 1 # 1 (due to again (3.9)). So, Dja;;(z)D;u] €
H?O=1(Q). In the meantime, as shown in Step 1, A’~! is a bounded operator
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from Lo () into H2(1~9)(Q). Furthermore, H2(1=9(Q) = H2(1=9(Q) because of

0 <2(1—0) < . Hence, in view of (3.6), we have
(Djlaij(x)Diu], A%~ f) = <Dj[aij($)DiU]aA0_1f>H2<9,1>X132<1,9>-

Thus, the desired estimate is obtained. ([l

This lemma provides existence of a function u;; € L2(£2) such that
(Djlasj(x)Dyul, A7 f) = (i, ) forall f e D(A)
with the estimate
@i, < Collull grze-
Then the same arguments as in the proof of Theorem 4.1 provides the desired
inclusion HY (€2) C D(A?) for 3 <6 < 1.
We have thus accomplished the proof of theorem. ([

5. Elliptic operators in L, spaces

In this section, we are concerned with a realization of *Zijl Djla;j(z)D;u)
in the L, space under the Dirichlet boundary conditions yu = 0 on 052, where
1<p<oo.

Let © be a bounded domain in R™ with C? boundary. The functions a;;(z),
1 < i,j < n, are all real-valued and are assumed to satisfy the conditions (4.1)
and (4.2). Let Ay be the realization of — szzl Djla;j(z)D;u] in Ly(€2) under the
Dirichlet boundary conditions on €2 which have been treated in the preceding
section. When 2 < p < oo, the realization A, of the elliptic operator in L, () is
defined by G(A,) = G(A2) N[Lp(2) x Ly(?)], where G(A,) denotes the graph of
A,. Meanwhile, when 1 < p < 2, A4, is defined by G(4,) = G(A2) in the product
space L,(€Q) x Ly(Q). According to Grisvard [28, Chapter 2], it is known for any
1 < p < oo that A, is a sectorial operator of L,(€2) and its domain is given by

D(Ap) ={ue Hg(Q); yu =0 on 00Q}. (5.1)
Furthermore, it holds that
Spllullaz < [lApullL,, — ueD(Ap)

with some constant d, > 0. In view of (3.3) , for 1—17 < 5 <2, we will put
Hy p={u€ H,(Q); yu=0 on 9Q}.

Let p’ be the adjoint exponent such that % + i =1, and let {L,(Q), L, ()}
be the adjoint pair. The adjoint operator of A, with respect to {L,(2), L,y (Q)} is
then defined; let us denote it by By = A7; then, By is seen to be a realization of
the differential operator — szzl D;la;j(x)D;v] in L, () under the same Dirichlet
boundary conditions on 9. Consequently, B, is a sectorial operator of L, (£2)
with domain

D(By) ={ve H;(Q); yv =0 on 9N}.
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The estimate
Spllvllme, < IBpolc,,, — veED(By)
P
is still true with some constant 5;, > 0.

Concerning the domains of fractional powers A?, 0 < § < 1, we can show the
following two kinds of results.

Theorem 5.1. Let (4.1) and (4.2) be satisfied. In addition, we assume that A, has
bounded imaginary powers in Ly(Q), i.e., |A¥||zL,) < NyePlvl —0o < y < o0.
Then,

D(A?) ¢ H2(Q) if 0<0< 4,
P H2,(Q) if 95 <0<1

with continuous embedding.

Proof. Tt is possible to carry out the proof in a quite analogous way as in Step 1
of proof of Theorem 4.1. In fact, by Theorem 2.2 and (5.1), we have

D(A7) = [Lp(Q), D(Ap)]s C [Lp(), Hy ()]p-

Meanwhile, by (3.7), [L,(2), H2(Q)]g = H2?(€2). Therefore, D(AY) C H?*(Q) for
every 0 < 6 <1 with continuous embedding

||u||H§e < Cp||Af;u||Lp7 URS D(Az). (5.2)

Let ﬁ < 0 < 1. As D(4,) is dense in D(AP), for any u € D(AY), there
is a sequence uy € D(A,) such that uy — v in D(AZ). This together with (3.3)

and (5.2) then implies that u satisfies the boundary conditions yu = 0. Hence,
D(A9) C HX,(Q). O

Theorem 5.2. Let (4.1) and (4.2) be satisfied. Assume that A, has a bounded Hoo
functional calculus in Ly(SY), namely, || f(Ap)llzz,) < Collflloo, f € Hoo(Xw), for
any angle w such that wy, < w < 7w, where wy, denotes the angle of A,. Then,

paty = | B i 0=0< 5
P H2,(Q) if 55 <0<1,0#5%

with norm equivalence.

Proof. According to Theorem 2.2, the bounded H,, functional calculus implies
the boundedness of the imaginary powers. Therefore, Theorem 5.1 provides that
D(Aj) C HP(Q) for 0 < 6 < 55 and D(AJ) C H)%(Q) for 55 < 6 < 1 with
continuous embedding. So it suffices to prove the converse relations of inclusion
for the domains D(A9) and the spaces H2(2). But this is carried out in a quite
analogous way as in the proof of Theorems 4.1 and 4.5.

I) Let us first verify that Hze(ﬂ) C D(Az) for 0 < 0 < ﬁ. Since B:f}’ =
(A, ")* with respect to the adjoint pair {L,(§2), L,y (Q2)}, Theorem 5.1 is available
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also for the adjoint operator B, . As a result, for every 0 < 6 <1,
[0l g2 < Cpr || Bolle,,, v € D(BY). (5.3)
P

Let u € HZG(Q) and v € D(B,). As for (4.6), we have the expression

—1 n
By, = 5o /FAG > (w, Dilag;(x) Dy (A = By ) "v]) 1, x1,, A
i,j=1
—1 n - - B
=~ orbi /FAQ Z <uaDi[aij(I)Dng/ IB;, (N —By) 2”]>prLp,d)\.
i,j=1

Since 0 < 20 <, we see that u € Hp?(Q) = H;?(Q) due to (3.2). Then, by the
same arguments as in Step 2 of proof of Theorem 4.2, we can obtain the estimate

(u, Difai;(x)D; BY ™ 1, %, | = |(u, Dilai; (x)D; BY 1) |

< CGHUHngnfanl for all f e Lp/(Q).

o
—26
H20xH?
P p’

As a consequence, there exists a function w;; € L,(€2) such that
(u, Dilag; (x)D;BS fr,xr, = (Uij, f)r,xp,  forall fe Ly(Q)
with the estimate
[ijlz, < Collullmze-
Therefore,
-1

2701

-1 6 1-6/Y -2 n ~
s | AR )T T o)

(u, BYv) L, xL,, = / Ny g, By (A = By ) 20) L, xr,, dA
r

Applying (2.5), we conclude that
[{u, Byo), <1, < Collullmzellvllz, -
We thus deduce that u € D((Bz/)*) = D(Af)) with ||AZu||Lp < Collullze-

1) Hh(Q) C D(A)) for 55 < 0 < %. In fact, let u € H2,(Q) and

v € D(B,). In this case we use the expression

1 n
<u’ Bg'U>LP><LP’ = 2107 /p)\e Z <aij (aj)Diuv Dj()‘ - BP')_2U>LPXLp’d)\
=1

1
2704

/ XS " aij (@) Diu, D;BY B (A = By) "20) 1, w1, dA.
r X

4,j=1
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If ﬁ <60 < 3, then0 <1-20 < %; therefore, H;fzo(Q) = H;fzo(Q). If

3 <0< Bl then 0 <20 —1 < ; therefore, H2?~(Q) = H2’~!(Q). Then, by
the same arguments as in Step 3 of proof of Theorem 4.1, we conclude that

[(aij(@) Diw, DiBy " f)n,xr,, | < Collullmzollfllz,  for all f € Ly ().
Hence, there exists a function @;; € L,(€2) such that
(aij(a:)DimDng,_lf>prLp, = (Wij, )L, %L, for all f e L, ()
with the estimate
sz, < Collullmze-
Thus, u € D(AY) with [[Aul|L, < Collull 2o

ITT) Let us finally prove that HZ?D(Q) C D(AY) for % <0 <1 Letuce
H2,(Q) and v € D(By). Then,

<uaBg’v>Lp><Lp/ = 270i / Z CL” iu]; ()\ - Bp’)_2U>Lp><Lp/d)\
707 2

_ -1

270

/ X Z (Djlas; () Dsul, B BYO(\ — By)20) 1wz, d.
ig=1
We here observe that Djla;;(xz)D;u] € H, 26~ 1)(Q). In the meantime, Bg,_l is a
bounded operator from L, (§2) into H (= 0)(9) (due to (5.3)). Furthermore, since
2

o

0<21-9)< %, we have Hp,(1 0)(9) Hp,(1 0)((2). Therefore, it follows that

[(Djla;(x)Dsul, By )i, xr, | = |<Dj[aij($)DiU]aBzflf)ngfl)X;Iz(/lfe)|
< Collullmze | flle,  forall f € Ly(9).
Hence, with a suitable function @;; € L,(€2),
<Dj[aij(37)Diu]aBg/_lﬁprLp/ = <aijaf>Lp><Lp, for all f € L, ()
with the estimate
ijl L, < Collullmze-
In this way, it is deduced that u € D(A?) with [|A%ul|r, < Collull 2o

We have thus accomplished the proof of theorem. ([
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Operators on Locally Convex Spaces

Wiestaw Zelazko

Abstract. This paper is essentially a survey of some previous author’s results,
but it contains also some new concepts and theorems. In the second section
we discuss the (already known) concepts of an operator algebra on a locally
convex space and of a topologizable operator (see definitions below). We also
introduce and study here the (new) concept of jointly topologizable opera-
tors. In the third section we discuss some questions open for all infinitely
dimensional Banach spaces, such as the problem of existence of closed proper
invariant and hyperinvariant subspaces for all continuous endomorphisms of
a given space, and the Fell-Doran Problem in the representation theory of al-
gebras. These problems can be solved in positive for the locally convex space
(s) of all numerical sequences. The novelty here is the Theorem 3.2 stating
that all continuous endomorphisms of the complex space (s), which are not
scalar multiples of the identity operator, have closed proper hyperinvariant
subspaces.
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1. Introduction

The aim of this paper is to show the differences between some aspects of operator
theory on Banach spaces and on non-normed locally convex spaces. In Section 2 we
show that many properties of the algebra L(X) of all continuous endomorphisms
of a locally convex space are quite different from these for a Banach space X. In
Section 3 we show that some difficult problems, open for all infinite-dimensional
Banach spaces, can be solved for a specific infinite-dimensional (complete) locally
convex space. This paper is based upon the author’s talk during IWOTA 2006.
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We shall discuss the following topics:

1. Problem of topologization of the algebra of all continuous endomorphisms
of a locally convex space and joint continuity of its action on the space in
question.

2. Problem of existence of an infinite-dimensional (separable) locally convex
space for which all continuous endomorphisms have proper closed invariant
(hyperinvariant) subspaces.

3. The Fell and Doran Problem concerning representations of algebras on locally
convex spaces (the problem is still open for any infinite-dimensional Banach
space).

The paper is mostly a survey of the already known results, obtained in [11]-
[14], it contains, however, some new results and concepts. In particular, all results
concerning the spaces Lg(X) are new, as well as Theorem 3.2 on existence of
proper closed hyperinvariant subspaces for all continuous endomorphisms of a
certain locally convex space.

All linear spaces and algebras considered in this paper are either complex or
real (unless the field of scalars is explicitly indicated).

2. Operator algebras on locally convex spaces

One of basic facts in the operator theory of Banach spaces is that the algebra
L(X) of all continuous endomorphisms of such a space X has a natural topology
for which it is a topological (Banach) algebra, i.e., the multiplication is jointly
continuous (||T175]| < ||T1] |T2])), and the action (T,z) — Tz of L(X) on X is
jointly continuous (||| < ||T|| ||«]|). These two facts fail, generally speaking, for
non-normed locally convex spaces.

The topology of a locally convex space X is given by means of a family
(I'|a) aea of seminorms, which, without loss of generality, can be assumed saturated,
i.e., for any finite set |- |o,,...,| " |a, there is a seminorm |- |, , such that

|I [e 7] Sci|z|an+1, ISZSH,

for some positive C; and all  in X. Under this assumption for every continuous
seminorm | - | on X there is an index « in a and a positive constant C' such that

2| < Clzla, =€ X. 1)

In the case when X is metrizable, its topology can be given by means of a
sequence of seminorms

o <lah <..., zEX,

which is obviously saturated. A locally convex space X is complete if every Cauchy
net (x,) of its elements is convergent (i.e., for each o € a and each ¢ > 0 there is
o such that |z, —x,,| < e whenever p1, o > p10). A linear endomorphism 7" of
X is continuous if for each o € a the seminorm = — |Tx|, is continuous (satisfies
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relation (1)). Thus T is continuous if for each v € a there is a positive constant C
and an index B(a) € a such that

|Tz|o < Clz|gay forall ze X. (2)

An algebra A is said locally convex topologizable (shortly: LC-topologizable)
if it has a locally convex topology making it a topological algebra, i.e., the multipli-
cation there is jointly continuous. Each locally convex algebra A can be topologized
by means of a family (|- |a)aeca Of seminorms such that for each a there is a G(«)
with

[zyla < [2lp)Yla@), =y €A 3)

If A has a unity e it can be assumed |e|], = 1 for all & in a. For more informa-
tion about locally convex algebras the reader is referred to [6] and [9]. In contrast
with the Banach space theory, the algebra L(X) is rarely LC-topologizable. We
have [12] the following result.

Theorem 2.1. Let X be a sequentially complete locally convex space. Then the
following are equivalent:

(i) The algebra L(X) is LC-topologizable.

ii) The space X s subnormed.

The space X has a mazximal bounded set.

The algebra L(X) is normable.

The space X is bornologically normable.

iii

(
(

—~ —~

v

\4

We have to explain the above terminology. A locally convex space X is said

subnormed, if it has a norm || - || majorizing its topology, i.e., for each «a € a there
is a positive constant C\, such that

|2]o < Cyllz|| forall zeX. (4)
If X is not normed, then the norm || - || is necessarily discontinuous, and each

metrizable subnormed space is normed. An example of non-normed complete sub-
normed space is the space X = C[0, 1] equipped with seminorms (| - |,), where «
is a convergent sequence Ei(o‘) — 58‘&)7 0< Ei(o‘) <1, and |z|, = max; |x(§§o‘))| (this
family is non-saturated). In this example || - || is the usual supremum norm and all
continuous endomorphisms of our space are also continuous with respect to || - ||,
so that L(X) is a normed space with respect to the operator norm induced by || -||.

A bounded subset B C X € LC is said mazimal if for any bounded subset
S C X there is a positive Cg such that S C CgB (a subset S is bounded if all
continuous seminorms are bounded on it). A maximal bounded subset in the above
example is the unit ball with respect to || - |.

An LC-space X is called bornologically normable if there is a norm || - || on it
such that all bounded sets coincide with bounded sets with respect to || - ||.

The locally convex spaces satisfying conditions of Theorem 2.1 are rather
exceptional. An example of an LC-space which does not meet these conditions is
the space X = C[0, 00) equipped with seminorms |z|, = maxo<i<n |(t)].
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But even if L(X) is LC-topologizable, there are no chances for the joint
continuity of the map

(T,z) — Tx (5)
from L(X) x X onto X. We have the following result ([9], Theorem 10.2).

Theorem 2.2. Let X be a locally convex space, and suppose that L(X) has a locally
convez vector space topology such that the map (5) is jointly continuous. Then the
space X is normed.

Theorems 2.1 and 2.2 show that there is no reasonable locally convex topology
on L(X) if X is non-normed (in some instances it can be used the strong operator
topology on L(X), but then the map (5) is only separately continuous). Thus
it makes a sense to counsider only some subalgebras of L(X) for which such a
reasonable topology exists, instead of the whole algebra.

The following definition was given in [14, Definition 1].

Definition. Let X be a locally convex space. An operator algebra on X is a unital
subalgebra A of L(X) which is a locally convex topological algebra under some
topology, and the map (5) is jointly continuous.

For such an operator algebra with topology given by a family (|| - ||,) the
condition (5) can be written as follows. For each « € a there is a S(«) and a p
such that for all T in A and all x in X we have

(T2l < T |zl ). (6)

Formally speaking, there should be a constant factor on the right-hand of (6), but
we can always renorm A so that this factor equals 1.

In the above definition we do not assume that neither X nor A is complete.
However, we can take both completions and all operators in A extend to the
completion of X with preserved relations (3) and (6). Thus, if necessary, we can
assume, without loss of generality, that both X and A are complete.

The following definition was also introduced in [14].

Definition. Let X be as above. Call an operator T in L(X) topologizable, if it
belongs to some operator algebra on X.

Theorem 2.3 ([14], Theorem 5). Let X be a locally convex space. An operator T
in L(X) is topologizable if and only if for each o € a there is a f(a) € a and a

sequence (M,(f‘)) of positive numbers, such that
T"2]o < M |2]500) (7)

for all x in X and all non-negative integers n (here by T° we understand the
identity operator I on X). That means that all powers T™ are similarly continuous
(a concept weaker than equicontinuity — it will be defined later on).
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Ezample. Let X be the mentioned above space C[0,00) and let ¢ be an arbi-
trary element in X. Then the operator T,z = @z is topologizable, and the shift
operator T', given by (T'z)(t) = x(t + 1) is not topologizable.

It is shown in [14] that the sum and product of two commuting topologizable
operators is topologizable, but it can happen that if 77 and T5 are topologizable,
but non-commuting, then both 77 + 75 and 7175 are not topologizable. It can even
happen that all operators in L(X) are topologizable, while X is non-normed and so
L(X) is not an operator algebra. Such a space X was constructed by Bonet in [1].

In what follows we shall be concerned with joint topologizability of operators
in L(X), but first we need the following (already announced) concept.

Definition. Let S be a non-void subset of L(X). We say that the operators in S
are similarly continuous, if for each « € a there is a f(a) € a such that for all T
in S and all x in X we have

|Tx|o < CFlx|g(a) (8)

for some positive constants C’(TO‘). Without loss of generality we can assume here
that o < B(a) (we write a < B if |+ |4 is continuous with respect to | - |3, i.e., there
is a positive constant C such that |z|, < |z|g for all z in X).

One can easily see that the above concept does not depend upon a particular
saturated system (| - |o)aca Of seminorms giving the topology of X. Thus each
function « +— F(a) from a into itself, defines a subset Lg(X) of L(X) of all
operators satisfying relation (8), so that this subset consists of similarly continuous
operators. Since, by the formula (6), each operator algebra consists of similarly
continuous operators, every such an algebra is contained in some Lg(X). Also
every operator in L(X) belongs to some Lg(X). It is convenient to consider only
the functions B(«) satisfying o < (). Such a function will be called admissible.
Under this assumption (kept in the sequel) the identity operator belongs to all
spaces Lg(X). We shall introduce now a (natural) topology on these spaces. For
each a in a and each T in Lg(X) we put

ITla = sup{|Tz[a : |2|g@) <1} (9)

The formula (8) shows that the right-hand expression in (9) is well defined. and
we can easily see that it is a seminorm on Lg(X). Formula (9) implies

Tzlo < [Tllalw]pa) (10)

for all z in X, all a in a and all T in Lg(X). Note that if T belongs to different
spaces of the form Lg(X), the value of || T||o depends not only upon 7' and «
but also upon the chosen function («). In the case when it will be necessary we
shall be denoting ||T||, also by || T||2 in order to indicate the used function 3(c).
Observe also that if Y is a vector subspace of L(X), equipped with a family of
seminorms (||T']|,), so that the map (5) of ¥ x X into X is jointly continuous, then
it can be continuously imbedded into some Lg(X) for some admissible §. It can
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be easily seen by the use of formulas (6), (8) and (9). In particular each operator
algebra can be continuously imbedded into some Lg(X).

Proposition 2.4. Assume that X is complete. Then Lg(X) is a complete locally
convex space under the seminorms (9).

Proof. Suppose that (T,) is a Cauchy net of elements of Lg(X). Let z € X with
|7 g(a) = 1. The formula (10) implies that 7}, is a Cauchy net in X. Consequently
T,.() is a Cauchy net for all z in X (if |z[g(a) # 0, then T}, (z/|7|g(q)) is Cauchy,
if |2[g(a) = 0, then, by (10), Tj,» = 0 and is also Cauchy). By the completeness
of X there exists the limit

To(x) = liﬁn T,x.

Clearly Ty is additive and homogeneous on X . There exists also the limit || 7|l =
lim, ||T,,||o and the formula (10) implies that this formula is also satisfied by
Tp for all « in a. Thus Tj is continuous and belongs to Lg(X). The conclusion
follows. O

We omit an easy proof of the following
Proposition 2.5. For any two admissible functions 81 and (B2 we have
L, (X) - L, (X) C Lo, () (11)
and for T; € Lg,(a)(X),i = 1,2, we have
Ty Tox|o < [[Ta[l|IT22]6, (@) < (I T1 0l T2]8 (0 |18, (81 (@)

so that
T\ T2l < 1Tl Tl gy o) - (12)

Definition. An n-tuple (T1,...,T,) C L(X) is called jointly topologizable if there
is an operator algebra A C L(X) containing operators T1,...,T, (similarly we
define a jointly topologizable family S C L(X)).

Proposition 2.6. A finite set of mutually commuting topologizable operators is
jointly topologizable.

Proof. Let (T1,...,T,) be the set in question. There are admissible functions
B1,..., B, such that all integral powers of T; are in Lg,. Denote by A the al-
gebra of all polynomials in T3, ..., T,. By the formula (11) and an easy induction
we obtain for all non-negative integers k1, ..., ky,

T{* o T € Ly(X),

where G(a) = (B, 0 -+ 0 B1)(a). Since Lg(X) is a linear space, we have A C
Ls(X). Provide A with the maximal locally convex topology, so that all seminorms
|T|%,i=1,2,...,n,« € a, are continuous.

The formulas (10) imply now that the relations (5) hold true and A is an
operator algebra containing the operators T;. Since A is finitely generated, by a
result in [10], it is a topological algebra (the multiplication is jointly continuous).
The conclusion follows. O
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As mentioned earlier, the product of two non-commuting topologizable op-
erators is not necessarily topologizable, so that the above result is not true for an
arbitrary finite set of topologizable operators. It is also not true in general that an
infinite set of mutually commuting topologizable operators is jointly topologizable
as shown in the following example.

Ezample. Let X = C[0,00) with seminorms |z|; = maxo<i<g |x(¢)|. Define

[Ti(@)](t) = {

i = 1,2,.... The operators T; belong to L(X) and mutually commute. In fact,
TiTj = Thax(i,j), so that they are also idempotents. However, there is no admissible
function 3 such that all operators T; are in Lg(X). Otherwise, we have

Tjzly <[ Tjll1|2ls0) (13)
for all « and j. Choosing j > (1) and x so that x(t) = 0 for 0 < ¢t < (1) and

x(j) = 1 we have the right-hand of (13) equal to 1, while the left-hand equals to 0.
The contradiction proves our assertion.

x(i), if0<t<i;
x(t), ifi<t< oo,

Now we shall give a necessary and sufficient condition in order that a count-
able set S = {T1,T5, ...} of not necessarily commuting operators belongs to some
operator algebra, i.e., it is jointly topologizable.

Theorem 2.7. Suppose that S C L(X) is countable. Then S is jointly topologizable
if and only if there is an admissible function (B such that all finite products of
elements of S are in Lg(X).

Proof. The condition is necessary since each operator algebra is contained in some
Lz(X). On the other hand, denoting by A the smallest subalgebra of L(X) con-
taining S, we have A C Lg(X). Thus it is sufficient to provide A with an algebra
topology (i.e., with jointly continuous multiplication), which is stronger than the
topology of Lg(X) in order to have joint continuity of the map (5) from A x X
to X. As this stronger topology we can take the maximal locally convex topology

7EC on A because, by a result in [10], it gives joint continuity of multiplication
on any countably generated algebra. O

Remark. If we have an algebra A contained in some Lg(X), we do not know
whether it has a stronger topology than that of Lg(X) making it an LC-topological
algebra. We even do not know whether it is topologizable with a jointly continuous
multiplication.

So we ask the following

Problem. Suppose that for some admissible function ((«) there is an algebra A
contained in Lg(X). Does it follow that A is an operator algebra?

Observe that if for an algebra A of operators we have A C Lg(X), then by
Theorem 2.7 all operators in A are topologizable.
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Having the spaces Lg(X) we can easily see the proof of Theorem 2.2: if there
is a locally convex topology on L(X) such that the map (5) is jointly continuous,
then there is an admissible function @ such that L(X) C Lg(X)(= L(X)). It
means, in particular, that for a fixed o in a we have

T|ay < Crl2ls,, (14)

for all T in L(X) and all z in X. Thus for each continuous linear functional f
on X and a fixed zp € X with |2g|a, = 1, substituting in (14) Ta = f(z)xo we
obtain

|f (@) = [f(@)zo] < C(f, z0)lx[5(a0)
which mean that all continuous functionals on X are continuous with respect to
the seminorm | - |4,. A result of Mazur and Orlicz ([7], see 2.22 on p. 139) implies
now that X is a normed space and the conclusion of Theorem 2.2 holds.

3. Invariant subspaces and the Fell and Doran problem

Both topics shall be considered on the space X = (s) of all (real or complex)
sequences provided with the topology of coordinatewise convergence (it is Banach’s
notation; the German school denotes this space by w). If x € X, z = (a;(2))5°,
then the topology in question can be given by the sequence of seminorms |z|; =
S lau(a)], 1=1,2,....

Korber ([4]) has shown that each operator in L(X) has a proper closed in-
variant subspace. In [13] we have obtained the following result

Theorem 3.1. Let X be the complex space (s). Then each operator in L(X) has a
proper closed invariant subspace which is either of dimension or of codimension 1.
If X is the real space (s) then there are operators which do not satisfy above, but
then they have proper closed invariant subspaces of codimension 2.

Using this result we shall prove the following (new) result. Recall that a
proper subspace of X is called hyperinvariant for an operator T in L(X), if it is
invariant for every operator commuting with 7. An operator T in L(X) is said
non-constant, if it is not of the form 7" = AI, where I is the identity operator and
A is a (real or complex) scalar. In the proof we shall make use of the fact that the
space X = (s) is reflexive (see [5], p. 283) and so every operator in L(X") is of the
form T*,T € L(X) (T*f)z = f(Tz),z € X, f € X'). Thus if Y is a proper closed
subspace of X’ invariant for an operator T* € L(X'), then Y+ C X is a proper
closed invariant subspace for T (Y+ ={z € X : f(z) =0 forall feY}).

Theorem 3.2. Fach non-constant operator in L(X) (X — a complex space (s)) has
a proper closed hyperinvariant subspace.

Proof. Let T € L(X). If T has a one-dimensional invariant subspace Cxg,0 #
xo € X, then Txzg = Azg for some complex A and z¢ € ker(T — A\I). Put Xy =
ker(T — M), it is a non-zero closed subspace of X since zp € Xy, and Xy # X,
since T is non-constant. For an arbitrary operator S in L(X) satisfying ST =TS
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and for an arbitrary element x¢ of Xy we have (' — AI)Szo = S(T — M )zo = 0.
Thus Sxy € Xo, so that X is invariant for S. Since S is an arbitrary operator in
L(X) commuting with T, X is hyperinvariant for 7.

If T has no one-dimensional closed invariant subspace, then, by Theorem 2.1
it has such a subspace Xy of codimension one. Thus Xj is a kernel of some (non-
zero) continuous linear functional fo on X. It follows that if fo(z) = 0 implies
fo(Tz) =0, ie., (T"fo)(x) = 0 (the conjugate operator on the dual space X’).
Thus we have either T fy = 0, or fy and T*f, have the same kernel and so are
proportional. In both cases there is a complex A such that T'fy = A fy. Consequently
T* has a one-dimensional invariant subspace in X’ and, similarly as in the first
part of this proof, its kernel is a proper closed subspace of X'. Let now S be an
arbitrary operator in L(X), commuting with 7. Thus S* commutes with 7 and,
similarly as above, the kernel Y C X’ of T* is invariant for S*. Consequently,
Y+ is a proper closed subspace of X which is invariant for S. Since S was an
arbitrary operator in L(X) which commutes with 7', Y+ is hyperinvariant for 7.
The conclusion follows. O

Remark. The above result fails to be true for the real space (s). To see it we take
the space X which is the complex space (s) considered as a real space. It is clear
that X is topologically isomorphic to the real space (s). The set Lo(X) of all
complex-linear continuous operators on X is a subalgebra of L(X). Consider the
operator Ty € Lc(X) given by Tox = iz, it is a non-constant operator in L(X)
commuting with all operators in Lc(X). The operator Ty has no (closed or not)
proper hyperinvariant subspace in X since the algebra Lc(X) is transitive on X,
i.e., for every x,y € X,z # 0, there is an operator T' in Lo (X) with Tax = y.

Let X be a locally convex space and A an algebra over the same field of scalars
(R or C). A representation of A on X is a homomorphism h of A into L(X). We
assume that h is unital (i.e., h(e) = I) if A is has a unity e. A representation h is
said irreducible if there is no closed proper invariant subspace for all operators in
h(A). Thus, setting A = h(A) C L(X), h is irreducible if the orbit

O(h;xg) = {Txo: T € A}

is a dense subspace of X for all non-zero elements xo in X (otherwise the closure
of such an orbit is a closed invariant subspace for all operators T in A).

A representation h is said k-fold irreducible, if for each k-tuple (z1,...,xx)
of linearly independent elements of X, the orbit

O(h;x1,...,x) = {(Txy,...,Tay) € X¥: T e A}

is dense in X ™.

Finally, call h totally irreducible, if it is k-fold irreducible for all natural k.
In other words, h is totally irreducible if the algebra A is dense in L(X) in the
strong operator topology.

Problem (Fell and Doran [2], Problem II, p. 329). Let h be an irreducible repre-
sentation of an algebra A on a locally convex space X, such that the commutant
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of the family of operators h(A) consists only of scalar multiples of the identity
operator. Does it follow that h is totally irreducible?

The condition concerning triviality of the commutant of h(A) is necessary
here, for if X is a Banach space and T' € L(X) has no proper closed invariant
subspace, then the representation p — p(T') of the algebra P of all polynomials
on X is irreducible, but not totally irreducible, since the commutative algebra
{p(T') € L(X) : p € P} cannot be strongly dense in the non-commutative algebra
L(X).

Theorem 3.3 ([11]). The Fell and Doran problem has a positive solution on the
real or complex space (s).

Note that up to now the space (s) is the only known infinite-dimensional lo-
cally convex space for which the Fell and Doran problem has a positive answer. No
positive or negative answer to this problem is known for any infinite-dimensional
Banach space (the general belief is that there should exist a counterexample,
perhaps on every infinite-dimensional Banach space). It is also the only infinite-
dimensional separable locally convex space for which all endomorphisms are known
to have proper closed invariant (and hyperinvariant) subspaces.

The purely algebraic counterparts of Theorems 3.1-3.3 are known for complex
spaces and algebras. Schaefer [8] has shown that each linear map of an infinite-
dimensional complex vector space has a proper invariant subspace, the present
author recently has shown (the paper is submitted) that such a non-constant map
has a proper hyperinvariant subspace if and only if its spectrum is non-void. The
algebraic version of Theorem 3.3 is contained in the famous Jacobson’s density
theorem (see [3], pp. 283-286).
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